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EPIGRAPH

History teaches the continuity of the development of science. We know that every age has its own
problems, which the following age either solves or casts aside as profitless and replaces by new ones. If
we would obtain an idea of the probable development of mathematical knowledge in the immediate
future, we must let the unsettled questions pass before our minds and look over the problems which
the science of today sets and whose solution we expect from the future. To such a review of problems
the present day, lying at the meeting of the centuries, seems to me well adapted. For the close of a great
epoch not only invites us to look back into the past, but also directs our thoughts to the unknown future.

The deep significance of certain problems for the advance of mathematical science in general
and the important role which they play in the work of individual investigator are not to be denied. As
long as a branch of science offers an abundance of problems, so long is it alive; a lack of problems
foreshadows extinction or the cessation of independent development. Just as every human undertaking
pursues certain objects, so also mathematical research requires its problems. It is by the solution of
problems that the investigator tests the temper of his steel; he finds new methods and new outlooks, and
gains a wider and freer horizon.

It is difficult and often impossible to judge the value of a problem correctly in advance; for the final
award depends upon the gain which science obtains from the problem. Nevertheless we can ask whether
there are general criteria which mark a good mathematical problem. An old French mathematician said:
“A mathematical theory is not to be considered complete until you have made it so clear that you can
explain it to the first man whom you meet on the street.” This clearness and ease of comprehension,
here insisted on for a mathematical theory, I should still more demand for a mathematical problem if it is
to be perfect; for what is clear and easily comprehended attracts, the complicated repels us.

Moreover, a mathematical problem should be difficult in order to entice us, yet not completely
inaccessible, lest it mock at our efforts. It should be to us a guide post on the mazy paths to hidden
truths, and ultimately a reminder of our pleasure in the successful solution.

— David Hilbert, Mathematical Problems [125, 126, 124]!

— Lecture delivered before the International Congress of Mathematicians at Paris in 1900

!Originally delivered in German as “Mathematische Probleme”. Translated by Mary Winston Newson.
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ABSTRACT OF THE DISSERTATION

Community Detection Problems on General Random Hypergraphs

by

Wang, Haixiao T %

Doctor of Philosophy in Mathematics

University of California San Diego, 2025

Professor Ioana Dumitriu, Chair

This dissertation concerns the community detection problems under the Hypergraph
Stochastic Block Model (HSBM), where the sizes of edges may vary, and each edge appears
independently with some given probability, purely determined by the labels of its vertices.

For regimes where the expected degrees grow with the number of vertices, for the first
time in the literature, we prove a wide-ranging, Information-Theoretic (IT) lower bound on the

number of misclassified vertices for any algorithm, where the bound is characterized by the

XV



generalized Chernoff-Hellinger divergence involving model parameters. Besides that, when the
expected degrees grow logarithmically, we establish a sharp threshold for exact recovery for
the non-uniform, multiple-community setting, subject to only minor constraints. A key insight
reveals that aggregating information across uniform layers enables exact recovery even in cases
where this is impossible if each layer were considered alone. We present two efficient algorithms,
for minimal and full information scenarios, which successfully achieve exact recovery when
above the threshold, and attain the lowest possible mismatch ratio when below the threshold
where exact recovery is impossible, confirming their optimality.

In the regime with bounded expected degrees, we develop a spectral algorithm that
achieves partial recovery, correctly classifying a constant fraction of vertices. This fraction is
determined by the Signal-to-Noise Ratio (SNR) of the model, and approaches 1 as the SNR
grows slowly with the number of vertices. Our algorithm employs a three-stage approach: first,
preprocessing the hypergraph to maximize SNR; second, applying spectral methods to obtain
an initial partition; and finally, implementing tensor-based refinement to enhance classification
accuracy.

Additionally, we provide novel concentration results for adjacency matrices of sparse
random hypergraphs, serving as the foundations of the theoretical analysis of our algorithms,
which could be of independent interest. We also address several open problems concerning

incomplete model information and parameter estimations.
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Chapter 1

Introduction

1.1 Random graphs models and sparse random matrices

Random graph models are powerful tools for studying complex systems with inherent
randomness and underlying structure [39]. By capturing the probabilistic nature of connections
between entities, these models enable rigorous analysis of emergent properties in large networks,
including connectivity patterns and community structures. They serve as both mathematical
objects for rigorous study, and practical tools for developing algorithms being able to extract
valuable insights from intricate networked datasets.

The study of random graphs has a long history, dating back to the 1950s when Erdos
and Rényi introduced the Erdds-Rényi graph [98]. Initially, it was introduced to demonstrate
the existence of graphs with specific properties. Since then, its simple but mathematically rich
structure made it an ideal starting point for exploring more complex random graph models. In
terms of applications, it has provided a bevy of theoretical uses in computer science, physics,
and engineering: as the stepping stone or building block model in the study of networks, as an
expander, as a basic paradigm for studying random matrices.

Meanwhile, in real-world applications, large matrices encountered in science, engineering,
and mathematics are often predominantly zero, or sparse. The study of sparse matrices resides
at the intersection of numerical linear algebra, graph theory and probability theory, which

are bridged together by the Erdds-Rényi graph model. Sparse matrices has gained significant



attention in recent years due to their applications in various fields, including and network
science [170, 185, 186], machine learning [144, 24] and sparse Transformers [62]. Theoretical
techniques that were developed for studying sparse random matrices have been widely used to
analyze the structure of random graphs and provide the theoretical foundation for applications
in theoretical computer science, statistics and data science, including community detection [1],
matrix completion [145, 184], matrix sketching [205], error-correcting codes [129], etc. Many
efficient algorithms that achieve the information-theoretical limits are spectral methods [92, 4,

3], and their analysis is based on random matrix theory [163, 44].

1.1.1 Random graph models

Erdds and Rényi graph and its bipartite variant

Let G(N, p) denote the ErdGs-Rényi graph with N vertices, where each edge {i, j} C [N]
with i # j is included independently with probability p. Let A € {0,1}¥*V denote the adjacency
matrix of G(N, p), which is symmetric by construction and the upper half entries are independent
and identically distributed Bernoulli random variables with expectation p, i.e., P(A;; =1) =p
for 1 <i< j < N. It becomes sparse when p vanishes as N grows. The spectral properties of
the adjacency matrix A (as well as its Laplacian operator, both scaled and combinatorial) are
particularly important, since they provide insights into the structure and behavior of the graph,
which can be used to identify communities and clusters within the graph.

Let H:= (A —TFEA)/\/pN be the centered and scaled' adjacency matrix, with A; (H) >
... > Mv(H) denoting its eigenvalues. It has long been known that the Empirical Spectral
Distribution (ESD) of H, defined as uy(H) = N~! leyzl 8y, (m)» converges to the semicircle law

usc[204]if Np(1 — p) — «o?[81, Corollary 1.2] as shown in Figure 1.1 (a), where the probability

IThe bulk of the eigenvalues lies in an interval of order 1 after this scaling.
2This condition can’t be relaxed to Np — oo. For example, when p = 1, the adjacency matrix has an eigenvalue
N — 1 with multiplicity 1, and another eigenvalue —1 with multiplicity N — 1.



measure usc is given by

1
dusc(x) = ﬁ\/4—x21{x€[_2,z]}dx (1.1.1)

Besides the global convergence of the ESD, other spectral properties of H (as well as its Laplacian
operators [50, 81, 139, 131]) have also been studied in the literature, including the local law
[189, 188, 95, 94, 194, 121], edge statistics [32, 33, 133, 19, 192, 18, 123], universality [96, 189,
189, 132, 134] and localization-delocalization transition of eigenvectors [194, 87, 16, 20, 35, 17].
Readers may refer to [21, 26, 187, 34, 97, 117] for a more detailed review of the methods and

results in random matrix theory and random graphs.

N = 5000 n =3000, m =2000

0.5

[T Empirical eigenvalues [T Empirical eigenvalues

m— Semicircle Law = Symmetrized MP Law
ol 2

3

0.4

0.3

0.2

0.1

0

(a) ESD of H under G(N, p). (b) ESD of H under G(n,m,p).

Figure 1.1. The left plot (a) shows the semicircle law (1.1.1), while the right plot (b) shows a
symmetrized version of the MP law.

Another frequently studied model is the bipartite variant of the Erds-Rényi graph,
denoted as G(n,m, p), where the vertex set 1V = [N] is a disjoint union of ¥} = {1,...,n} = [n]
and V5 = {n+1,...,n+m} = [N]\ [n] with N = n+ m. Each edge of G(n,m,p), containing
one vertex in ¥} and the other one in 7%, is sampled with probability p, independently of
all other edges. Let A € {0,1}"*™ denote the bi-adjacency matrix of the G(n,m, p), where

A jx ~ Bernoulli(p) independently for each j € 7} and k € 74, then the adjacency matrix admits



the following block structure

A= : (1.1.2)

We denote X = (A —EA)/./pn. The centered and scaled adjacency matrix admits a block
structure as well:

H:= L (A_EA) 0 X (1.1.3)

=73 = < o . 1.

One can verify that H has a zero eigenvalue of multiplicity at least n — m, and that the rest of
the eigenvalues of H come in pairs +A, with A being a singular value of X. Let u,,(XTX) =
m~! Z’};l ij(XTx) denote the ESD of the Wishart matrix X' X € R™*™_where A; (XTX) > ... >
Am(XTX) are the eigenvalues. Suppose that 1/m = 7y for some y > 1 as n,m — oo, the ESD of H

will converge weakly to the Marcenko-Pastur (MP) law uyvp [162, 193, 172], where

Ar—x)(x—A_
dump(x) = e Mi( )ﬂ{xe[x,,m}dx’ (1.1.4)

and Ay = (1+vy /%)% and A_ = (1 —y~1/2)2 denote the right and left edges of the support,
respectively. It is a quick linear algebra / calculus exercise to check that the ESD of H converges
to a symmetrized version of the MP law as shown in Figure 1.1 (b). Notably, The singular values
of X are the square roots of the eigenvalues of the positive semi-definite matrix X' X and the
nonnegative paired eigenvalues of H.

An intriguing feature of the Wishart matrix, setting it apart from the Wigner matrix, is the
behavior of its least singular values when the aspect ratio y # 1. It is worth noting that both ESDs
in Figure 1.1 exhibit symmetry about the origin. In essence, analyzing the right edge behavior of

the MP law (1.1.4) bears similarities to examining the edge behavior of the semicircle law (1.1.1).



However, the left edge A_ = (1 —vy~!/2)2 of the MP law (1.1.4) is bounded away from the origin
when y # 1. The gap between 0 and A_, introduced by the rectangular structure of Wishart
matrices, is absent when analyzing the edge behavior of the Wigner matrices. Besides that, the
least singular value plays an important role in many applications, including numerical linear
algebra, machine learning, and statistics. It can be used to assess the stability and robustness
of algorithms, as well as to identify potential issues with data quality and structure. A line of
reseaerch [48, 86, 84] concerns the emergence of the left outliers (smaller than the left edge A_)
of bipartite ErdGs-Rényi graphs at different regimes of sparsity, which is phenomena that is not

present in the Wigner matrices.
Stochastic block model

The Stochastic Block Model (SBM) is a natural generalization of the Erd&s-Rényi graph,
where vertices are densely connected within each community but sparsely connected across

different communities (assortative case). We introduce the formal definition below.

Definition 1.1.1 (Stochastic Block Model). Let N and K be the number of vertices and com-
munities respectively, where the vertex V = V) U---U Vk is a union of disjoint sets of vertices.
There is a symmetric matrix Q € [0, I]K *K containing the probabilities of sampling edges, that

is, P(A,, = 1) = Qi for any pair of distinct vertices u € V; and v € Vi with (j,k) € [K] x [K].

SBM was first introduced in the pioneering work [128] for sociology research. Over the
past several decades, it has been extensively studied in [52, 42, 89, 182, 70, 164, 37, 68, 38, 178,
66, 23, 196], driven by exploring the phase transition behaviors in various connectivity regimes.
In the regime where the expected degrees grow logarithmically with respect to the number of
vertices, a major breakthrough was the establishment of the exact recovery thresholds for binary
[2, 169] and multi-block case [5, 212, 9], where both necessary and sufficient conditions were
provided. For the case where the expected degrees are of constant order, phase transition behavior

for detection was discovered in [76, 75, 73], and later it was connected to the Kesten-Stigum



(KS) threshold, with the necessity [170] and sufficiency [163, 167] rigorously proved for the
binary block case. For the multi-block case, it was shown that a spectral clustering algorithm
based on the non-backtracking operator [44], and the acyclic belief propagation method [6],
succeed all the way down to the KS threshold, proving a conjecture in [147]. The necessity for
K = 3,4 was partly established in [171]. However, the threshold is not known when the number
of communities is more than 4, although it is known to be below the KS threshold [28, 6, 171].

The literature abounds with different methods of approach, like spectral methods [164,
68, 206, 211, 212, 64, 153, 197, 154, 4], sphere comparison [5, 8], as well as semidefinite
programming (SDP) [116, 118, 136, 137, 166, 9, 177, 27]. Recently, some more general variants
of SBM have been introduced, such as degree-corrected SBM [142, 105, 10, 141], contextual
SBM [79, 159, 3], labeled SBM [122, 206, 211, 212], and multilayer SBM [57, 10, 161]. Readers

may refer to [1] for a more detailed review.
Inhomogeneous Erdos-Rényi random graphs

The inhomogeneous Erdds and Rényi random graph G (N, [P;jl; je|n)), where edges are
sampled independently with given probabilities P;; € [0, 1] for each pair of vertices i # j, is a
more flexible model that allows for varying connection probabilities among vertices, making it
suitable for modeling real-world networks with heterogeneous structures. Many popular graph
models arise as special cases of the inhomogeneous Erd6s-Rényi random graph G (N, [P;;]; je[N])-
These include the Stochastic Block Model [128], random graphs with given expected degrees
[67], and W-random graphs [158, 55].

The study of inhomogeneous random graphs has attracted attention across multiple
disciplines. In random matrix theory, researchers have investigated the limiting spectral dis-
tribution and extensions of universality phenomena beyond the classical Wigner matrices [14,
54, 220]. In random graph theory, these models have been central to developing the theory of
graph limits and generalizing results beyond the homogeneous Erdés-Rényi case [40, 157, 46,

45]. Furthermore, in statistics and machine learning, these models have provided theoretical



foundations for community detection algorithms and network analysis techniques [1, 103].

1.1.2 Random hypergraph models

Hypergraph and tensors

Graphs are usually used to depict pairwise relationships among data. Hypergraphs, as
a generalization of graphs, have gained increasing attention in recent years due to their ability
to capture higher-order interactions among vertices [36, 31]. They are particularly useful in
modeling complex systems where relationships involve more than two entities, including but not
limited to biological networks [165, 190] with multi-way interactions, as well as recommendation
systems [51, 155] with multiple users and items. Empirically, they have been shown to be better
than graph models [218]. Besides that, hypergraphs and their spectral theory found applications
in data science [135, 219, 120], combinatorics [102, 183, 88] and statistical physics [53, 180].
The study of random hypergraphs has led to new insights into the structure and dynamics of
complex systems, as well as the development of novel algorithms for community detection and

clustering.

Definition 1.1.2 (Hypergraph). A hypergraph H is a pair H = (V,E), where ‘E denotes the set
of non-empty subsets of vertex set V. We say that H is (-uniform if every e € ‘E is an {-subset of

V. The degree of a vertex v € ‘V is the number of hyperedges in ‘E containing v.
A faithful representation of an /-uniform hypergraph is to associate it to a tensor.

Definition 1.1.3 (Adjacency tensor). One can associate an {-uniform hypergraph H; = (V,Ey)

to an order-{ symmetric tensor A9 vwhere the tensor entry /‘Zle(g) denotes the presence of some
. 14 4 . . 14 14

(-hyperedge e, i.e., ﬂe( ) = /‘47.(17)'”711 = ﬂ{eea} foriy,...,ig € V, and /‘47.(17)'”71‘5 = )2’75:()1)7-~7in<z> for

any permutation T on [{].

Hypergraph stochastic block model

The Hypergraph Stochastic Block Model (HSBM), as a generalization of graph SBM,

was first introduced in [109], where each edge of the uniform hypergraph appears independently



with some given probability. The non-uniform HSBM was first studied in [108], which can be
treated as a superposition of several uniform HSBMs with different model parameters. It is a
more realistic model to study higher-order interaction on networks. We introduce the rigorous
definition of uniform HSBM first, and extend it to non-uniform hypergraphs.

Let N,K € N, denote the number of vertices and communities, respectively. Let the
random variable Y, denote the membership assignment of v. The vertex set V is partitioned
into classes 1, ..., Vg probabilistically according to a probability vector & = (0.1, . ..,0) with
lat)|; = 1,ie,P(ve V) =P(Y,=k) =0y with ¥V}, :={ve V|Y, =k} foreach k € [K]. We

focus on the scenario where the sizes of different communities are comparable.

Assumption 1.1.4 (Comparable sizes). Assume that o,y > ... > og > C for some universal

constant C € (0,1), i.e., no entry of 0 vanishes.

Assumption 1.1.4 is adopted throughout the dissertation. We first intorduce the uniform
HSBM, which is characterized by a partition of vertices into different classes, such that all

vertices in a given class are interchangeable.

Definition 1.1.5 (Uniform HSBM). Let N, K, be defined as above, and let each entry in the
membership vector'y be sampled independently under O.. Let Q(Z) c (RX )®€ be an order-{ sym-
metric tensor such that Qy(lg ,),_,w = Qy(f()l),...,yn( 9 for any permutation 7 on [{]. Each possible edge

e ={i1,...,iy} is generated with probability ]P’(/‘Zle(g) =1)= Qy((i)), where y(e) = {y;,---,¥;,}
represents the membership sequence of edge e. We denote this distribution on the set of {-uniform

hypergraphs by
(y,#;) ~HSBM(N,0,Q"), re L. (1.1.5)

Due to the symmetry of Q(g) shown in Figure 1.2, the probability of an edge e € E being
present will depend only on the membership counts of y(e), denoted by w =w(e) = (wy,...,Wg),

i.e., w; nodes belong to V), making w a weak composition of .



3 3 3 3 3 3
(b) szi = Q1(42) = Qz(u? = Q2(41) = Q4(122 = Q4(21)

(a) Q(2) is a symmetric matrix. (orange); Qz(ﬂ = Q4(332 = Q4(33) (red).

Figure 1.2. Symmetry of the two probability tensors Q(z) and Q(3).

Definition 1.1.6 (Weak composition [41]). A sequence of non-negative integers w = (wy,...,Wg),

Sulfilling Zszl wy = £, is called a weak composition of (. Let ‘W Cgf) denote the set of weak

compositions of £ into K parts, then the cardinality is | W Cg)| = (EJI“(IEII)

One can build Q(Z) from the set of probabilities {@(VZ) } ) for each ¢ € L, since

weEWCy
the probability of an edge, by symmetry, depends only on its weak composition formed by

membership counts. We will use QM) and ste) alternately to facilitate presentation.

Remark 1.1.7. For an (-hyperedge e = {iy,...,is}, let wy denote the number of vertices in e

with Y, =k, i.e., wy = |{v € e|]Y, =k}

, then the sequence wW(e) := (Wy,...,wk) constitutes a
. - . © A0

weak composition of . Due to the symmetry of the probability tensor, i.e., Qy, . .y, = Qyn(1)7--~’yn(e)

for any m € Sy, there exists a bijection, proved by counting, between w(e) and y(e). Recall that

(-hyperedges e| and ey share the same generating probability if y(e) = y(e2), then the argument

holds as well if w(e1) = w(ea). Therefore, the set of (-hyperedges can be classified into different

categories according to the weak compositions constituted from nodes in each edge.
The non-uniform HSBM can be built from uniform ones as illustrated in [108].

Definition 1.1.8 (Non-uniform HSBM). Let L = {{ | { > 2,{ € N} be a set of integers with
finite cardinality. The membership vector'y is first sampled under Q. then for each { € L, H; is
independently drawn from HSBM/(N, o, Q(é)). The non-uniform hypergraph H is a collection

of L-uniform hypergraphs, i.e., H = Uy H;.



Examples of 2-uniform and 3-uniform HSBM, and an example of non-uniform HSBM
with £ = {2,3} and K = 4 can be seen in Figure 1.3 (a), Figure 1.3 (b) and Figure 1.3 (c)
respectively.

Vi V,

N

V3 Va

(a) 2-uniform HSBM (b) 3-uniform HSBM (¢) Non-uniform HSBM

Figure 1.3. Uniform HSBM and non-uniform HSBM.

Most of the computations involving tensors are NP-hard [127]. Instead, our analysis is

based on the following key concept, the adjacency matrix.

Definition 1.1.9 (Adjacency matrix). For the non-uniform hypergraph H, let Y be the order-
¢ adjacency tensor corresponding to each underlying (-uniform hypergraph for { € L. The

adjacency matrix A := [A;j|nxn of H is defined by

A=l Y, Y a4, (1.1.6)

leL ecEy, eD{i,j}
where A;; = 0 for i € V since in our model each edge of size £ contains { distinct vertices.
Inhomogeneous Erdos-Rényi random hypergraph

The inhomogeneous Erdds and Rényi random hypergraph is a natural generalization of
standard random hypergraph models, where each hyperedge is included independently with
probabilities that can vary across different vertex subsets. This flexibility enables more accurate

modeling of complex networks with heterogeneous interaction patterns among vertices.
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Definition 1.1.10 (Inhomogeneous Erdds-Rényi hypergraph). Ler Q) € ([0,1]M)® be a sym-

metric probability tensor, i.e., Q; .. i, = Q (0 for any permutation 7 on [{], where { > 2

(1)
is some finite integer. Let Hy = (V,‘Ey) denote inhomogeneous (-uniform Erdds-Rényi hyper-
graph associated with the probability tensor Q(Z). Let A9 denote the adjacency tensor of H,
where each (-hyperedge e = {iy, ... iy} C V appears with probability ]P’(ﬁle(e) =1)= prg)l[

Let L ={l|{ > 2,0 € N} be a finite set of integers, where L denotes its maximum element.

An inhomogeneous non-uniform Erdds-Rényi hypergraph is the union of uniform ones, i.e.,

H = UEEL%~

Concentration inequalities of the adjacency matrices of inhomogeneous Erd6s-Rényi

hypergraphs are established in Chapter 3 and Chapter 4, which could be of independent interest.

1.1.3 Chanllenges of sparse random matrices and tensors

Concentration results for the spectral norm of adjacency matrices serve as the foundation
of the theoretical analysis of our algorithms. However, the convergence of ESDs does not say
anything about the convergence of extremal eigenvalues to the edges of the limiting distributions,
both semicircle (1.1.1) and MP law (1.1.4), especially in the sparse regime. The analysis of
sparse random matrices presents several challenges, primarily due to the inherent randomness

and sparsity of the data.
Slower decay of moments

We first review the classical results on the convergence of extremal spectral statistics.
Consider X = Y/+/n, where the entries of Y € R"*" are independent and identically distributed
with mean 0 and variance 1. In [207, 25, 26], the Bai-Yin Theorem states that the largest
eigenvalue A1 (XTX) converges to the right edge A, of the MP law when the matrix entries of Y
have finite fourth moments. In [191], Tikhomirov proved that the smallest eigenvalue Xm(XTX)
converges to the left edge A_ when the entries of Y have finite second moments.

Consider the bipartite Erds-Rényi random graph A ~ G(n,m,p) and let X = (11 —

11



EA)/ /Pn where the k-th moment (k > 2) of a matrix entry decays as n~ ! ( pn)~*=2)/2 Tn the
dense regime where p is a constant in (0, 1), the moments decay as n%/2, matching the rate
observed in the previous case. This behavior aligns with that of Wishart (or Wigner, in the
case of G(N, p)) random matrices with similar properties. However, in the sparse regime where
p < 1, the decay in k becomes significantly slower, causing all moments higher than 2 to diverge.
Consequently, classical results such as the Bai-Yin Theorem and the Tikhomirov Theorem are
not directly applicable to sparse bipartite Erd6s-Rényi model, presenting a key challenge in
their analysis. Further work is needed to extend the outlier picture to sparse matrices (including
adjacency matrices of Erd6s-Rényi graphs), and the last few years have seen a flurry of results

which, taken together, paint an almost complete picture.
Dependence on the matrix entries

The indeppence assumption palys a crucial role in many classical random matrix theory
results. However, one of the key challenges in analyzing the spectral properties of A (1.1.6) is
that its upper half entries are not independent. The entries of A are determined by the presence or
absence of hyperedges, which are themselves dependent on the underlying hypergraph structure.
This dependence complicates the analysis and requires new techniques to establish concentration
inequalities and limit theorems for the spectral norm of A.

To that end, we follow the Kahn-Szemerédi approach [101, 153] and leverage the Bennett-
type tail estimates developed in [71] for the study of the second largest eigenvalue (in absolute
value) of random d-regular graphs [101, 43], which allows us to get rid of the dependence on the

matrix entries.

1.2 Community detection problems
1.2.1 Various regimes of recovery

The task of community detection, or clustering, consists in partitioning the vertices of a

graph into groups that are similarly connected [1]. It has become one of the central problems

12



in network analysis and machine learning [181, 173, 174, 23]. Random graph models, which
generate community structure with a specified ground truth, have been frequently employed in
many clustering algorithms, for benchmarking and proving theoretical guarantees. Mathemati-
cally, let G = (7, E) be a graph, where the vertex set 7/ = [N] is composed of K disjoint blocks,
ie., ¥V = UK | 7. The proportion of each block is denoted by oy = |7}|/|V| and we define
the vector & = (0iy,...,0) with ||a||; = 1. Let y € [K]" denote the membership vector of the
vertices, i.e., y(v) =y, = k if the vertex v belongs to block 7. Let y denote some estimation
of y. To evaluate the accuracy of y, we define the mismatch ratio, counting the proportion of

incorrectly clustered nodes:

1

Ny :="n(y,y) =N inf Dup(moy,y), (1.2.)
TESK

where the Hamming distance Dyp(y,y) counts the number of entries having different values
iny and y. Here, Toy, defined by (moy)(v) = n(y(v)) entrywisely, is the same assignment as
y up to some permutation T, and Sk denotes the group of all permutations on [K]. Note that

a random guess estimator has expected® accuracy ||ot % thus the output y is meaningful only

if ny < 1—||a||3. Then, the recovery problem can be divided into several different regimes

according to ny [1].
1. Exact recovery (strong consistency): P(ny =0) > 1 —o(1).
2. Almost exact recovery (weak consistency): P(ny =o(1)) > 1—o(1).
3. Partial recovery: P(ny < 1—7v) > 1—o0(1) fory € (||a/|3,1).

4. Weak recovery (detection): P(ny < 1 —[|af3 — (1)) > 1 —o(1)*.

3By Cauchy-Schwarz inequality, ||at||3 > 1/K, which is the accuracy lower bound without knowing .
“The difference between partial and weak is that, the algorithm does better than random guess in weak recovery,
but cannot quantify how much better as in partial recovery.
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1.2.2 Information-Theoretic limits on clustering accuracy

We start with a simple example to illustrate the concept of the Information-Theoretic
(IT) limits on clustering accuracy. Consider the binary symmetric stochastic block model
SBM(N,2,a,B), where the vertex set 1/ = [N] is partitioned into two equi-sized disjoint com-
munities 7} and 7. The edges are drawn independently with probability o if both endpoints
belong to the same community, and with probability B if they belong to different communities.

Consider the following two extreme scenarios. First, o« = 1 and B = 0 as in Figure 1.4 (a),
then two disjoint cliques are drawn and it is trivial to achieve strong consistency. Second, when
o = =0.5, no algorithm could outperform random guess, since the communities themselves are
indistinguishable as in Figure 1.4 (b). From this point of view, once the probabilitiy parameters
o and [ are determined, for any algorithm, there exists certain mathematical limit on clustering
accuracy. On the way around, to achieve certain accuracy, the parameters of the underlying

model have to satisfy certain conditions.

@a=1,B=0. (b) =B =0.5.

Figure 1.4. Two extreme scenarios of the binary symmetric SBM(N, 2, o, B).

We will study the IT limits on clustering accuracy for the binary symmetric HSBM in

Chapter 2 and the multi-block HSBM in Chapter 3 respectively.
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1.2.3 Related literature
Graphs

For the binary symmetric SBM(N,2,a 10g( ) ,blog( )) the threshold is Dy (a,b) = (v/a—
v/b)? /2, which can be obtained from (3.1.1) by taking £ = {2} and K = 2. Exact recovery
can be achieved efficiently if Dy (a,b) > 1, but is impossible when Dy(a,b) < 1 [2, 169]. For

multi-block SBM(N, o, Plo%\(/N) ), exact recovery can be achieved efficiently when Dcy (o, P) > 1,

but is impossible when Deg (e, P) < 1[5, 8, 212], where

Deg(o,P) = i D [, ]
CH( ) ) l,JGI[HKl}?#k CH(l,J),

K

Denu(i, j) = trggyi] Z oy - thk“‘ (1 —I)ij (Pik)l(ij)l_t]

denotes the Chernoff-Hellinger (CH) divergence, which can be deduced from (3.2.5) by taking
L = {2}. Table 1.1 reviews the related literature where exact recovery was achieved above
the threshold. For simplicity, the time complexity of singular value decomposition in our case

Table 1.1. Relevant literature for exact recovery in graph SBM

Graph | K=2 | K>3 | Firststage Second Exact Time No
stage recovery complexity | prior

2] v X Spectral Majority v 2N?>+N v
v X MLE X v NP-hard X

[118] | v X SDP X v N3-[138] v
(5] v v Sphere Degree v N1+1/log(c) X
(8] v v | Comparison | Profiling v NT+1/log(c) v
[169] v X Spectral Majority v 2N’ +N v
[212] v v Spectral KL v KN? + v

KNlog(N)

[104] v v Spectral MLE v KN?+KN3 v
[4] Ve X Spectral X v 2N? Ve

is O(N?). When referring to the complexity of SDP, a factor of log®!) (N /¢) is hidden, with
€ being the accuracy of the output. If the algorithm has two stages, the entry (e.g., N> +N)

represents the sum of the complexities for the first (O(N?)) and second (O(N)) stages. If K is
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needed as input but {Q(g) }eer are not, the entry in column *No prior’ is marked as v/. The
second stage algorithms in [2, 169] are based on the "Majority vote” principle. In [212], the
estimator in second stage is aiming at minimizing Kullback-Leibler (KL) divergence between

estimated and true distribution.
Hypergraphs

Our results in Chapter 2 and Chapter 3 are most general to date, covering non-uniform
hypergraphs with multiple communities. We now illustrate how they fit into existing literature.
So far, all thresholds obtained in existing literature apply only to uniform hypergraphs. Our
results establish, for the first time, the threshold for the non-uniform case, in the sense of showing
both achievability above and impossibility below. See Table 1.2 for related literature.

For the binary symmetric uniform model HSBM(N, 2, a,'%2% 1960 the threshold

(o) ()
for exact recovery is given by ]Dgl){ = 2*“*1)(\/617 — +/by)? [146], which is a special case of

(3.1.1) by taking L = {¢}, K = 2 and symmetries among edges crossing two communities. Exact
recovery is impossible if ]D)gl){ < 1 [146], but can be achieved efficiently if Dgy > 1 [146, 106].
For the multi-block case, the model formulation of [216] is a bit different from our model 1.1.5,
since multisets are allowed as edges there. Our proofs work for their case as well if some steps
are skipped. After proper scaling, their threshold for uniform HSBM(N, o, ) log(N)/ G

can be written as ]D)g)CH = min ]D)g%H( Jj,k), with

JkelK],jFk

0 . N ¢ ¢ ¢ 0) \1-
DééH(ﬁk) ‘= max Z N—“i [I?J(EB)W + (1 _t)fpk(@)w - (?](@)W)[ ) (Tk(@)w) t] )
1€[0,1] (1) ( )
weW Cy -1

which agrees with (3.2.5) by taking £ = {¢}. Exact recovery is impossible when Dgcy < 1, but
can be achieved with the full knowledge of tensor 2) and number of communities K when

DGCH >1[216].
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Table 1.2. Relevant literature for exact recovery in HSBM

Hyper- | Uni- | Non- | K= | K> First Second | Exact Time No
graph form | uni- 2 3 stage stage | recov- | complexity | prior
form ery
[108] v v v | v | Spectral | X X KN? v
[146] v X | X SDP X v N33 v
[61] v X v | v | Spectral | MLE v | KN>+KN°| v
[106] v X v X | Spectral X v 2N v
v X | X SDP X v N3 v
[216] v X v v | Spectral | MAP v KN? +N X
[198] v v v X | Spectral | X v 2N? v
Alg321] v/ v v | v [ Spectral | KL v KN? + v
KNlog(N)
Alg324 | / v v/ v | Spectral | MAP v KN? X

1.3 Summary of Contributions

The main results in each chapter are summarized as follows.

1.3.1 Chapter 2

Consider the unsupervised classification problem in random hypergraphs under the non-
uniform Hypergraph Stochastic Block Model (HSBM) with two equal-sized communities, where
each edge appears independently with some probability depending only on the labels of its
vertices. In this paper, we establish the threshold for strong consistency and the Information-
Theoretic (IT) limits on the clustering accuracy, which are expressed in terms of the generalized
Hellinger distance. Below the threshold, it is impossible to assign all vertices to their own
communities, and the lower bound of the expected mismatch ratio is derived. Above the
threshold, the problem space is (often) divided into two disjoint subspaces. When only the
adjacency matrix is given, we prove that with high probability, one-stage spectral algorithms
succeed in assigning every vertex correctly in the subspace far away from the threshold but fail in
the one closer to the threshold. We propose two refinement algorithms to improve the clustering

accuracy based on the initial partition, which attain the lowest possible mismatch ratio previously
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derived from the IT perspective. Moreover, for non-uniform hypergraphs, strong consistency
is achievable by aggregating information from all uniform layers, even if it is impossible when

each layer is considered alone.

1.3.2 Chapter 3

We consider the community detection problem in random hypergraphs under the non-
uniform hypergraph stochastic block model (HSBM), where each hyperedge appears indepen-
dently with some given probability depending only on the labels of its vertices. We establish,
for the first time in the literature, a sharp threshold for exact recovery for the non-uniform,
multiple-community case, subject to only minor constraints. One crucial point here is that, by
aggregating information from all the uniform layers, we may obtain exact recovery even in cases
when this is impossible if each layer were considered alone. In addition, for the almost exact
recovery regime, we prove a wide-ranging, information-theoretic lower bound on the number of
misclassified vertices for any algorithm. The bound depends on a generalized Chernoff-Hellinger
divergence involving model parameters. We provide two efficient algorithms (one for the mini-
mal information case, another for the full information case) which successfully achieve exact
recovery when above the threshold, and attain the lowest possible mismatch ratio when the exact
recovery is impossible. The theoretical analysis of our algorithms relies on the concentration and
regularization of the adjacency matrix for non-uniform random hypergraphs, which could be of
independent interest. We also address some open problems regarding parameter knowledge and

estimation.

1.3.3 Chapter 4

We consider the community detection problem in sparse random hypergraphs under the
non-uniform hypergraph stochastic block model (HSBM), a general model of random networks
with community structure and higher-order interactions. When the random hypergraph has

bounded expected degrees, we provide a spectral algorithm that outputs a partition with at least a
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y fraction of the vertices classified correctly, where y € (0.5,1) depends on the signal-to-noise
ratio (SNR) of the model. When the SNR grows slowly as the number of vertices goes to
infinity, our algorithm achieves weak consistency, which improves the previous results in [108]
for non-uniform HSBMs.

Our spectral algorithm consists of three major steps: (1) Hyperedge selection: select
hyperedges of certain sizes to provide the maximal signal-to-noise ratio for the induced sub-
hypergraph; (2) Spectral partition: construct a regularized adjacency matrix and obtain an
approximate partition based on singular vectors; (3) Correction and merging: incorporate the
hyperedge information from adjacency tensors to upgrade the error rate guarantee. The theoretical
analysis of our algorithm relies on the concentration and regularization of the adjacency matrix

for sparse non-uniform random hypergraphs, which can be of independent interest.

1.4 Notations

In this section, we summarize the notations used throughout the dissertation. We will

further specify the notations used in each chapter.

1.4.1 General notations

Let N* = {1,2,...} denote the set of positive integers. For any N € NT, let [N] =
{1,2,...,N}. Let R denote the set of real numbers. For any k € NT, let R* denote the k-
dimensional Euclidean space.

For any a € R, let sign(a) = 1 if a > 0, sign(a) = —1 if a < 0, and sign(0) = 0, and
denote a™ = max{0,a}. For any a € R, let |a| and [a] denote the largest integer less than or
equal to a and the smallest integer greater than or equal to a respectively. For any a,b € R,
denote a A b = min{a,b} and a Vb = max{a,b}, and denote [a,b] = {x e R |a <x < b} and
(a,b) ={xeR|a<x<b}.

For any two sequences of numbers {ay}, {bn}, denote ay = O(by) or ay < by (resp.

ay = Q(by) or ay 2 by) if there exists some constants C and Ny such that ay < Cby (resp.
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ay > Cby) forall N > Ny. Denote ay = ®(by) or ay < by if both ay < by and ay 2 by. Denote
ay = o(by) or ay < by (resp. ay = @(by) or ay > by) if for any € > 0, there exists Ny € NT
s.t. ay < eby (resp. ay > €by) for all N > Np. For any two sequences of numbers {ay} and
{by}, we write ay ~ by if limy_an/by = 1.

Let1 (4} denote the indicator function, and 1 ay = 1 when event A is true.

1.4.2 Matrices and tensors

The lowercase letters (e.g., a,b), lowercase boldface letters (e.g., a, w), uppercase bold-
face letters (e.g., A, W), and boldface calligraphic letters (e.g., A4, Q) are used to denote scalars,
vectors, matrices, and tensors respectively. Let 1y denote the all one column vector of length
N. For vector a € RV, let ||a|, = (% |a;|?)!/? denote the £, norm of a for p > 1. For matrix
A cR™" let Ajj, A;. and A.; dené)_tfl: its (i, j)th entry, i-th row and j-th column respectively.
Let [|A]| :== maxx,— [|Ax]|2 and [[A[|F := \/Z»Alzj denote the operator and Frobenius norm

i,J

respectively.
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Chapter 2

Information-Theoretic limits and strong
consistency on the binary non-uniform
hypergraph stochastic block model

2.1 Introduction

Community detection refers to the task of partitioning the vertices of a graph into groups
with similar connectivity patterns. It has attracted significant attention due to its applications
in data science, social networks, and biological studies. A classic example is the Zachary’s
karate club problem [213]. Community detection is now a central topic in network analysis and
machine learning [173, 174, 23]. Random graph models are widely used for analyzing clustering
algorithms, benchmarking, and establishing theoretical guarantees. In this work, we focus on the
equi-sized two-community model. Formally, let G = (7, E) be a graph with N vertices. The
label vector y € {£1}"I assigns each vertex to a community, where ¥, = {v € V]y, = 1} and
V_ ={veV]y,=—1}, with |V, | = |V_| =N/2. Given ¥,y € {+1}V!, define the Hamming

distance as

Dup(y,¥) = Y, Liy, 4.} (2.1.1)
vevV
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which counts the number of entries having different values. We further define the mismatch ratio

as

~ 1 ) ~
W= (Y) =5 er?inl}DHD(sy,y), (2.1.2)

which is often used for quantifying the accuracy of the estimator y. Note that a random guess
estimator has expected accuracy (1/2)% + (1/2)? = 1/2, thus the estimator ¥ is meaningful only
if Ny < 1/2. A natural question arises here: when is it possible to correctly classify all vertices?
An estimator y is said to achieve strong consistency (exact recovery) if

lim P(ny =0) = lim P(y = +y) = 1. (2.1.3)

N—oo

At the same time, y is said to achieve weak consistency (almost exact recovery) if ny = o(1).

In the pioneering work by [128], Stochastic Block Model (SBM) was first introduced
for sociology studies. Motivated by exploring the phase transition behaviors in various regimes,
many insightful problems were brought out. It has been successively studied in [52, 42, 89, 182,
70, 164, 37, 68, 178, 66, 10, 57, 161] over the past several decades. A major breakthrough was
the establishment of the exact recovery thresholds for the binary case by [2, 169] and multi-
block case by [5, 212, 9]. Readers may refer to [1] for a more detailed review. The literature
abounds with different methods of approach, like spectral algorithms [109, 12, 108, 60, 69, 216],
semidefinite programming (SDP) [146, 151, 106] and Graph Neural Networks (GNN) [59, 29,
30, 199]

The Hypergraph Stochastic Block Model (HSBM), first introduced in [109], is a general-
ization of SBM to hypergraphs, which models the real life social networks better since it captures
higher order interactions among three or more individuals. It has been studied successively in [22,
12, 108, 146, 60, 61, 69, 176, 85, 216, 115, 82, 200] over the last decade. For strong consistency

of uniform HSBMs, the exact thresholds were given in [146, 106, 216] by generalizing techniques
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in [2, 4, 5]. So far, most results concern community detection on uniform hypergraphs, which
require the same number of vertices in each edge. However, the assumption on uniformity
between edges is constraining and somewhat impractical, and the non-uniform HSBM was less
explored in the literature, with notable results in [108, 85, 15, 82].

In this paper, we establish the Information-Theoretic threshold for strong consistency
of the binary non-uniform HSBM. Analysis concerning efficiency and optimality of different
algorithms will be presented. In addition, we will discuss how aggregating information from

different layers benefits the clustering result.

2.1.1 The model

Definition 2.1.1 (Hypergraph). A hypergraph H is a pair H = (V,E), where V is the vertex
set and ‘E denotes the set of non-empty subsets of V. If every hyperedge e is an {-subset of ‘V,
then H is called (-uniform. The degree D, of a vertex v € V is the number of hyperedges in ‘E

containing v.

Definition 2.1.2 (Symmetric binary uniform HSBM). Lety & {il}"V‘ denote the label vector
on V, where y is chosen uniformly at random among all the vectors satisfying 17y = 0. The
C-uniform hypergraph Hy = (V,Ey) (£ > 2 some fixed integer) is drawn in the following manner:
each (-hyperedge e := {iy,...,iy} C V is sampled independently with probability o i1y, =

... =Y,,, otherwise with probability [B;.

Definition 2.1.3 (Non-uniform HSBM). Let y € {£1}V! denote the label vector, sampled
uniformly at random among all the vectors satisfying 17y = 0. Let L = {£|¢ > 2} be a set
of finitely many integers with L denoting its largest element. The non-uniform hypergraph
H = (V,E) is a collection of independent uniform ones, i.e., H = Uye r Hy with E := Upe 1 Ey,
where each Hy = (V,Ey) is sampled from the (-uniform HSBM 2.1.2 independently given the

samey.
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Remark 2.1.4. Unlike the model in [82], where each vertex is assigned to some community
independently and the community sizes might fluctuate, our model 2.1.3 imposes a strict half-half
constraint 17y = 0, ensuring exactly equal-sized communities. The proof strategies for the main

results differ from those in [82], which are tailored to our model.

One can associate an ¢-uniform hypergraph #; to an order-¢ symmetric tensor 49, where
the entry JZLSE) denotes the presence of the ¢-hyperedge e = {ij,...,is}, i.e., ﬂi(f)...,i,; = Loz}
However, it is impossible to aggregate information of each uniform hypergraph directly since
tensors are of different orders. Meanwhile, most computations involving tensors are NP-hard
[127]. To that end, we introduce the following adjacency matrix for hypergraphs, which is

obtained by aggregating information from different tensors entrywisely.

Definition 2.1.5 (Aggregated adjacency matrix). For the non-uniform hypergraph H = (V,E),
let A be the order-t adjacency tensor corresponding to underlying {-uniform hypergraph for

eacht € L. Let

A=l Y, L A (2.14)

teL ecEy, eDii,j}

denote the number of hyperedges containing both vertices i and j in the non-uniform hypergraph
H. The diagonal entries are defined as A;; := 0 for each i € V since each (-hyperedge contains

¢ distinct vertices.

For the discussion of strong consistency, it typically requires that the expected degree of
each vertex grows to infinity with respect to the number of vertices. To simplify the presentation,

we adapt the following assumption on the model parameters.

Assumption 2.1.6. For each ¢ € L, assume that oy > By. We write oy = ay - qN/(]Z:ll) and
Be=br-qn/ (]Z:ll), where qy denotes the magnitude parameter with 1 < gy < log(N) and

agagZI.
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Figure 2.1. Plots for areas Dgy < 1 (red), Dam > 1 > Dy (green) and Dy > 1 (blue)

2.1.2 Formulation of the problems

We first define the following Generalized Hellinger divergence Dgy

1
Don = Y, 57 (vVai —Vbi)*, (2.1.5)

lel

which quantifies the fundamental Information-Theoretic (IT) limits for the non-uniform HSBM
model 2.1.3, when the full set of adjacency tensors {/‘4(5) }eer is accessible. In contrast, we

introduce the following function of the model parameters:

=1 sy .
Dam = sup ¥ % (1= ) by Y <£ | 1) (1—e =2 @16
t>0 pcr, j=1 J

which characterizes the algorithmic limits when only the Adjacency Matrix (AM) serves as
input. Except for special cases £ = {2} and L = {3} illustrated in Figure 2.1 (b), a gap emerges
between Dgy and Day, as demonstrated for £ = {4} in Figure 2.1 (a) and £ = {2,3} in

Figure 2.1 (c).
Phase transition threshold for exact recovery

For the uniform hypergraphs, the problem is reduced to the graph case when £ = {2},
where the two quantities are Dgy = Dam = (/a2 — v'b2)? /2. Tt is impossible to achieve strong

consistency when Dgy < 1 [2], while one-stage algorithms, such as spectral clustering [4, 78]
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and semidefinite programming (SDP) [118], achieve strong consistency when Dgy > 1. However,
when L = {¢} for some fixed ¢ > 4, the gap between Dy and Dan appears, and the story is not
as elegant as before. According to [146], for any algorithm, it is impossible to accomplish exact
recovery when Dy < 1 (red area). On the other hand, when Dap > 1 (blue area), both spectral
method and SDP achieve strong consistency using the aggregated adjacency matrix A (2.1.4), as
proved in [106]. When Day < 1 < Dgy (green area), strong consistency can be accomplished
via some two-stage algorithms, e.g. [61, 216], where in the second stage, the adjacency tensor
a9 is required for refinement. In terms of the efficiency of information usage, we raise the

following question.

1. Is it possible to achieve strong consistency when Dgy > 1 using purely the
adjacency matrix A?

For the non-uniform case, the literature is less explored. [15] proved that exact recovery
can be accomplished by SDP when Dy > 1 (blue in Figure 2.1 (c)) with time complexity
O(N?3?) [138]. The phase transition phenomena was presented in [82], where the authors proved
that strong consistency can be accomplished if and only if Dgy > 1. The authors presented some
two-stage algorithms, where the requirements for tensors {/‘ZL(E)} ¢cr, are essential. However, as
in the uniform case, the regime Dy < 1 < Dgy (green area) is less explored. The algorithms in
[82] are bit redundant under our binary model, since their methods were not specialized to the

current setting. In terms of algorithm efficiency, several questions arise here.

2. Is there any one-stage algorithm faster than SDP such that the strong consis-
tency can be achieved when Dgy > 1?

3. When using the information from all uniform layers, is it possible to yield
better results than considering each layer alone?

Information-Theoretic lower bound

We start with a simple example to illustrate the concept of the Information-Theoretic (IT)
lower bound. The model 2.1.3 is reduced to the graph case with binary symmetric communities

when taking £ = {2}. Consider the following two extreme scenarios. First, o = 1 and 3, = 0,
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then two disjoint cliques are drawn and it is trivial to achieve strong consistency. Second, when
0 = B2, no algorithm could outperform random guess, since the communities themselves are
indistinguishable. From this point of view, once the parameters {0 }scr,{B¢}rc, in model
2.1.3 are determined, for any algorithm, there exists a certain mathematical limit on clustering
accuracy. In addition, to achieve certain accuracy, the parameters of the underlying model 2.1.3
have to satisfy certain conditions.

The IT limits are less explored in the literature. For graphs, it was studied by [5, 214, 4, 3]
for the binary case and [104, 212, 215] for the multi-community case. For uniform hypergraphs,
[61] proved that when restricting the model parameters on some (potential) subset (Eq.(1) therein)
of the red in Figure 2.1 (a)-(c), some minimax lower bound on the expected mismatch ratio
(Theorem 7.1) can be obtained. However, the question was not answered for the non-uniform

hypergraphs. Concerning the IT lower bound, two questions arise here.

4. Is it possible to characterize the accuracy limit explicitly in terms of model
parameters? If so, can optimal recovery be efficiently achieved ?

2.1.3 Contributions and organization of the paper

Our contribution to the non-uniform HSBM problem can be summarized as follows.
(1) We establish the threshold Dgy = 1 for strong consistency in Theorems 2.2.1 and 2.2.5.

(2) We present the IT lower bound on expected mismatch ratio for any algorithm in Theorem

2.2.3, informally stating that Eny > N~PcH,

(3) When only the adjacency matrix A is used as an input, Algorithm 2.2.1 achieves strong

consistency when Dap > 1.

(4) We provide two refinement methods, Algorithm 2.2.2 and Algorithm 2.2.3, achieving

strong consistency when Dap < 1 < Dgy. Both achieve IT lower bound when Dgy < 1.
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2.2 Main Results
2.2.1 Information-Theoretic limits

We first present the necessary condition to achieve strong consistency.

Theorem 2.2.1 (Impossibility of exact recovery). For model 2.1.3 under Assumption 2.1.6,

suppose

limsup Dgy - gn/log(N) < 1, (2.2.1)

N—oo
then with probability tending to 1, every algorithm will misclassify at least two vertices.

Remark 2.2.2. Here, Dgy is the rate function derived from the Large Deviation Principle (LDP)

analysis using the adjacency tensors {/‘4(5) }oer- The detailed arguments are deferred to Lemmas

A.l.l and A.1.2.

The condition (2.2.1) also covers the scenario when Dgy > 1 (ay > by) and 1 < gy <
log(N), which was ignored in previous literature. In addition, when gy = log(N) and £ = {¢} for
some fixed integer ¢ > 2, (2.2.1) can be simplified as Dgy < 1, which is the necessary condition
of strong consistency for /-uniform hypergraphs derived in [146]. By taking £ = {2}, (2.2.1)
becomes (/a2 — vb2)? < 1, as derived in [2] for graphs.

As noted in Remark 2.1.4, model 2.1.3 differs from that in [82], leading to distinct proof
techniques. Interestingly, when the model in [82] is specialized to the symmetric binary case
considered here, their threshold Dgcy coincides with our Dgy. This serves as a mutual validation
of both thresholds.

Furthermore, we establish a lower bound on the reconstruction error rate for any estimator,

explicitly characterized by the model parameters.

Theorem 2.2.3 (Lower bound on the expected mismatch ratio). Under Assumption 2.1.6, for
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any sequence of estimators'y, the following holds:
liminf gy 10gEny(y,¥) > —Dgn. (2.2.2)
—»00

Informally, Theorem 2.2.3 can be interpreted as Eny > ¢ ~’GH'9¥  which can be further

simplified as Eny > N~PGH when gy = log(N).
2.2.2 Algorithm performance using purely the adjacency matrix

Theorem 2.2.4. Under Assumption 2.1.6, for some absolute € > 0, suppose
li]\rjninf Dam - gn/log(N) > 1+¢, (2.2.3)
—>00

then with probability tending to 1, Algorithm 2.2.1 accomplishes strong consistency.

Algorithm 2.2.1: Spectral partition via the second eigenvector

Data: The N x N matrix X, either X = A or X = L := D~ 1/2AD!/2,
1 Compute the eigenvector u; corresponding to the second largest eigenvalue A, of X.

2 Construct ‘/1>+(0) ={v| 3750) > 0} and P = {v| 3750) < 0}, where ¥(*) = sign(uy).
Result: ‘VJEO) and V7.

When gy = log(N), (2.2.3) can be simplified as Daym > 1 + €, which can be reduced
to the result in [106] for the uniform hypergraph case, where only the adjacency matrix is
taken as input. In addition, we show that the second eigenvector of the normalized Laplacian
L =D !/2AD~!/2 can be used for clustering. Furthermore, the case gy < log(N) but a; >> by

is also covered by Theorem 2.2.4, since (2.2.3) could still hold.

2.2.3 Refinement algorithms

We present two refinement algorithms below, both requiring an initial estimation ¥ and
the adjacency tensors {4} . It is worth noting that for uniform hypergraphs, the requirement

of adjacency tensors is not essential, as one can exactly reconstruct the tensor 4% with high
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probabilitiy from the adjacency matrix A in (2.1.4) using the reconstruction method from [49].
However, for non-uniform hypergraphs, the adjacency tensors {ﬂ(f)} ter (JL| > 2) are essential
for the refinement process, since it remains unclear whether reconstruction of {/‘ZL(Z) }oer for each

uniform layer is possible using only the aggregated matrix A.
Majority voting

We first introduce several important quantities. After iteration ¢ > 0, let ?0 ) denote the
estimate of y and V/ (t), ’V_(l) be the corresponding partition of vertices. Let %&? denote the set

of /-hyperedges with all nodes in either ’/I\/p or ‘IA/,([), and define %é;) = E\ %&? For each
ve TV, let %&? (v) (resp. %é? (v)) denote the subset of %&? (resp. %é?) with v contained in each

[-hyperedge. Formally, we define

%&? = {{ilw--,iz} €k ?,(f) = :i(;)}, A(?(V) = {e S %&? IV E e}, (2.2.4a)

Iy =T\ Ty, B ()= {e ez ve e}. (2.2.4b)

t
4

Let f\?&? and 1/\\7&2) (v) denote the capacity of %&? and %&? (v) respectively, formally defined as

) ) ) )
<) ._ (1] VYN 0, (1P -1 -1
Na, ~—< ) )+< g ) NaO)={" )+, ) (2.2.5)

Similarly, after iteration ¢ > 0, let

5 N\ 5 - N—1\ =
RO = ( ) SR and B ()= (E_ 1) A9, 026

denote the capacity of %é? and %é? (v) respectively.

For each ¢ € L, we first compute the following two quantities

o = |2 NG, Be=IZ 1N (2.2.7)
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which are the estimates of probabilities oy and B, using all the in-cluster and cross-cluster edges,
respectively. Alternatively, at each iteration r > 0, ay and B, can be estimated via the following

two quantities purely using edges containing v,

o (v) = |ZS NG ). B 0) =1 0/ ). (22.8)

where N((f/) (v) and ﬁé? (v) are defined in (2.2.5). Denote the cross-entropy by

Then for each v € V/, its alignment with the estimated partition at iteration ¢ is characterized by

the following weighted cross-entropy terms:

= ¥ Ne) () - Hee (@) (v ),&z)+1Vé?(V>-HCE(B§’)(v),Eg) (2.2.102)
leL

fanss(v) = ¥ NG (v) 6y (v),Be) + Ny (v) - Hee (B (v), ) (2.2.10b)
lel

With all the quantities defined above, we can now present the Algorithm 2.2.2, inspired
by [212, 82]. The algorithm iteratively refines the initial partition ’IA/S)) and ‘YA/_(O) by flipping the
sign of vertices based on the majority voting principle, and finally achieves strong consistency
after [log(N)] iterations. Algorithm 2.2.2 can be initialized with any weak consistent partition.

The mechanism of Algorithm 2.2.2 can be intuitively understood as follows. When
estimating Oy and Bg in (2.2.7), all the hyperedges (at least Nlog(N) many each type) are utilized.
Subsequently, Oy and Bg enjoy sufficient concentrations around their expectations, and serve as

“ground truth” in the cross-entropy term Hcg/(y,y) in (2.2.9). However, the estimates ocg )( ) and
Bé (v) in (2.2.8) only involve hyperedges containing v (roughly log(N) many), which would

be close to their expectations oy and 3y only when v is classified to its true partition. Note that

Hcg(y,y) decreases as y approaches y. The smaller fl(nt ) (v) (resp. fc(lfgss(v)) is, the more neighbors
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Algorithm 2.2.2: Majority voting

Data: The tensors {/’Zl(@} ser. and an initial estimation §(0).
1 Compute Gy and By defined in (2.2.7).
2 forr=1,...,[log(N)] do
s | Initialize P« 90D, 90 PO,
4 forve 7V do

5 Compute J?](rf) and AC(Q)SS defined in (2.2.10a) and (2.2.10b) respectively.
6 Flip the sign of v if fl(rf ) > fc(ﬁc),ss, otherwise keep the sign unchanged.

7 end

8 end

Result: The final partition ‘IA/+ = ‘YA/Jg]Og(Nm, p_ = qfloe)),

that v contains in the current (resp. opposite) community.
Refinement via spectral method

To facilitate the analysis, for each vertex v € 1V and each layer £ € L, we categorize the
associated edges based on the community membership of their vertices. Foreach0 <r </ —1,
let fe(r) (v) denote the set of /-uniform hyperedges containing v such that exactly r vertices in the

edge have different community membership from v. Formally, we define

£y ={ec [V |vee, {uce\{v}:y, £y} =7} (2.2.11)

After the first stage, we can approximate fe(r) (v) by constructing the ¢-hyperedge set %g(r) (v)
based on the initial partition (%), For each e € %E(r) (v), we consider its vertex j # v, and let

ﬁ(g)-:ﬂy)/(ﬁ—l) whenr=0,/—1;when 1 <r</-2, welet

e'/v"/

al) =a ity =30 2l =alw-1-r), it 3. (2.2.12)

e,v,] eV,]
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Furthermore, for each ¢ € L, we compute the parameter estimate

R 1;A(f) 1y + (§(0))TA(€)§(0) vin
Y, = (£—2)log(2) +log (LI/AM)IN— GOV TADYO —142 . (2.2.13)
We then construct the weighted adjacency matrix A by
N R {—1 ~(0)
A=l YWY, Y, A (2.2.14)
teL  r=0,. %[(") (v)

This construction enables us to design the following new refinement algorithm, inspired

by [3], that uses the spectral method to improve the initial partition ’y\(o).

Algorithm 2.2.3: Refinement via spectral method

Data: The tensors {4}/, and initial estimation ¥,
1 Construct the weighted adjacency matrix A via (2.2.12) and (2.2.14).

2 Compute the second elgenpalr (M, u,) of A.
3 Constructy = sign(up) with ‘V+ ={v|y |y, > 0} and V. = {v|y, <0}.
Result: The refined partition ‘V+ and V..

2.2.4 Strong consistency after second-stage refinement

In this section, we present a two-stage algorithm to achieve strong consistency when
Dam < 1 < Dgg (green area in Figure 2.1 (a) (c)). The first stage is the same as Algorithm 2.2.1,
which provides an initial partition of vertices. The second stage refines the initial partition using

the information from all uniform layers.

Theorem 2.2.5 (Achievability). Under Assumption 2.1.6, for some absolute € > 0, suppose
li]\rfninf Dgu - gn/log(N) > 1+¢. (2.2.15)
—>00

Then with probability tending to 1, Algorithm 2.2.2 attains strong consistency.
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When gy = log(N), (2.2.15) can be reduced to Dgy > 1 + ¢ for any absolute small € > 0.
Theorem 2.2.1 and Theorem 2.2.5 establish the sharp phase transition for the achievability of
exact recovery. The same threshold was established for the graph case £ = {2} in [2]. For the
¢-uniform hypergraph, the necessity was proved by [146], and the regime Dy > 1 (blue) was
solved by [106]. We fill the gap when Day < 1 < Dgp (green) and establish the threshold for a

more general case.

Benefits of aggregation

Consider the model 2.1.3 with £ = {2,3}, where a, = 4, b, = 1, and the divergence
for the graph layer ¢ = 2 can be calculated as D®)(aa,b,) = (/a2 — v/b2)?/2 = 1/2. When the
divergence for the layer ¢ = 3 satisfies D) (a3,b3) > 1/2, the entire non-uniform hypergraph
satisfies Dgy > 1 according to (2.1.5), and the strong consistency can be efficiently achieved.
Compared with the 3-uniform HSBM, where the strong consistency can be achieved if and only

if DG) (a3,b3) > 1, the difficulty of the task is reduced when aggregating the different layers.

2.2.5 Accomplishment of optimal accuracy
Theorem 2.2.6 (Optimality). Suppose Assumption 2.1.6 and the condition (2.2.1).

(1) Take gy =1log(N). After running Algorithm 2.2.1, the following holds with high probability

limsupgy ' log Eny(y,5?) < —Dawm. (2.2.16)

N—roo

(2) After applying Algorithm 2.2.2, the following holds with high probability

limsupgy ' Elognn(y,y) < —Dgn. (2.2.17)

N—ro0

Theorem 2.2.6 (1) only gives the upper bound for the expected mismatch ratio Eny,
while Theorem 2.2.6 (2) indicates that the mismatch ratio 1y can be decreased after Algorithm

2.2.2 since Dam < Dgp as in Figure 2.1. At the same time, the so obtained accuracy matches
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the lower bound in Theorem 2.2.3, attaining the lowest possible mismatch ratio. Regarding the
input requirements, as long as Ny (y,¥?)) = o(1), Algorithm 2.2.2 could improve the accuracy

to the best possible.

2.3 Proof outline of Information-Theoretic limits

We present the proof outlines of Theorems 2.2.1 and 2.2.3. The proofs of Lemmas are

deferred to Appendix A.1.

2.3.1 Impossibility of the exact recovery

Let y denote an estimation of y based on the observed hypergraph # where H denotes

its law. The probability of failing exact recovery is given by

Py i=P(y # +y) =) [| -P(y=+y |H=H)]-P(H=H). (2.3.1)
H

The Maximum A Posteriori (MAP) estimator is the best possible estimator in the sense that it

minimizes the failure probability Pg,;; in (2.3.1) among all estimators, which is defined as

yMmap:= argmax P(y=z|H=%H). (2.3.2)
ze{+1}1V1,172=0

Note that ypap is the most likely assignment of y given the observed hypergraph #. Con-

sequently, no other estimator could succeed exact recovery if yyap fails. Furthermore, yvap
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corresponds to the Maximum Likelihood Estimation (MLE) since by Bayes’ Theorem,

yvie = argmax PH=%H |y=1z) (2.3.3)
ze{+ 1}V 1Tz=0
_  argmax ( [y=2)P(y=2)

z V] 1Tg— Y PH=H |y =x)P(y =x)
LT Oxe{il}\"/\,ﬂx:o

= argmax P(y=z|H=%H)=ymapr
ze{£1}171,1T2=0

where the second equality holds since the denominator in the second line is a constant irrelevant

to any specific assignment z which can be factored out, and the prior distribution of y is uniform

withP(y =z) = 1/(|,‘Vq|//|2)

While the MLE provides the optimal estimator in theory, it remains computationally
intractable in practice. To make the objective function of the MLE more explicit, we introduce

the notion of an in-cluster edge.

Definition 2.3.1 (In-cluster edge). The edge e = {iy,...,is} is in-cluster with respect to'y if
yil :“‘:yi[
Lemma 2.3.2. Let H be a hypergraph sampled from model 2.1.3. For each ¢ € L, let [‘V]g =

{S]S C V,|S| = ¢} denote the set of (-subsets of V, and suppose 0y > By. Then, among all the

vectors z € {1}V with 17z = 0, YyLg maximizes the following quantity

Z|}[ Z log <B BZ%) : Z ]l{e is in-cluster w.r.t. z} /{Zle(z) (2.3.4)
lel ec[V)!

Alternatively, yvLg minimizes f(z|H) when oy < By (disassortative) for each ¢ € L.

According to the discussions in (2.3.2), (2.3.3) and (2.3.4), MLE fails exact recovery

when yMmE returns some y, such that f(y|#) > f(y|#) buty # +y. Formally,

Prit = P(YMLE # £Y) =PIy #y, st f(Y|H) > f(y|H)). (2.3.5)
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The desired y can be constructed from the true label vector y by flipping the signs of two vertces
a € vV, and b € V_, but keeping remaining signs unchanged. For any a € V,, b € V_, define

the vector y € {#1}1"| via

N Yo ve VY\{a,b},
Y, = (2.3.6)

-y,, VvE{a,b}

We will show that, under condition (2.2.1), ymLg returns y rather than y with probability tending

to 1.

Remark 2.3.3. In contrast, the approach in [82] does not directly analyze the failure of the
optimal estimator. Instead, it establishes the existence of 2qy pairwise disconnected ambiguous
vertices (half from V. and half from V_) under condition (2.2.1). These vertices have identical
degree profiles, making them indistinguishable; thus, no algorithm can outperform random

guessing, resulting in the failure of exact recovery.

Proof of Theorem 2.2.1. Recall the definition of ZJ in (2.2.11). According to (2.3.4) and
(2.3.6), the following holds:

fy13) = f(y|1H)
_ o (1—Pr) -
= Z log <m> ) [eéé IL{e is in-cluster w.r.t. y} — e;ﬂ l{e is in-cluster w.r.t. y}]
( )
( )

% =B\ 1201 2@ ) (1D (1)
2 (grii—ay) [1E" @ +E @) - (2 @]+ 17 o)

=W, +W,, (2.3.7)

v.—Zlog( 2‘;)( 3 - Z "), (2.3.8)



Note that the event {W, < 0} N {W; < 0} guarantees f(y|H) > f(y|#), which yields the

following lower bound on the failure probability P, in (2.3.5):

Pyt >P(Ja € Vi..beV_, s.t. {W,<0}n{W, <0})

:1@( U, (Wa<0}) U {Ws < 0}). (2.3.9)

ac rV+

However, directly analysis on (2.3.9) is challenging because W, and W, are dependent, as there
may exist hyperedges containing both @ € V. and b € V_. Similarly, W, and W are dependent
fora,a € V,.

To address this dependency, we further partition the hyperedges involved in W, and
introduce pairwise independent random variables. This allows us to lower bound the failure
probability using combinations of these new variables. Specifically, let U C ¥ be a subset of
vertices of size Yy| V|, with |UN V| = |UNV_| =vn|V|/2 and Yy = 0(1). Fora € V., N U
and b € 7_N U, define

W.[U] (2.3.10a)

_ oe(1—Pe) (0 - _ (© )
Zlog < Ae 1{ eNU={a} } eegz Ae 1{ eNU={a} })

et (a) e\ayc[V\ U] (1) e\{a}c[V\1]
W,[U] (2.3.10b)

. o (1 —Be) ¢ ¢

= ZlOf;m( /qe( )]1{ eNU={b} }— Z /qe( )]1{ eNU={b} })
teL et (b) AMPICIVAUS ez (p) Majc[Vi\U

Clearly, after introducing U, the edge sets involved in W,[U] and W,,[U] are disjoint, thus

independent. Furthermore, we define the edge set

,W£(22) := {e € £/ | e contains at least 2 vertices in U} . (2.3.11)
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It is clear that ‘WZ(ZZ) C E. For each v € U, define the random variable J,[U] by

o (1—Py) )
L) =Y log (2L TP 29, e - 23.12
0= X102 (1) L F ey 2312
ecvy

Then for some {y = o(1), we define the random variable J[U] as

J[‘U] = ﬂ ]l{Jv[‘u}SC,NqN}' (2313)
velu

Lemma 2.3.4 proves that W,[U|, W[ U] and J[ U] are pairwise independent.

Lemma 2.3.4. Fora € V. N U and b € V_NU, the random variables W ,[U] and Wp[U],
defined in (2.3.10a) and (2.3.10b) respectively, are independent. Meanwhile, J|U|, defined in
(2.3.13), is independent of W, and W),. For distinct a,a’ € V', NU, W, and W, are independent.

Furthermore, the following holds

{WalU] < =Cnan}n{J[U] =1} — {W, <0},

{WplU] < =Cnan}n{J[U] =1} = {W, <0},

where the random variables W, for v € V is defined in (2.3.8).
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Combining the discussion in (2.3.9) and Lemma 2.3.4, Pg,;; can be further bounded by

4, (=00, 5, (¥ <00)
oMo <O, 0 <0)

(
(
ZP( U {Wago}ﬂbeq%rm{wbgo}|J[‘ZJ]:1>~IP>(J[‘U]:1)
(
(

acVNU
2P P Vel = “Cvant(), Y AWs[TU] < —Cnan} (U] = 1) PO = 1)
2P( Y (Wt < ~Gvaw}) -P(begm{wb[w < ~Lvaw) ) -BQ] = 1)
- (1 - 1 PWd[u> —CNCIN)>'
acVnNU
(1 - I B(W,[u]> —CNqN)> : (1 —~PQ[U) = 0)). (2.3.14)
bevV_NU

Below, Lemma 2.3.5 provides the upper bounds for the desired probabilities, which allows us to

continue the analysis.

Lemma 2.3.5. Recall Dgy in (2.1.5) and W,[U|,J[U] in (2.3.10a), (2.3.13) respectively. The

following holds
H P(W,[U] > —Cngn) <exp ( — YNTM : e’DGH"IN>, (2.3.15)
ac¥.NU
P[] = 0) < exp (log(ywN) — an - [Gylog(C/m) — (G —w)] ) (2.3.16)

The probabilitiy [1pcq nuP(Ws[U] > —Cngn) admits the same upper bound as in (2.3.15).

Under the condition (2.2.1), there exists some absolute small € > 0 such that Dgg -

gn/1og(N) < 1 —¢, thus Ne~Pcu'av > N&_ Then by choosing {y = 1/log(gn), Tv = N~¢/? and
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substituting (2.3.15) and (2.3.16) into (2.3.14), we obtain

~PUU =0)-PU[U]=0)- ] [P(Walt]>—Lygn))?
acVNU

. e*DGHﬂN) —exp <log(YNN) —qn - [Cn1og(Cn/yv) — (Cv — yN)D
—exp <log(YNN) —gn- [z;N log(Env/vn) — (Ev — YN)} — YN - e_DGH'QN>
>1—2exp(—N¥?/2)

e, log(N) ¢€log(N) loglog(gn)+1 e
_2eXp(_qN.[_(1_§) v 2loglqy) log(q]:r) o /ZD

N
Zl—2exp(—YNT

—=1—2exp(—N®?/2)

ggy —(2—¢)1 logl 1
—Zexp(—qN- [ qy — (2 —¢€)log(gn) | (N) — 108 og(gn) + +N—e/2D
2qnlog(qn) log(gn)
where the last term vanishes since gy — (2 —€)log(gy) > 0 for large N and 1 < gy < log(N)
by Assumption 2.1.6. Consequently, P — 1 as N — oo, implying that yyp g in (2.3.3) fails to
recover the true assignment y exactly. Therefore, with probability tending to 1, it is impossible

to finish exact recovery, since no other estimator could outperform Yy g. [
2.3.2 Information-Theoretic lower bound on mismatch ratio

The proof of Theorem 2.2.1 analyzes the optimal estimator Yy g for the full label vectory.
In contrast, the proof of Theorem 2.2.3 considers the optimal estimator for each individual label
y,» and derives the expected number of misclassified vertices by estimating the corresponding
error probability. For each vertex v € ¥, lety_, € {il}'r’/"1 denote the label vector of nodes

other than v. Following the approach in [3], we consider the genie-aided estimator, defined as

?Vgenie = argmax P(yv = S|{ﬂ(£)}£eL7Y—V)a (2.3.17)
s==%1
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where P(y, = sH{AO e,y _v) denotes the posterior probability conditioned on {4}, and
y_,. However, the estimator in (2.3.17) is not directly computable or analyzable, since evaluating
the posterior probabilities requires access to the true label vector y in order to compute the
likelihood P({4}se .|y, = 5,y_,), which is unavailable in practice. To address this challenge,
Lemma 2.3.6 reformulates the problem in terms of the log-odds ratio, which is more tractable

for analysis.

Lemma 2.3.6. Under Assumption 2.1.6, the following holds for each v € V

Py —s|fg® Y
log( (v, = s/{ (Z)}éeLay ) ) =W,, se{+1}, (2.3.18)
Py, = —s{A Y ocr,y-v)

where the variable W, is defined in (2.3.8).

Lemma 2.3.7 (Fundamental limit via genie-aided approach, [3, Lemma F.3]). Let X be a Borel
space and (y,X) be a random element in {jzl}W' x X. Let F be a family of Borel mappings
from X to {+1}Y\. Recall the mismatch ratio Wy defined in (2.1.2) for any two y,y € {£1}V.
For each v € [N], let P(y, = s|X,y—y) with s € {£1} denote the posterior probability conditioned

onX € X andy_, € {£1}N=1. Then for any estimatory € F, the following holds

(2.3.19)

Eny(§.y) > N—-1 1 (P(yﬁle,y—v) 1)_

<
“3N-1 N ve[N] Py, = —s[X,y-)
Proof of Theorem 2.2.3. According to Lemmas 2.3.6, 2.3.7, and the fact that vertices are inter-

changeable, for any estimator y, the following holds

1 yy =s1X,y-)
—3N Nz;v <1P>( —sX,y_y)

< 1) N2 pw, <0). (2320

E
n(y.y) > AN —1

We now consider the probability of the event {W,, < —Cyqn }, where {y = 1/1og(gn). Following
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the same LDP analysis as in Lemma A.1.1 and Lemma A.1.2, we have

liminfgy!log (Eny(¥,y)) > liminfgy' log (P(W 2.3.21
iminfgy" log (Eny(y,y)) > liminfgy " log (P(W, <0)) (2.3.21)

> 1i}5ﬂj£fq? log (P(W, < —Cngn)) = —Dgn, (2.3.22)
which completes the proof. [

2.4 Performance analysis of the spectral method

This section is devoted to the proof outlines of Theorems 2.2.4 and 2.2.6 (1) with details

deferred to Appendix A.2. We present some preliminaries first.

2.4.1 Preliminary results

For each ¢ € £, let A1) denote the adjacency matrix obtained from tensor 29, For

u,v € V, the expected number of /-edges containing u and v can be expressed as
* v =y BAW = (720 4B (V) — (20
o v, Ay, BAY =B, (V3.

For convenience, we denote

o= g () l(50) - (T popa(i) e

leL leL

Let A* denote the expected adjacency matrix, which can be expressed as

A*=E[A] = Y EA0] = | B ® (Lyja13, ) —aly, (2.4.2)

leL B o

Let u; and uj denote the second eigenpair of A and A* respectively. For the proof of Theo-

rem 2.2.4, the central idea is to show that v/Nu, is bounded below from zero by some absolute
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constant € > 0 entrywisely, i.e., \/Nyvuzy > ¢ for each v € V. Similar ideas appeared in [93, 4,

106]. Note that uy = N‘l/z[lg/z, —111\}/2]T and sign(u3 ) = sign(y,) for each v € V. However,

uj is not the ideal candidate for direct comparison, due to the possibility that v/N|[uz — u}je > 1
as shown in [4, Theorem 3.3]. Instead, Proposition 2.4.1 shows that the ideal pivot vector is

Au’ /A5, which is a key step in the proof of Theorem 2.2.4.
Proposition 2.4.1. Let (A2, uy) (resp. (A5, u%)) be the second eigenpair of A (resp A*). For some
absolute constant C > 0, the following holds with probability at least 1 — O(N~?)
VN- min_ [lsuz — Aug /Al < C/log(pw). (2.4.3)
NS

Here, py is the maximum expected degree of the model 2.1.3, formally,

py = maxE[D,]. (2.4.4)
veV

where Dy := Y icq j, Ayj denotes the degree of vertex v € V.

Lemma 2.4.2 presents a Large Deviation Principle (LDP) analysis of the /Ny, (Au3),,
where Dawm in (2.1.6) serves as the rate function. The LDP analysis is crucial for proving the

effectiveness of the spectral method when only the adjacency matrix A is available.

Lemma 2.4.2. Define the following function

. 1 — (-1 -1 —(—1=2r)t
Dam(t) == Zw[ag(l—e J+be Y (T ) (1-e )] (2.4.5)
r=1

lel

For any 5> 0, there exists a large Ny such that when N > Ny, €y < €,

P(\/ﬁyv(Aug)v < M(ew +C/10g(pN))> < exp (— an - (sup[st + Dam(t)] —'S)). (2.4.6)

t>0
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Proof of Lemma 2.4.2. For each v € V, recall A, jin (2.1.4), then

\/Nyv (Allg) v =Yy Z AVj -y Z A"j

J#Evyj=+1 J#vy=—1
— Z Avj_ Z Avj

j#vv YJ:yV j#l@ yj#yv
_ (£) (£)
- X Y X A- )y )y Yy A
J#v, Y=y, le L ecEy, eD{v,j} J#V, Y 7Y LEL e€Fy, eD{v,j}

= 26_21 Y (-1-n-2"—r a2

teLr=0 e fE[Sr) (v)

=Z( Y (-a%+Y ¥ <€—1—2r>'ﬂe(@>’

teL ec Eé()) (v) r=1 ec Zé(r) (v)

:Z((g_ a9 i (—1-2r). ¥ ﬂle“)), (2.4.7)
lel ( )( ) r=1 eEf(r)(V)

ecEy
where the third to last equality follows from the edge classification in (2.2.11), since for each
edge e € ‘Zg(r) (v), it contains r vertices of the opposite label as v with each contributing —1, and
¢ —1—r vertices of the same label with each contributing +1.
We then apply Lemma A.1.2 on (2.4.7) to control (2.4.6). Note that Eﬁle(e) = oy for
ec EE(O) (v) and Eﬁle(é) =By fore e fe(r) (v) with 1 <r < /¢— 1. Meanwhile, according to (2.4.2)
and Assumption 2.1.6, we write

7\‘* _ (OL_ B)N

= Ay, (2.4.8)

We choose gy =1, p( )

;=27 t+1 and values of oc c as in (2.4.7). According to Lemma A.1.2,

forany 0 <8< Ye, 271 ((£—1)ay +yicle—1- 2r)by) and 8> 0, there exists some Ny > 0

such that the following holds for all N > Ny, oy < &

P(Wyv(AuE)v < 5NQN> =exp (—qN[sup(—t8+]DAM(t)) —gD

t>0
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Here, Dam(?) is defined in (2.4.5) and we choose 8 = Ase/gy for some absolute small constant

e>0. O]

2.4.2 Proof of Theorem 2.2.4

Let §=arg mingc ¢,y [[suz — Au3 /A3 ||o. Define the indicator function Fy = 1((2.43) holds} -

Then we have

P (y;sign(§uz)) = 0) = P(sign($uz) =)

zP(\/ﬁmig(fuz,v.yV) >e|Fy=1)-P(Fy=1)
ve
> P(\/Nmig(fuz,v 'y,) >€) —P(Ey =0)

ve

> P(\/vagiqr}(Aug)v /A5 —C/log(py) > €) —P(Fy = 0)

>1- Y P(VN(Auz), < X3(e+C/log(py))) —P(Fy = 0)
veV

According to Proposition 2.4.1, P(Fy = 0) < O(N2). We take 8 = &A% /gy from now on.
Combining the conclusion from Lemma 2.4.2 where we take gy = log(N), for any 5> 0, there

exists some large Ny > 0 such that the following holds for all N > N,
P(Mn(y, sign(§uy)) = 0) > 1 — N!0+ Dan(t)]+8 _ =2 (2.4.9)

where Dam(2) is defined in (2.4.5). By choosing € small enough, one can ensure that 1 —

sup,>o[—0t + Dam(t)] +8 < —3. Therefore, it follows that P(mn(y,sign(suy)) =0) — 1.
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2.4.3 Proof of Theorem 2.2.6 (1)

Let § = arg min ¢4 1y [|suz — Auz /Aj[[. By definition,

PR 1 N
Enn(y,sign(§uy)) < N Z P(y, - Suz,, <0)
velV

Define Fy = 1((2.4.3) holas}- Similarly, according to Proposition 2.4.1, we have

]P’(yv-sAuz,v < 0) :]P)(yv-fllz,v <0 | Fy = 1) -P(FN = 1) +]P)(yv'§ll27v <0 ’ Fy = 0) -P(FN = 0)

<P(VN(Auz), < Nj(e+C/log(pn))) + O(N )

Again, we choose 6 = €-A5/gy. Then by Lemma 2.4.2 where we take gy = log(N), for any

g > 0, there exists some large Ny > 0 such that the following holds for all N > Nj,
B(VN(Au3), < A3(e+C/log(py))) < N~ ol -8+Baul0)]5,
where Dam(7) is defined in (2.4.5). Combining the above results, we have
En(y, sign(§us)) < N~ -8+Dan+8 4 o(n=2).

By letting e,g go to zero, the desired result follows since Dam = sup, o Dam(?).

2.5 Refinement algorithms
2.5.1 Majority voting refinement Algorithm 2.2.2

Proof of Theorem 2.2.5. According to Section 4 in [82], the entire vertex set ¥ can be split into
two disjoint subsets § and 9\ S. The vertices in S enjoy three good properties, such that they
can be corrected to their own communities in each step. After log(N) many iterations, there will

be no wrongly classified vertex in . As for the other subset 9\ S, it is proved that |1\ §| < 1
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with probability tending to 1 when (2.2.15) holds, thus completing the proof. [l

Proof of Theorem 2.2.6 (2). Suppose (2.2.1). The vertices in § can be corrected by Algorithm
2.2.2 as well. However the upper bound on the size of 7\ § is not as tight as before, bounded
by N!~DcH_ Therefore the upper bound on the mismatch ratio Ny (y,y) becomes NP6t where

in the worst scenario all nodes in ¥\ § were wrongly classified. [l
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Chapter 3

Optimal and exact recovery on the general
non-uniform hypergraph stochastic block
model

3.1 Introduction
3.1.1 Formulation of the problems

The Hypergraph Stochastic Block Model (HSBM), as a generalization of the SBM, was
first introduced in [109], where each edge of the uniform hypergraph appears independently
with some given probability. In recent years, many efforts have been made to study community
detection problems on random hypergraphs. For exact recovery of uniform HSBMs, the phase
transition was shown to occur when the expected degree for each vertex is at least log(N), and
the thresholds were given in [146, 106, 216] by generalizing techniques in [2, 4, 5]. Meanwhile,
results on almost exact and partial recovery were shown in [108, 61, 143, 85]. For detection
of uniform HSBM, it is conjectured in [22] that the phase transition occurs in the regime of
constant expected degrees. [176] and [186] provided algorithms that output a partition better
than a random guess when above the Kesten-Stigum threshold. [115, 114] proved that detection
is impossible and the Kesten-Stigum threshold is tight for /-uniform hypergraphs with binary
communities when ¢ = 3,4, while the KS threshold is not tight when ¢ > 7, and some regimes

remain unknown.
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It should be noted that most of the results concern community detection on uniform
hypergraphs, which require the same number of vertices per edge. This is a constraining and
somewhat impractical assumption. As will be demonstrated after Theorem 3.2.9, the thresholds
for the non-uniform case show that using the information from all uniform layers yields strictly
better results than considering each layer alone. However, the non-uniform HSBM was less
explored in the literature, with notable results in [108, 85, 15, 65, 198]. Generally, the results

here only considered sufficiency and did not establish fundamental thresholds.

3.1.2 Notation and preliminaries

Let H = (4, E) denote the hypergraph, where 7’ and ‘£ denote the set of vertices and
(hyper-)edges respectively. For vertex v € 1/, let d, denote the observed number of hyperedges
containing v, with D,, denoting its law. Note that each ¢-hyperedge e > v can be classified into
different categories according to the distribution of the other ¢/ — 1 nodes among ¥, ..., Vk,
then D, can be written as a summation of independent random variables due to edge-wise

independence,

L
D,=Y Y DY, (3.1.1)
geLwEWC%_I)

(0) ()

where D, w denotes the law of d, w, counting the number of /-hyperedges containing v with the
other £ — 1 nodes distributed as w among V), ..., Vk. Assume that v belongs to the community 7},
that is, Y, = k, then the distribution of membership among the blocks in e is denoted by k & w =
(Wi, e o, W1, Wi+ 1, Wit 1,...,Wg). According to model 1.1.8, Dg\)v|YV:k ~ Bin(Ny, Qk(é)w)
where for each w = (wy,...,wg) € WC 5{(—1) , and the capacity of such /-hyperedges is denoted

by

K
Nv:=]1 ('M") (3.1.2)
k=1

Wk
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Lemma 3.1.1 indicates that Ny, in (3.2.4) is a good approximation of Ny.

Lemma 3.1.1. With probability at least 1 — N~1°¢WV) |

Vj| —o;N| < v/Nlog(N) for each j € [K].

Recall Ny, from (3.1.2) and Ny from (3.2.4). Then for each for w € ‘WCg*l), it follows

(1—10g(N)/VN)"™" < Ny /Ny < (1+1og(N)/vN)"". (3.1.3)

3.1.3 Organization

We present our main results in Section 3.2. Section 3.3 contains the proof of Theo-
rem 3.2.4. The proofs of Theorems 3.2.6, 3.2.12, Theorems 3.2.6, 3.2.10 and Theorems 3.2.13,
3.2.14 are in Sections 3.4, 3.5 and 3.6 respectively. Some open problems will be addressed in

Section 3.8.

3.2 Main results

Our results are multi-fold, and work for the general, non-uniform HSBM case. All these

results are new and optimal for non-uniform HSBM.

1. We prove a wide-ranging, Information-Theoretic lower bound on the number of misclassi-
fied vertices for any algorithm, depending on a generalized Chernoff-Hellinger distance

involving model parameters (Theorem 3.2.4 (2)).
2. The necessary condition and threshold for exact recovery are derived in Theorem 3.2.4 (1).

3. We present an efficient Algorithm 3.2.4 which, above this threshold, with full information

about the model, achieves exact recovery for all but a negligible subset of the space of

problems (Theorem 3.2.13).

4. We present an efficient Algorithm 3.2.1 which, also above the threshold, achieves ex-
act recovery when only the number of communities is known, provided that the edge

probabilities are proportional (Theorem 3.2.9).
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5. Below this threshold, we prove that the provided algorithms are optimal in Theorems
3.2.10 and 3.2.14, meaning that the number of vertices they mislabeled reaches is at most

the lower bound determined by the Information-Theoretical limits.

3.2.1 Regime of interests

For ease of presentation, we rewrite the notations to accommodate different regimes.

Define a finite family ¥ of growth rates ¢ : N — R, with Allim q(N) = o, such that
—>00

Vgi,q2 € F, ]\1/220%(1\’)/6]2(1\7) € {0, +oo} . (3.2.1)

This means that ¥ is a family of growth rates of different magnitudes.

Definition 3.2.1 (Edge density). For model 1.1.8, we write the probability of sampling edge
e ={il,...,ig} as P(ﬁle(é) =1)= Qy(fe)) = Qv(f), where y(e) = [y, ,---,Y;,] is the membership
vector of the vertices in e, and w € W C%) denotes the weak composition formulated by y(e).

Furthermore, Qv(vg) can be factorized as

N1
P(ﬂéz):l)znge):Tg),qg@/(g_l), (32.2)

where Tv(f) is some constant independent of N, and qsf) € F. Let gy denote the slowest rate

. () ‘
function among all {qy }weWC%),ZEL'

Assumption 3.2.2. There exists some absolute constant C(32 3y > 1 such that for every N, the

probability tensors {Q 9} yc ;- in model 1.1.8 satisfy

C@3a3)'=max max Qv(ve) /

()
i ) QW (3.2.3)
wwWeWCy

which further implies qsf) = gn for each w € ‘I/VC%) and l € L.
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3.2.2 Information-Theoretic limits

We introduce the generalized Chernoff-Hellinger (GCH) divergence to establish the

Information-Theoretic limits.

Definition 3.2.3. For each w € ’WCK , denote k®&W = (W1,...,Wr—1,Wr+ Lwgaq,...,wk)

and define the following quantity
K
— o;N
NW::H(L fJ). (3.2.4)
Under Assumption 3.2.2, define the Generalized Chernoff-Hellinger (GCH) divergence by

Dgea = min Dgeu(Jj,k), (3.2.5)
1<j<k<K

L 0) \1—=
(210" ()]

Ny

1P+ (el -

Dgcu(j, k) == max jaw kow

N-
€01 jer wewclth (7-1)

For the more general scenario, where Assumption 3.2.2 is no longer true, we define

Dgen = . 1;n1]£1<KDGCH(J>k) (3.2.6)
Deeu(j k) =gy max Y Y Ny [tQj(é)w (1-1)Q, (QJ@W> ( @)w)l_t}‘
te[O]]ZEL copl
K

Note that Dgcn in (3.2.5) is a special case of (3.2.6) under Assumption 3.2.2. When C323) =1,
leading to Dgcy = 0, HSBM is indistinguishable from a non-uniform Erdds-Rényi hypergraph.

Therefore, the partition is undetectable.

The success of exact recovery is hindered by isolated vertices, which appear when
gn = O(log(N)), as no algorithm could outperform random guess in the presence of isolated
vertices in multiple communities. The necessary condition for exact recovery and Information-

Theoretic lower bound for any algorithm are presented below.
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Theorem 3.2.4. Let {ky}y be a sequence such that Ky € (0, 1] for each N, and suppose

]\}i_rgoDGCH qn/(ky -log(N)) < 1. (3.2.7)

Then, given any community detection algorithm 2, the following holds.
(1) With probability at least 1 — 27N, A will misclassify at least one vertex.

(2) When xylog(N) — o0 as N — oo, it follows that Al]im (N*.E[ny]) > 1.
—>00

Remark 3.2.5. Informally, (2) states that any algorithm U is expected to misclassify at least

N'=%N nodes, with expectation over the sample hypergraph.

The necessary condition for exact recovery becomes Dgcp < 1 by taking gy = log(N)
and ky = 1 in (3.2.7). For SBM (graph) and uniform HSBM, it was shown that exact recovery
is impossible when Dgch < 1 in [5] and [216], respectively, both under Assumption 3.2.2. By
contrast, Theorem 3.2.4 (1) is broader and its proof does not rely on Assumption 3.2.2.

Theorem 3.2.4 (2) represents a real breakthrough in the literature of HSBM. It states the
lower bound on the expected mismatch ratio in regimes where exact recovery is impossible. Here
are two examples: first, when xy = 1, gy = log(N), Eny] > N’(”O(l))DGCH; second, when
1 < Dgen - gy < log(N) while ky — 0 but kylog(N) — oo, a lower bound on weak consistency
is established. Similar results were previously shown for SBM in the binary [214, 4, 3] and
multi-community [212] cases. Note also that [104, 105] (SBM) and [61] (uniform HSBM)
established minimax rates for mismatch ratio when certain constraints on the probability tensors
{Q(g) }oe o are satisfied, which describes a subset of the entire problem space. By contrast,

Theorem 3.2.4 (2) is free of such constraints.

3.2.3 Agnostic partition

Under Assumption 3.2.2, Algorithm 3.2.1 could achieve the exact recovery and reach
the lowest expected mismatch ratio possible without knowing the probability tensors {Q(E)} ter-

The number of communities K is currently required as input. However, as will be discussed
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in [83, Section 3.7], one could estimate K and turn Algorithm 3.2.1 into an algorithm entirely
agnostic.

There are two stages in Algorithm 3.2.1: first, Algorithm 3.2.2 assigns all but a vanishing
fraction of vertices correctly (weak consistency), then Algorithm 3.2.3 refines the partition
iteratively to reach the lowest possible mismatch ratio. We present Algorithms 3.2.2 and 3.2.3

here, while Algorithm 3.4.1 is deferred to Section 3.4.
Algorithm 3.2.1: Agnostic partition

Data: The adjacency tensors {4“)}sc /., number of communities K.

1 Run Algorithm 3.4.1 (Trimming) on # with 7 := 4; in Theorem 3.4.4 to obtain
Ajl ) —

2 Run Algorithm 3.2.2 (Initialization) with input A 4,, K, d to obtain the initial
estimate y(%;

3 Run Algorlthm 3.2.3 (Refinement) with input §©), K, {2} <, and obtain the
output y,
Result: y

Stage 1

Let d, denote the observed number of hyperedges containing v, and d denote the average

degree of H. Figure 3.1 is an intuitive explanation of Algorithm 3.2.2.

RN « Nodesing NS oo 9°
;/é’:g \ /.",\\ e NodesinJ\ S ":o':.’.
\ -':'o'..:./l : o:g.\ . o... ... °
70 =55 . [ PO =g \ PO @ ]72(0)
/o.:..\\\ * .QOI ° 1
PO =B \@QUR®) 0%
~_ ~(0 ~ °
7 = 35\ O VP U ) 75 7SB
(a) Line 2-7 (b) Line 8-12

Figure 3.1. Illustration of Algorithm 3.2.2

Theorem 3.2.6 (Agnostic weak consistency). Let py denote the maximum expected degree
among all vertices, see (3.4.1). Suppose Assumptions 3.2.2, 3.2.7 and py 2, 10g(N), then with
probability at least 1 —2(e/2)™ —2N~¢ for some constant ¢ > 0, Algorithm 3.2.2 achieves

weak consistency by applying regularization J, in Theorem 3.4.4.
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Algorithm 3.2.2: Spectral initialization

o

10
11
12

13

Data: Ay, number of communities K, radius r = 7, where 7 = [Nlog(d)]~'d? with

_ N
d=Y d,/N.
v=1
K
Compute the rank-K approximation AgK) =Y kiu;rui of Ajy.
i=1
Let S be a set of [21og?(N)] nodes randomly sampled from 7 without replacement.
For each s € §, construct the ball centered at s by

B,(s) = {we 7: (A, — (AT 13 < ).

Take ‘/1%(0) = B,(s1) to be the ball with most vertices, i.e., s; = arg max|B,(s)|.
seS
Break ties arbitrarily.

while 2 < k < K do
sk = arg maxc s | B,(s) \ (Ulj )
VO = B,(s0) \ (U2 )

end

hilev e 7\ (U, ¥ ))do
k = arg ming | H( g )sk: - (AEK))W

-~

VO — YOy

i

2.
29

end
Randomly assign the remaining vertices v € ¥\ J to one of the communities

,171(0) . {,A/Igo).
Obtain the initial estimate of the membership vector §(0) based on ‘IA/I(O), e ‘IA/IgO).
Result: y(©)
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Assumption 3.2.7. For each w € ch,f’z), let
J®iew:=(wr,...,w;j+1,...,w;+1,...,wg) (3.2.8)

denote a weak composition in ‘W C%). For every distinct pair j,k € [K], there exists some i € [K]

such that {Q D} e satisfies

. N = ¢ ¢
2 IY Y W@ Q| 20 329
TOPN e g
Remark 3.2.8. Denote 0% = le(ocj)wf' forw = (wy,...,wg). Under Assumption 3.2.2, if

there exists some distinct pair j,k € [K| such that for every i € [K],

=2 ¢ ¢
Ye-1 Y ( . ) o (P B =0, (3.2.10)
teL WE‘WCE(#Z)

where (E;VZ) = (0-2)!/ Hle w ;! with Zi'{:l w; = —2 denotes the multinomial coefficient, then
Assumption 3.2.7 is violated. The set of tensors satisfying (3.2.10) is a linear proper subspace of
the entire parameter space. In the absence of Assumption 3.2.2, Assumption 3.2.7 says that the
expected degrees of each community, as well as the differences between communities, have to be
proportional to the highest expected degree (potentially with the exception of one community). It
remains true that, under HSBM, the set of problems that cannot be solved by Algorithm 3.2.2 is

asymptotically negligible in the entire problem space.

Assumption 3.2.7 is a natural extension of the condition in [5] for the graph case £ =
{2}, and it also appears in [216] under Assumption 3.2.2. However, while in the graph case
this condition is truly necessary for achievability (since its absence creates two classes that
are indistinguishable from each other), it is not clear whether this is the hypergraph case for
Assumption 3.2.7. It is certainly needed for any method using the adjacency matrix to succeed,

but, as shown in [216], due to the many parameters involved, one may construct a model with
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distinguishable classes via probability tensors (Figure 1.2 (b)), but for which the expected K x K

adjacency matrix has identical rows (this uniform case is yet to be solved).
Stage 11

Let {‘Vk(t) }K_, denote the partitioned communities in iteration 7 with the initial partition

{‘IA/k(O) K_, obtained from Algorithm 3.2.2. Foreach £ € L and w € W C%), let

~._ 1 () 0 &5 (177
Q' =—g Y 4, whereNy' =]] ), vi>0, (3.2.11)
Ny’ 50)(¢)=w =1\ W

()

be an estimation of sté) in (3.2.2). Let ﬁww denote the number of /-hyperedges containing v

with the rest nodes distributed as w € W _C g_l) at iteration ¢ > 0, formally,

Dy = [{e C [V |3, y(e\ v} =we W™, winodesin PO}, (3.2.12)
We provide an intuitive explanation of Algorithm 3.2.3 here. Suppose v € ¥ and define
ﬁ% = f)ﬁtzv / ]VV(VZ ), which is an estimation of Qk(é)w only using edges containing v. In contrast, all
edges of type 37(0) (e) = k@ w are used when computing (/iv(vé), which is a good approximation
of Q‘g) by Lemma 3.5.1. Let Hcg(y,y) := —ylogy — (1 —y)log(1 —¥) denote the cross entropy
between the two probability distributions with means y and y, respectively. Then (3.2.15) can be

reformulated as

k* —arg min{ y Y N [—ﬁﬁf&v Tog QL — (1 -7 -log(1 — @(Qw)} } (3.2.13)
leL

1<k<K we WC(kfl)
K
. O e @0 5 3.2.14
=arg min Z Z w CE(#V,W? Qk@w)' ( - )
1<k<K vyer, WGWC%iI)

Note that Hcg(y,y) = 0if and only if y =, and it would be relatively large when v is misclassified.

Thus, the correct assignment of v can be found by minimizing the weighted cross-entropy terms.
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The theoretical guarantee is provided below.

Algorithm 3.2.3: Agnostic refinement
Data: {2}, 5,

1 Foreach/e€ L,weE ‘T/VC%), calculate ay(vg) in (3.2.11).
2 while 0 <7 < [log(N)] do
3 ‘Vk(tH) < 0 forall k € [K];
4 while v € 7 do
(£-1)

5 Foreachw € W(C, /, calculate ﬁi’zv in (3.2.12). Find

k* = arg max{ Z Z ﬁitzv -log ak(é)w + (ﬁv(vt) - 13%) log(1— ak(é)w)}’
1<k<K \yer (1)

wE‘WC%
6 (3.2.15)
7 Tie broken uniformly at random;
o(t+1 (1
8 ‘Vk(* )<—‘Vk(* )U{v}.
9 end
10 t—t+1
11 end
12 Take 7V} = ‘Vk( ToeM1) gor all k € [K] and obtain y.
Result: y

Theorem 3.2.9 (Agnostic strong consistency). For some absolute € > 0, suppose
A%im Dgen - gn/log(N) > 1+¢, (3.2.16)
—>00

together with Assumptions 3.2.2 and 3.2.7. Then with probability at least 1 — 6N~%, Algo-

rithm 3.2.1 achieves exact recovery without prior knowledge of { Q(E) Yoer-

When gy =1og(N), i.e. Dgcu > 1, [8, 212] (SBM) achieved exact recovery agnostically.
By contrast, [216] completed exact recovery on uniform HSBM by requiring prior knowledge of
probability tensors. Therefore, our Theorem 3.2.9 is more general than any other result in the
current HSBM literature.

In addition, (3.2.16) indicates that the structural information of the non-uniform hyper-

graph is stronger than the uniform one. Exact recovery may be achievable when all uniform
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layers are aggregated, even if it is impossible when any of the uniform layers is used in isolation.

An example with numerical experiments is discussed in [198].
Optimality

When (3.2.16) does not hold, strong consistency is impossible as per Theorem 3.2.4 (1),
and one can only expect weak consistency where the lower bound for the expected mismatch
ratio was derived in Theorem 3.2.4 (2). A natural question arises here: can any algorithm achieve
this lower bound? The answer is yes: Algorithm 3.2.3 can refine the first stage result to reach the

lowest possible expected mismatch ratio.

Theorem 3.2.10 (Agnostic optimality). For the sequence Ky € (0, 1] with Kylog(N) — oo as
N — o and some absolute (small) € > 0, suppose Assumptions 3.2.2, 3.2.7 hold, py = 10g(N)

and
A%im Docn - gn/(kn -log(N)) > 1 +e¢. (3.2.17)
—>00

Then with probability at least 1 — 6e €*V1°eW) Algorithm 3.2.1 satisfies I%im (N -.my) < 1.
—>00

3.2.4 Partition with prior knowledge

When the probability tensors {Q(g) }oe o are known, the regime beyond Assumption 3.2.2
can be handled by Algorithm 3.2.4, where the optimal membership assignment for each v € V/ is
determined through a leave-one-out pipeline.

The essential idea of Algorithm 3.2.4 is to make full use of the Maximum A Posteriori
(MAP) estimation. We provide an intuitive explanation of the algorithm below. Lety_, € [K]V~!
denote the membership vector of the vertices other than v and y_, be an estimation of y_,,. Let
H and Y_, denote the laws of # and y_, respectively. Conditioned on the events {H = A} and

{Y_, =Y¥_,}, one can prove (deferred to Section 3.6) that the probability of v being misclassified
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Algorithm 3.2.4: Partition with prior knowledge

Data: {4} ,c,, K, probability tensors {Q )} sc/, {o}K .
1 whilev € 7 do

2 Obtain A, by removing all edges containing v from #;
3 | Run Algorithm 3.2.2 (Initialization) on #L, to obtain the estimation ?Q for
Y-vs
4 y, = arg max P(D, =d,|Y, =k, Y,vzi(_ov))-ock.
ke[K]
5 end
Result: y
is minimized when the following MAP estimation is applied
yMAP — argmax P(Y, =k |H=H,Y_,=y_,). (3.2.18)

ke[K]

Similar ideas appeared in [5, 1] for graph SBM, and [61, 216] for uniform HSBM. However,
the posterior probability in (3.2.18) cannot be directly computed from the definition. Recall
that d, is the observed number of hyperedges in # containing v with D,, denoting its law. We
propose (3.2.19), an estimator equivalent to (3.2.18) (as proved by Lemma 3.2.11), which can be

computed directly when knowing {Q“},c, and {o}E .

Lemma 3.2.11. When the estimation'y_,, is independent of the membership assignment y,, the

MAP in (3.2.18) can be reformulated as follows

v =argmax P(Dy = dy | Yy =k, Yo, =§-) - P(Y, = k). (3.2.19)
ke[K]

(0)

In Line 3, the initial estimation y__ is obtained by running Algorithm 3.2.2 on #L_,. It is
independent of the membership assignment for the vertex v since no edges containing v were
involved throughout the process. Therefore by Lemma 3.2.11, the y, in Line 4 is equivalent to
the best estimator MAP in (3.2.19).

In [5, 1], the authors presented a two-stage strategy, where the graph # is divided into
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HO) and H(D_ In the first stage, the sparser graph # () js used to obtain the initial estimation

~

y(©), then ?gog is obtained by removing %0)' In the second stage, (3.2.18) is applied on the
denser graph () for local refinement. We have found their proof difficult to duplicate for
the hypergraph case. In [216], the authors presented a similar strategy (complexity KN?) and
claimed (without proof) that it can be modified to work for the hypergraph. For simplicity and

completion, we have chosen instead to go with a slightly slower Algorithm 3.2.4 (complexity

KN?), which forgoes the splitting but ensures the independence between y,andy_,.
Stage I

The agnostic result Theorem 3.2.6 requires py = log(N). However, with prior knowledge,

Algorithm 3.2.2 can still achieve weak consistency as long as py = o(1).

Theorem 3.2.12 (Weak consistency with prior knowledge). Suppose Assumption 3.2.7 and
pv = o(1). If we know {Q Y} e and apply % with r = [Nlog(py)|~'p¥ in Theorem 3.4.4,

Algorithm 3.2.2 achieves weak consistency with probability 1 —2(e/2)™N — N~19,

With knowledge of the probability tensors {Q(g) }oe £, Assumption 3.2.7 can be weakened.
It is equivalent to saying that no two rows of the expected K x K adjacency matrix for the
communities, when scaled by the highest degree, are asymptotically equal, as in Remark 3.2.8.
In fact, this can be boiled down to an all the layers” condition, where (3.2.9) happens on a
uniform layer by uniform layer basis. The set satisfying (3.2.10) can be shrunk as follows.
When Assumption 3.2.7 fails for the non-uniform hypergraph but holds true for at least one
uniform layer, we can construct a weighted adjacency matrix A= Yier weA®) as an input
for Algorithm 3.2.2 under some properly chosen weights {wy}sc » to meet Assumption 3.2.7,
and use it to obtain an almost exact labeling in the first stage. Importantly, the second stage
refinement, which gives the threshold, reverts to using tensors {ﬁl(@}ge + and does not rely
on Assumption 3.2.7. Therefore at the end of stage two, provided that the problem is above

the threshold, the algorithm will output an exact labeling with high probability despite the
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introduction of weights. Thus, the only cases not covered by Theorem 3.2.12 lie at the intersection

of these unsolvable (so far) uniform cases.
Stage I1

Compared to Algorithm 3.2.3, y, in Line 4 is able to handle the regime beyond As-

. J4 14 J4 . J4
sumption 3.2.2. For each ¢ € L, denote Q,,(la)X = max . ., Cﬁ? Q‘,(v ), Ql,l(m)1 ‘= min_ cow C%) Q‘x(; ),

and we write QD(QX = TIEQX : qr(ﬁgx / (]Z__ll), Qn(le = Téﬁ)n ~q(€) / (]Z__ll) The theoretical guarantee of

min

Algorithm 3.2.4 is provided below.

Theorem 3.2.13 (Strong consistency with prior knowledge). Suppose Assumption 3.2.7,

log(qiom /) )/ Tog(gha) < 1, (3.2.20)

and (3.2.16) for some absolute € > 0. When the tensors {Q(e)} ter, are known, Algorithm 3.2.4

achieves exact recovery with probability at least 1 — N~¢ — N~10,

An example satisfying (3.2.20) but violating Assumption 3.2.2 is qsfl) = N'/6 while
q‘(,f) = N'/%/log(N) for any w # w.

When gy = log(N), the condition (3.2.16) can be simplified as Dgcyg > 1. However,
(3.2.16) could still be true when 1 < gy < log(N) and Dgcy > 1 as in (3.2.6). Compared
with Theorem 3.2.9, the additional situation covered by Theorem 3.2.13 happens when one
of the communities has some sub-critical connectivity probabilities (o(log(N)/ (IZ:II)) either
within itself or with respect to the other communities, while all the others are super-critically
connected to each other, which will means that Dgcp - gy = Q(log(N)) satisfying (3.2.16) by
Lemma D.1.1. In graph SBM [5] and uniform HSBM [216], exact recovery was achieved only
under Assumption 3.2.2 when knowing the probability tensors. Theorem 3.2.13 removes this

constraint and proves that Algorithm 3.2.4 works well under a broader regime.
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Optimality

Suppose that we have the access to a weakly consistent community partition, the extra
knowledge on the probability tensors helps Algorithm 3.2.4 to achieve the lowest possible
expected mismatch ratio if py = ®(1). Compared with Theorem 3.2.10, Theorem 3.2.14 covers

a wider scenario including log ™! (N) < xny < 1 with a better convergence rate.

Theorem 3.2.14 (Optimality with prior knowledge). Suppose Assumption 3.2.7, py = ®(1),
(3.2.20) and (3.2.17), where the sequence Xy € (0, 1] satisfies Ky1log(N) — oo as N — oo. Then

with probability at least 1 — N~10, Algorithm 3.2.4 satisfies ]\%im (N* - Eny]) < 1.
—>00

3.2.5 Comparison with existing literature
The contribution of our results consists of the following aspects.
Information-Theoretic limits

Theorem 3.2.4 (1) is the first result in the literature establishing the necessary condition
for exact recovery under general non-uniform HSBM. Previously, the phase transition phe-
nomenon for exact recovery was only characterized for graphs [2, 5, 212, 4, 3] and uniform
hypergraphs [146, 216]. Different from [5, 216], our proof of necessity does not rely on the
additional Assumption 3.2.2. Furthermore, for the first time in the literature of hypergraphs,
Theorem 3.2.4 (2) establishes the lower bound on the expected mismatch ratio for non-uniform
HSBM. Previously, such results were obtained only in graph SBM for binary [4, 3] and multiple
[212] communities. Minimax rates for the mismatch ratio were established for [104, 105] (graph
SBM) and [61] (uniform HSBM), under specific constraints on the probability tensors {Q(E) Yoer-

By contrast, Theorem 3.2.4 (2) is general.
Weak consistency

Theorem 3.2.12 is the first result showing that weak consistency can be achieved under

general non-uniform HSBM as long as py = ®(1). Previously, [85] achieved weak consistency
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when 1 < py < log(N), under a special case of model 1.1.8 . In [217], weak consistency was
achieved when py = ®(logN), a regime covered by our results. In [143], the authors studied
the degree-corrected uniform HSBM by using a tensor power iteration method, and achieved
weak consistency when the average degree is (J)(log2 n), again covered by our results. A way to
generalize their algorithm to non-uniform hypergraphs was discussed, but the theoretical analysis
remains open.

The setting in [108] is most similar to our model 1.1.8 , but it only achieved weak
consistency when the minimum expected degree is of at least the order Q(log?(N)). Their
algorithm cannot be applied to the regime py < log(N) due to the lack of concentration for the
normalized Laplacian because of the existence of isolated vertices. We were able to overcome
this issue by focusing on the adjacency matrix instead. Similar to [100, 150], we regularized
the adjacency matrix by zeroing out rows and columns corresponding to vertices with large
degree (Algorithm 3.4.1) and proved a concentration result for the regularized matrix down to

the bounded expected degree regime (Theorem 3.4.4).
Strong consistency

Theorems 3.2.9 and 3.2.13 are the first results to provide efficient algorithms for the
general non-uniform case. Previously, strong consistency was only achieved under uniform
HSBM for binary [146, 106], multi-community [61, 216] case, and non-uniform binary case
[198], under Assumption 3.2.2. The method in [119] was not specialized to HSBM, and it does
not contain any HSBM thresholds. The refinement stage is crucial for multi-block case, which
brings in the sharp threshold [5, 212, 61, 216]. In Algorithm 3.2.4 and [216], the second stage is
based on Maximum A Posteriori (MAP) estimation, where the MAP achieves the minimum error
and full knowledge of {Q(f)} ter required. In [61], the agnostic refinement is based on local
Maximum Likelihood Estimation (MLE), which works well for uniform hypergraphs. It remains
to be seen whether this method can be generalized for non-uniform hypergraphs. Additionally,

the time complexity of [61] is O(N*), since the spectral initialization is run N times during
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the refinement stage. So far, Algorithm 3.2.1 is the only one that achieves strong consistency

agnostically with the lowest time complexity.
Optimality

Although, as noted before, many works provided algorithms achieving weak consistency,
the optimality of the methods was less explored. For the first time in the literature, we are able to
provide Algorithms 3.2.1 and 3.2.4 which are provably optimal in achieving weak consistency
below the threshold for exact recovery, as in Theorems 3.2.10 and 3.2.14. In particular, it
provides the upper bound on the expected number of misclassified nodes for non-uniform HSBM,
covering the most general scenario so far. Previously, spectral methods were proved to be optimal
for binary-community clustering [214, 4, 3] with the optimal mismatch ratio being N ~(Va=vb)*/2,
The optimal mismatch ratio was also explored under multi-community SBM[104, 105, 215],

labeled SBM [212] and uniform HSBM [61].
Comparison with existing tensor methods

Many tensor-based methods contain the assumption that the Kth smallest eigenvalue of a
Z-uniform tensor (perhaps resulting from Tucker decomposition) is bounded away from O (in fact,
the lower bounds tend to be more constraining); e.g., Assumption 1 in [11] and (4.7) in [143].
In general, Assumption 3.2.7 is strictly weaker than saying that the Kth smallest eigenvalue is
nonzero: in [83, Section 3.7], we provide an example satisfying the Assumption 3.2.7, but for
which the least eigenvalue for the K x K “reduced” expectation matrix is 0, thus violating the
conditions identified in [11] for tensor methods. In [119, Section 4.1], the authors involves the
parameter Al-z, which represents the minimum square 2-norm differences between different rows
of various matricizations of the expectation tensor. Their exact recovery condition, A,%u.n / c? >
C( p_d/ 2y p_(d_l) log p), is more restrictive than ours, since it imposes a lower bound, whereas

for us the lower bound is 0. Those tensor based methods cannot be generalized to the non-uniform

case directly, since an efficient method to incorporate tensors of different orders has not yet been
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devised. It remains to be seen if some other (non-spectral) method can be used to eliminate the

remaining edge cases violating Assumption 3.2.7.

3.3 Information-Theoretic limits

This section is devoted to the proof of Theorem 3.2.4 with the proofs of Lemmas deferred

to [83].

3.3.1 Impossibility of exact recovery

The proof of Theorem 3.2.4 (1) is presented in this section. Without loss of generality,
let j*,k* € [K] be the indices where Dgcy - gn in (3.2.6) attains its minimum, i.e., (j*,k*) =
argmin; ;x| Dgceu(j,k) - gy. The main idea is to confirm the existence of many pairwise
disconnected ambiguous vertices (deferred to Definition 3.3.1). With high probability, those
disconnected vertices maintain the same degree profile, but half from 7~ and half from 7.
Consequently, no algorithm performs better than random guess, which leads to the failure of
exact recovery. Similar ideas appeared in [5]. By contrast, the central idea of [198] is to explicitly
construct some configuration where the optimal estimator Maximum A Posteriori (MAP) fails.
Note that Dgcy in (3.2.5) can be reduced to Dgy [198] when the general model is restricted to
the binary symmetric model. Therefore, those two distinct proofs can be viewed as a mutual

verification for the correctness of the thresholds.
Regime of interest

Before elaborating the proof sketch above, we establish the proof of impossibility for
some easier cases quickly, which would simplify our discussion for the more difficult case later.
First, it suffices to consider the case ky = 1, i.e., Dgcy - gy < log(N) when under (3.2.7).

Second, we restrict our attention to a sub-hypergraph described below. Denote
‘ l ‘ ‘ ¢
ey = max{Q L/ QYL QUL Q) (3.3.1)
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Qk( ) The edges with the

*Ow*

for each w € ‘T/VC K ). When C(*) w = 1, it follows that Q,*@w
membership counts j* @& w or k* @ w have zero contribution to Dgcy in (3.2.6), and they can not
be used to distinguish vertices in ¥+ from vertices in 4}~. Consequently, we can exclude them

from consideration. For each ¢ € L, define the following set
l {—1 L
W ={wewcg Vel > 1. (33.2)
Throughout the proof, we assume 1 < Dgch - gy < log(N), and we focus on the type of edges

with membership counts j* @ w or k* & w, where w € ‘Wj(f)k* foreach ¢ € L.

Proof of Necessity

Let t* € [0, 1] be the point where the maximum of Dgcy(j*,k*) - gn is attained, then ¢*

should be the critical point for the function we maximize, i.e.,

)y Z Now [Q = QUL — (QU) (QEL ) log Q’@W]:o. (33.3)

le L E’W*k* *DOwW

The #* is unique since the function to the left of the equal sign in (3.3.3) is strictly decreasing.

For each w € ‘Vl/](pk*, define degree profile as

&g w) = [ (QU1)" (QE2,) " N (3.3.4)

Intuitively, Vj+ and ¥}~ are most similar among all communities. The degree profile d]*-*,k*(w)
interpolates between the expected degree profiles of the vertices in ¥~ and ¥+, and, if V-
and V)~ are similar enough, vertices with this degree profile are very likely to exist in both
communities. If they do exist in both, they are indistinguishable: there is no way to be sure

which community they belong to. We introduce the concept of ambiguity below.

Definition 3.3.1 (Ambiguity). For S C V, let Dg@v| s be the number of edges containing v, with
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the remaining { — 1 vertices all in V\ S. A vertex v € § is said to be (j*,k*,S)-ambiguous

between Vi \ S and Vi= \ S lvaw|5 % 1 (W) for each w € ‘I/Vj(*{)k*, lte L.

For distinct vertices v,u € S, the events {v is (j*,k*,S5)-ambiguous} and {u is (j*,k*,S)
-ambiguous} are independent, since the random variables involved are distinct. Lemma 3.3.2

characterizes the probability of v being ambiguous.

Lemma 3.3.2. Assume that vertex v € Vi, i.e., Y, = k*. Assume (3.2.7) with xy = 1 and let

J*, k* € [K] be the pair achieving Dgcy in (3.2.6), then

[T TI PO = (W) = exp(=(1+0(1)) - Deca - gn). (33.5)

ZELWGW*)/(*

Proof of Theorem 3.2.4 (1). Let S C V be a set of vertices with size | Ngy*log™!(N) |, where
each vertex is chosen randomly from /. By Lemma 3.1.1, with probability at least I — O(N~3),
1S N Y| = oyNgy*log~! (N) with deviation smaller than O(v/N) for each I € [K]. Let v* €
SNV be a (j*,k*,5)-ambiguous vertex. Since |S|/|V| = o(1), the extra condition of having
the other £ — 1 vertices all in ¥\ § will erase only a negligible number of edges. Assume (3.2.7)
for sufficiently large N with Ky = 1, then Dgcp - gn/log(N) < 1 —2¢e < 1 for some absolute

constant € > 0. By following the proof of Lemma 3.3.2, it yields that

P(v*is (j*,k*,S)-ambiguous) = [T J] P(D v* = d} 4 (W)) (3.3.6)
éELwewf)k*
J7
=exp(—(1+0(1))-Dgcn - gn) > N~ 12 > y1te, (3.3.7)

By independence between ambiguous nodes and the fact 1 < gy < log(N), we have

E[# (j*,k*,8)-ambiguous nodes in § N V] > oy~ | Ngy2log ' (N) | -N7' €

xNSq;,Z log~{(N) > gn. (3.3.8)
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Then by Bernstein’s inequality, with probability at least 1 —e ™ Flog (N ), the number of (j* k*,8)-
ambiguous nodes will concentrate around its expectation with deviation less than N¢log~>(N).
Therefore, there exists at least gy many (j*,k*,S)-ambiguous vertices.

We will prove that v* is isolated in § with high probability in the considered sub-
hypergraph. Recall that Q,((%W denotes the probability of sampling a /-hyperedge containing
Vv* € Y}~ with the other ¢ — 1 vertices distributed as w among {‘Vl}f: |- If one more constraint
is added, i.e., containing v* and at least one other vertex from S, then the number of such

hyperedges is denoted by Ny |s= (1+0(1))gy>log™' (N) - Ny, where Ny, is defined in (3.2.4).

The probability that v* is isolated in § in the considered sub-hypergraph is

P(v* isolated in .§) (3.3.9)
)
14 N. Q](* : NW
T I 0-Q)™s—ew(—aom) Y, ¥ i)
oL wewll), (L el qn 108
where we applied e ™ = 1 — x when x = o(1) since (%w = o(1). Note that we only focus on

the weak compositions in ‘I/I/J(f)k* and the fact that w ¢ ‘I/I/J(f)k* contributes 0 to Dgcy. It follows
by Lemma D.1.1 that } yc » ZWE "o Q,((%w Nw < Dgen - gn. Consequently, there exists some
j*,k*

constant C > 0 such that
(3.3.9) =exp (—C-Docu-gn - [qx - log(N)] ') > e Clav — 1 — C/q%. (3.3.10)

where the second inequality holds since Dgcy - gn/log(N) < 1 by (3.2.7).

From (3.3.8), we can pick at least gy pairs of (j*,k*,.S)-ambiguous vertices, where in
each pair, one from § N Vj» and the other one from § N %/;~. The probability that these gy pairs
of vertices are all isolated from .S in the considered sub-hypergraph is at least (1 — Cq&z)z‘“’ >
1 —4C/gn, which tends to 1 since gy = ®(1). Consequently, those gy pairs of vertices are

indistinguishable. It follows that no algorithm can perform better than random guess for each of
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these vertices, and by independence, no algorithm can have probability of success better than

[(2qq,\l,v >]_1 = 279 which goes to 0. Therefore, every algorithm will misclassify at least one

vertex with probability 1 — 279V, ]

3.3.2 Information-Theoretic lower bound

To establish the proof of Theorem 3.2.4 (2), we first introduce the following Generalized

Kullback-Leibler (GKL) divergence.

()

Definition 3.3.3. For each { € L, denote the sequence of numbers by p(é) = (uw )we wlen €
K
0,1 "¢k "I, Define the generalized Kullback-Leibler (GKL) divergence
DgkL = lgj;?SKDGKL(]ak% (3.3.11)
. . = 14 14 l ‘
Dok (k)= min ¥ Y Nymax {Di(e) | Q). Dxr (i || Qo))
(0 ier i e gpetin
where Ny, is defined in (3.2.4), and
(0 1| 00 (0 Hy () -
Dke (uw || Qj@w) = pw’ log + (1 —pw')log | —— 5 (3.3.12)
(0) ()
iOW 1- Qj@w

denotes the KL divergence between two Bernoulli distributions with means ,u‘(,f) and Qj(é)w.

Lemma 3.3.4 builds the connection between Dgcy in (3.2.5) and Dgkyr, in (3.3.11).

Lemma 3.3.5 establishes the existence of some sequence {p(@ }eer achieving Dgk .

Lemma 3.3.4. When Q‘g) =o(1) forallw e ‘WCg), ¢ e L, we have Dgkr(j,k) = (1+0(1))-

Dacu(j,k) - gn.

Lemma 3.3.5. Let (j*,k*) = argminj; Dgkr(j, k). There exists some probability measure
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sequence {p")} e 1 such that

DgkL = DGKL(j*,k*) (3.3.13)
N2 14 14 ~ 14 14
=Y Y MeDaW1Q2)=Y ¥ NeDxelow | Q).
leLl WEWC%iI) KELWEWC%_”

Let ® denote the true model 1.1.8 and ¥ denote the perturbed stochastic model 3.3.6,
below. The lower bound of the expected mismatch ratio in Theorem 3.2.4 (2) is established by
the coupling between ® and W. Here, in our analysis, the generalized KL divergence Dgkr. plays

a fundamental role, similar to [148].

Definition 3.3.6 (Perturbed model W). For j*,k* in Lemma 3.3.5, let v* denote node with the

smallest index belonging to Vix U Vi~. The two models ® and ¥ are coupled as follows.
1. The clusters V), ..., Vg are generated first, thus the same under ® and V.
2. For each l-edge e 3 v*, it is sampled with probability Qy((fe)), both under ® and V.

3. For each e > v* with the other { — 1 nodes distributed as w, it is sampled with probability

Qy(é) under ®, while with probability psf) (Lemma 3.3.5) under ¥ respectively.

o~ DwW

Let Py, Eg (resp. Py, Eg) denote the probability measure, expectation under P (resp.
¥). Let V.r denote the set of misclassified nodes. Those nodes are interchangeable under @,

then Eg[ny] = N 'Eg[| Vex|]. Let A := log(dPy/dPg) denote the log-likelihood ratio, and

(0) 1— o0
AE X [Aee( 2 ) e Al (T ) G
teL 6(6%5;8)9\/‘; - OW - QYV*EBW
y(e\v')=

Assume o > ... > ok without loss of generality. Note that j* < k* from Lemma 3.3.5. The

connection between W and ® can be described quantitatively by Lemma 3.3.7.
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Lemma 3.3.7. Let f(N) be some function of N, then the following holds
Py(A < f(N)) < (/™ By +oje) /(01 + ter). (3.3.15)

Proof of Theorem 3.2.4 (2). First, by applying f(N) =1log(1/Ee[nn]) —log(2/04+) and the fact

o jx + 0y < 1, Lemma 3.3.7 yields that
Py (A <log(1/Ea[ny]) —log(2/oy)) <=1— (0« + o) o /2 < 1—oys /4. (3.3.16)
Furthermore, by Chebyshev’s inequality, we have
Py(A < Eg[A]+/4Varg(A)/oys) > 1 — oy /4. (3.3.17)
Consequently, the following comparison of the two upper bounds of A should always be true:
log(1/EeMy]) —log(2/0y+) < Ew[A]+ /4Varg(A) /oy . (33.18)
Lemma 3.3.8. Recall 1 < Dgcp - gy S1og(N) in (3.2.6), then the following holds:
Eg[A] +/4Varg(A) /oy = (14+0(1)) - Dgen - gn- (3.3.19)

Recall (3.2.7) where Ky € (0, 1] and xy log(N) — e when N — co. According Lemma 3.3.8,
when Eq[ny] < N7, the left hand side of (3.3.18) can be further bounded by

Ky - 1og(N) —log(2/oy) < (14 0(1)) - Dgen - gn- (3.3.20)
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Since oy« is some fixed constant, the necessary condition for limy_,.(N*VEg[ny]) < 1is
]\}im Deen -gn/(kn -log(N)) > 1. (3.3.21)
—»00

Therefore, Theorem 3.2.4 (2) follows since we proved its contrapositive. 0

3.4 Stage I: Weak consistency by spectral initialization

In this section, we will show that Algorithm 3.2.2, inspired by [68, 211, 212, 216],
achieves almost exact recovery, i.e., N(y,¥?) = o(1). The proofs of Lemmas are deferred to

[83].

3.4.1 Spectral initialization

Recall that d, denotes the number of hyperedges containing v with D, in (3.1.1) denoting
its law. Let d = Zlvvzl dy/N (resp. d= max,c, d,) denote the observed average (resp. maximum)

degree. Let &y (resp. py) denote the average (resp. maximum) expected degree, defined by

ar—1 .
Ev =N E(E/Dv), py = maxE(D,). (3.4.1)

Lemma 3.4.1 states the fact that d is always a good approximation of &y, while d

preserves the order of py when py 2 log(N).

Lemma 3.4.1. Deterministically, py = &y. With high probability, d —Ey < Ex/\/N. When

oy > log(N), we have d = py with probability at least 1 — O(N~€) for some constant ¢ > 0.

3.4.2 Concentration inequalities

Our analysis relies on the concentration results Theorems 3.4.2 and 3.4.4. In fact, the
results provided below holds for inhomogeneous Erdds-Rényi hypergraphs 1.1.10, more general

than the HSBM 1.1.8 , which could be of independent interest.

74



Theorem 3.4.2. Let H = Uy o Hy be the inhomogeneous non-uniform Erdds-Rényi hypergraph
in Definition 1.1.10, associated with the probability tensors {Q(e)}ge . Foreachl e L, we
rescale the tensor by Pl = (]Z:II)Q(@, and denote @I(IQX = max;  jev Q)i(f)_. .. Denote

b "l€
Dmax = Y, Q)I(TQX. For some constant C(3 42) > 0, suppose that

lel

Dinax = Y, Dhvax = C3.42) - 1og(N). (34.2)
lel

Then with probability at least 1 —2N~10 —2¢™N | the adjacency matrix A of H satisfies

|A=EA| <Ci43) -V Dmax (3.4.3)
where the constants C3.43) = 10L2 + 2B, with B = Bo+/B1 +L and Bo, Bisatisfying

Bo = 16+32L(1+¢€%) +1792(1 + e 2)L2,

L~ 'Bilog(L™'B1) —L7'B1 +1 > 11/C;342). (3.4.4)

Similarly matrix concentration results for the graph case has appeared in the literature
several times, e.g., [153, Theorem 5.2], [150, Theorem 5.1]. The main obstacle for the gen-
eralization from graph to hypergraph 1.1.10 is that, the entries of the adjacency matrix A in
(1.1.6) have long-range dependencies, and they are no longer zero/one entries. The proofs for
Theorem 3.4.2 and Theorem 3.4.4 are deferred to [83].

Furthermore, Algorithm 3.2.2 could still achieve weak consistency 1 < py < log(N),
which is beyond regime of exact recovery. However, Theorem 3.4.2 is not reliable in this case,
and it cannot be applied directly. Instead, the concentration could be proved for some regularized
versions of A (Definition 3.4.3) following the same proof strategy, leading to Theorem 3.4.4.

This explains why the trimming stage Algorithm 3.4.1 is necessary.

Definition 3.4.3 (Regularization). Given A € RV*N and index set J, let Ay € RN be the
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Algorithm 3.4.1: Trimming

Data: Hypergraph H = (V, E), regularization strategy J

1 Obtain the adjacency matrix A of the hypergraph # by (1.1.6).

2 Construct Ay € RV*N by zeroing out the columns A.; and rows A,., where i ¢ 7;
Result: A/

matrix obtained from A by zeroing out the rows and columns not indexed by J. Namely,

(Ayg)ij = ﬂ{i,jej} “Ajj. (3.4.5)

Theorem 3.4.4. Following the conventions in Theorem 3.4.2, let A 5 be the regularized version
of A, where J € {J1, %} defined as below.

1. Let 9y be the vertex set obtained by removing | N exp(—d)| many nodes having the largest

d,, whered = N~ Y. d, is the sample average degree. If py > log(N), there exists some

veV
constant ¢ > 0 such that (3.4.6) holds with probability at least 1 —2(e/2)™ — 2N~

2. Define 5, = {v € V,d, < 20LDpax }, then the inequality (3.4.6) holds with probability at

least 1 —2(e/2)™N — N~1° for some constant Ci.4.6)-

|As —EAy| < C3.4.6) V Dmax (3.4.6)
where C(3.4.6) := 10L? 4 2B with B = Bo+/B1 +L, B1 =L and

Bo =164+ 32L(1 +e*) +1792(1 + e 2)L2.

The construction of 7 is purely agnostic and does not require prior knowledge. By
contrast, an upper bound on the vertex degree is pre-determined for %, requiring {Q () }sc .

Therefore, 7; is suitable for Algorithm 3.2.1, while % is suitable for Algorithm 3.2.4.
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3.4.3 Proofs of weak consistency

Without loss of generality, we assume o > ... > og. We present some Lemmas first.

§) —EAy |2 < py+p}/N with

probability at least 1 — O(N~°) for some constant ¢ > 0.

Lemma 3.4.6. Suppose Assumption 3.2.7 and conditions in Theorem 3.4.4, then ||(EAy),. —
(EA )15 = N~ 'p% with probability at least 1 — O(N~°) for some constant ¢ > 0 when u and v

are from different communities, otherwise ||(EA 7). — (EAg),:||3 < N~2p3.

Lemma 3.4.7. Recall that in Algorithm 3.2.2, 7 = [Nlog(d)]"'d?, and S is a set of [21og?(N)]

nodes randomly sampled from J without replacement. Define the vertex sets

I ={ve %ng: |(AT). — (BAy).[} <7/4} (3.4.7)

Uy = {v € VN7 : |[(AS)) — (BAs)..[3 < 47} (3.4.8)

(a) Forall k € [K],

O(N~°) for some ¢ > 0.

(b) For each k € [K|, the sy, constructed in Algorithm 3.2.2 satisfies sy € Uy and |B.(sx)| >

ouN(1—o(1)).

(c¢) The centers {sk}f:1 constructed in Algorithm 3.2.2 are pairwise far away from each other,
K K _ o .
||(A(] ))s.,-: — (A(] ))sk;||% >N"1p%, forany pair j #k, j,ke[K]. (3.4.9)

Lemma 3.4.8. In Line 4, 8 of Algorithm 3.2.2, if v € V. N J is misclassified to ‘IA/(O) for some
K _
[(AY) — (EA)]3 2 N7'0F

J # 1, then v is far away from its expected center, i.e.,

Proof of Theorem 3.2.6. For each k € [K|, Lemma 3.4.7 (a) ensures that at least one vertex

will be picked in each 1}, (b) ensures that the constructed ball B,(sx) contains most of the
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vertices of V). Furthermore, Lemma 3.4.6 proves that the expected centers are pairwise far
away from each other, while Lemma 3.4.7 (c) proves that the same argument holds as well for
the centers {s;}X_, of balls {B(s¢)}X_,. Throughout the Algorithm 3.2.2, vertices would be
misclassified during lines 4, 8, 12. Lemma 3.4.8 indicates that the misclassified vertices in lines
4, 8 must be far away from their expected centers. The number of vertices outside J; is upper
bounded by |Nexp(—d) |, which is at most of constant order since d > log(N) according to
Lemma 3.4.1. Then with probability at least 1 —2(e/2) ™™ —2N~¢ for some ¢ > 0, the mismatch

ratio is bounded by

0) 1 . 12 i dH(AgK)%/: - (EAJ>V:H% .
T]N :n(y737\ ) S - YV miSsc Z.lSSI C + LNeXp(-d)J)
N\ min [[(AF),. — (BA)w[3

v misclassified

<|AY) ~BA IR/ (N min (A7)~ (BAs).]3) +exp(—d)

v misclassified

< (pn+py/N)/(N-p%/N)+ N~ <py' =0(1), (Lemmas3.4.5,3.4.8) (3.4.10)

where the last line holds since py = log(N). O

Proof of Theorem 3.2.12. The regularization method 7, relies on two key facts:

1. only |Nexp(—d)| = o(N) many nodes are removed, since d > log(N) by Lemma 3.4.1;

2. the degree of node in 4 is upper bounded by Dpax up to some constant when py = log(N),

according to Lemma B.1.9.

However, the second fact is no longer valid when 1 < py < log(N). To get rid of that, one
could refer to the other trimming process % in Theorem 3.4.4. Deterministically, the degree
of each vertex in %, is upper bounded by 20LDy,,x, where the construction of %, relies on the
prior knowledge of probability tensors {Q(g) }oer- According to (B.1.12), the number of vertices
outside %, is upper bounded by N - e~ PN = o(N) for some constant ¢ > 0. Then by following

the same analysis above, with probability at least 1 —2(e/2) ™ —N~19, the mismatch ratio is
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bounded by

< PN +PY/N

S +N (NP ) < pyt N T e P < pyl =o(1). (3411
Npy/N ! '

Ny
Therefore, Algorithm 3.2.2 achieves weak consistency by applying % as long as py = ®(1). [

3.5 Stage II: Agnostic iterative refinement

This section is devoted to the proofs of Theorem 3.2.9 and Theorem 3.2.10, while the
proofs of all the Lemmas are deferred to [83]. We first introduce Algorithm 3.2.3, which
achieves the optimal recovery by iteratively refining the initial estimate y(© obtained from

Algorithm 3.2.2.

3.5.1 Tensor probability reconstruction

The difference between Qy(vl) and Q&Lj) is controlled by Lemma 3.5.1. It is proved that

ng) is a good estimator of Qv(f) under Assumption 3.2.2.

Lemma 3.5.1. Foreach (€ L andwe WCY), recall @\ in (3.2.2) and QY in (3.2.11). Define
Qn(é)x =max o, C;{g) Q,(f) and denote Qu(lé)x = éfgxqﬁfgx / (IZ__ll) using (3.2.2) where Té@x =1

and 1 K qr(f;x & N. The following holds with probability at least 1 —exp(—N log qr(lfgx / qr(ﬁ;x),

Q) — Q] S Tog g /N' . (3.5.1)

Furthermore, av(f) - Qv(f) |/Qv(v£) =loggn/qn = o(1) when under Assumption 3.2.2.

The precision of the estimation Q&f) is based on the fact that the number of edges
corresponding to partition w is gy many for each w € ‘W Cg) and ¢ € L, while the number of
different types w is finite. As long as all Q‘y) are comparable (Assumption 3.2.2), this estimation
should be correct. In the absence of Assumption 3.2.2, e.g., qgﬂx — NP for some B € (0,1) while

qu> =loglog(N), |Q§£) — Qy(vg)| = o(1) is not true. Thus, Q,(f) cannot be accurate.
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We present briefly a discussion of Assumption 3.2.2 here. According to Lemma 3.5.1,
Assumption 3.2.2 is crucial for ay(f) being an accurate estimation of Qy). In fact, when a mixture
of Bernoulli random variables is collected where their expectations satisfy Assumption 3.2.2, it
is possible to estimate each expectation accurately, since the sample average for each Bernoulli
random variable (in this scenario, all but a negligible fraction of samples are chosen from
their true law) would be well concentrated around its expectation with lower order deviations.
However, there is no hope to estimate the lower order expectations accurately if their expectations
vary in magnitude, since the fluctuation of the sample average with higher order expectation

could be significantly larger than the lower order expectations.

3.5.2 Proofs of strong consistency and optimality

We first show that 9’ can be partitioned into two disjoint subsets G and 7\ G, where

each v € G enjoys the following three properties:

(G1) Denote QH(QX =max Qw Q)max = ( 13:11) Qn(é)x and Dyax == Yrer Q)r(fgx. The

degree of v is upper bounded by

D, < 10Dpmax. (GD)

(G2) Let yﬁQv = ng)v /Ny and let ]D)KL(,uffv)v | Qk(gw) be the KL divergence in (3.3.12). If
v € V4N G, then the weighted sum of Dkp, (,ug‘)v | Qk(é)w) is much smaller than the weighted

sum of Dky, (y% | @(é)w) for any other j # k. Formally,

Y Y N Dol | Q) —Drilubn | QU] > Dua/logay.  (G2)

lel E‘WC‘; 1)

(G3) Let E(v, 7\ G) denote the set of hyperedges containing v with all the remaining nodes in

V\ G. Let L denote the maximum element of £. Let 3 > 0 be some absolute constant.
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The number of edges containing v is bounded by

E(m, Y\ G)| <L(D maX)HS- (G3)

We explain how this construction can be done in the proof of Lemma 3.5.2. Briefly, we show
that most of vertices satisfy (G1) and (G2), and proceed to eliminate the nodes that do not satisfy

(G3). The number of vertices we need to eliminate is small.

Lemma 3.5.2 (Size of V' \ G). For the sequence Ky € (0, 1] with xylog(N) — oo as N — oo,
assume (3.2.17) for some absolute (small) constant € > 0. Then |V \ G| < N'=* with probability

at least 1 — 6e—€xv10g(V),

Let 9\4 2ie Vk) N G denote the set of vertices in G which belongs to %} but
misclassified to ’Vj , then the misclassified vertices in ‘V 2N g can be represented as 9\[_/
Uk;,gj/f?\z.(,? = (’IA/J.(Z) \Y;)NG. Let /57\2( = UK 17\4 % \’V) N G denote the set of
misclassified vertices in G at step r. Lemma 3.5.3 shows that the size of |£7\[ | decays over

consecutive iterations.

Lemma 3.5.3. In outer for-loop of Algorithm 3.2.3, the number of misclassified nodes decays

1AV IND| < e - 10gC323)/C32.3) (3.5.2)

with probability at least 1 —2(e/2)™N — 2N~ for some constant ¢ > 0.

Proof of Theorem 3.2.10. Recall that ny =n(y, %) < (pny)~! according to (3.4.10). Note that
the agnostic result Theorem 3.2.6 requires py 2, 1og(N), then by Lemma 3.5.3, the number of

misclassified nodes in G after [log(N)] iterations will be at most

1AM <N - (e M og Cazs)/Crazz) e

SN-N_l—logC(3.2.3)/1og(N) =o(1),
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where the inequality holds since C(33) > 1. Consequently, A MogN)1 = @, indicating that all
nodes in G are correctly assigned. Thus, the misclassified nodes are all in the set V\ G, leading
toN-ny < |V \ G| < N'"%. Therefore, the desired argument follows with probability at least

1 — 6e~&xn1ogN) _ (1 1 o(1))[log(N)]N . O

Proof of Theorem 3.2.9. Denote Ky = Dgcn - gv/10g(N). In addition, assume that the limit of
the sequence {Ky }» exists, denoted by k = Alzlglo Ky. There are three scenarios.

(a) ¥ € (0,1]. By Theorem 3.2.4 (2), Eny| > N—(I+o(1))x According to Theorem 3.2.10,
Ny < N~ with probability at least 1 — 6e~€*¥102N) _ (1 4 o(1))[log(N)]N—¢. Therefore, we
have E[ny] = N7 = 0(1), reaching the lowest expected mismatch ratio possible.

(b) & = 0 with xy > log~' (N); we still have E[ny] > N~+e(1)¥¥ — (1) by Theorem 3.2.4
(2), and Algorithm 3.2.3 achieving the lowest possible expected mismatch ratio. Otherwise when
kv <log~!(N), we have N~*¥ = O(1), which represents the regime of partial or weak recovery,
not the focus of this paper.

(c) x > 1, equivalently (3.2.16) holds. Following the same analysis above, 7\ G = 0 with
probability at least 1 — 6eElog(N) by Lemma 3.5.2. All nodes in G = ¥ will be classified
correctly by Lemma 3.5.3, achieving exact recovery. Note that when K = 1, it is not clear whether
the exact recovery can be achieved or not.

Furthermore, if the sequence {Ky}y goes to infinity as N — oo, then clearly, Algo-

rithm 3.2.1 accomplishes exact recovery. [

We note that Algorithm 3.2.3 utilizes the adjacency tensors {/‘Zl(é) }eer- The proofs of
Theorem 3.2.10 and Theorem 3.2.9 do not rely on Assumption 3.2.7. For the set of problems
violating Assumption 3.2.7, if a weak consistent partition is obtained, it can be improved by

Algorithm 3.2.3, achieving the lowest expected mismatch ratio possible.
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3.6 Partition with prior knowledge

This section is devoted to the proofs of Theorems 3.2.13 and 3.2.14, with the proofs of

Lemmas deferred to [83].

3.6.1 Optimality of MAP

Let Per(v) denote the probability of v € V' being misclassified. Lety,, y_, be some
estimations of y, and y_,, respectively. Let P(- | H = #,Y_, =¥y_,) denote the conditional
probability when observing # and y_,, where H and Y_, denote the laws of A and y_,,

respectively. Then by definition,

Perl‘(v) = P(y\v 7£ yv) = Z P(i’\v % Yy ‘ H= "]-[7 Y—V = /y—v) ) P(H = }[7Y—V = /y\—v)
HY

= Z [I_P( YV|H "]{ Y—v—y v)}'IP(H:}LY—v:/y—V)' (3.6.1)
Hy—y

By Bayes, the term P(H = #,Y_, =y_,) is irrelevant to any specific assignment of y,, since

P(H =H, Y, = /yfv) = ]P)(H =H ’ Yo, = yfv) 'P(va = 3’\71;) (3.6.2)

=P(Y_,=Yy_ Z PH=H|Y,=jY_ ,=y.,)-P(Y, =) (3.6.3)
JE[K]

Therefore, Per(v) is minimized only if the MAP estimator yS/IAP

in (3.2.18) is substituted into
(3.6.1). However, yivIAP in (3.2.18) cannot be computed directly in practice as explained. Instead,
Algorithm 3.2.4 utilized the simplified version (3.2.19) inspired by Lemma 3.2.11. Recall

D, = ¥, Di% in 3.1.1) and d, = ¥y d''w, where Dy, ~ Bin(Ny, Q). ) and d''y denote
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its realization. From simplicity, we denote

PDy=d) =[] JI POww=dwlYs=kY_,=¥,), (3.6.42)
ZGLWEWC%H)
{ 14 ~
PDy=d) =[] [I PO%=dalYi=kY_,=3.,). (3.6.4b)
EELWG‘WC’gil)

According to Lemma 3.2.11 and edgewise independence, the probabilities in (3.6.1) that are

irrelevant to v cancels out. By substituting 373/[ AP in (3.2.19) into (3.6.1), it follows that!

EDerr(v) = ZP(S/\\I;\/IAP # k‘Dv =dy, Y-, :S’\—v) 'Pk(Dv = dv)

=Y Pu(D, =d,)-P(3j #k,st. ;B;(Dy = dy) > axPy(D, = dy)). (3.6.5)

Furthermore, Pey(v) admits the upper and lower bounds presented in Lemma 3.6.1.

Lemma 3.6.1. Assume v € V) for some k € [K|. Define the following quantity

Rii= Y P(3j#kst aP;(Dy =dy) > ouPr(D, = db)). (3.6.6)
JEIKT,

Then the upper and lower bounds of Per:(v) are given by

(K—1)"'"Y. Pu(Dy =d,) Re < Pere(v) < Y Pi(Dy =d,) Ry (3.6.7)

3.6.2 Error decomposition

As discussed previously, Per(v) can be characterized from both direction, as long as ﬁk
is evaluated accurately. The difficulty lies on the fact that (3.6.4a) is not directly accessible for
analysis due to non-equivalence betweeny_, and y_,, and we do not know how far it deviates

from the true probability (3.6.4b). Fortunately, the ratio (3.6.4a)/(3.6.4b) can be bounded from

I'The summation in (3.6.5), (3.6.7) and (3.6.11) is over all possible realizations {d%}ff;wd#l).
K
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both sides in almost all cases with some allowable errors, thus (3.6.4a) can be replaced by
(3.6.4b) when evaluating Ry in (3.6.6).

We now present the proof sketch (with details provided in [83]). Let Ey(v) denote the set
of ¢-edges containing v, while (v, /Q\Z(O)) be its subset where each edge contains v and at least
one node from /9\2(0), where /9\2(0) in Lemma 3.5.3 denotes the set of misclassified nodes after

o~

initial estimation. Note that y(e) = ¥(%)(e) for e ¢ (v, V), then the desired ratio is

(3.6.4a)
(3.6.4b) [1 HA
(v, AL0)

teL ec'Ey

)

since the probabilities for edges e & (v, /57\2(0)) cancel out. We say that the realization Ey(v)

o~

is good if the cardinality of its subset (v, 9\[(0)) is relatively small. We say that the edge set

E(v) = Uper E(v) is good if Ey(v) is good for each £ € L.

Definition 3.6.2 (Good realization). Recall Qéé)x qg@lx defined in Lemma 3.5.1. We say that the

realization ‘E(v) is good if G(v) :=T[Iyc Ge¢(v) = 1, where for each { € L

Gi(v) =1 ( (3.6.9)

1250 | <4gins10g(alns) }
Conversely, ‘E(v) is Not good if G(v) = 0, i.e., G¢(v) = 0 for at least one { € L.

According to Bayes, we have Ry = ﬁk|0 ‘P(G(v) =0)+ §k|1 -P(G(v) =1), where

Ryei= Y P[Fj#kst aPj(D, =d,) > (D, = d,)|G(v) = ], (3.6.10)
JEIK], j#k

for £ € {0,1}. Consequently, Pe,(v) in (3.6.5) is upper bounded by Pe(v) < (0)+ (1), where
@ =Y Py(D, =d,) Ry B(G(v) = 0). (3.6.11)

Bound for (0) The probability of E(v) being Not good can be controlled by Dgcy - gn.
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Lemma 3.6.3. Forv € 1V, we have Pi(G(v) =0) Sexp(—(4+o0(1))-Dgen - gn)-

Since §k|0 < K —1 as defined in (3.6.10) and }_; Px(D, = d,) = 1, it then follows that

(© < exp(—(4+0(1)) -Docn - gw).- (3.6.12)
Bound for (1). When G(v) = 1, the ratio (3.6.4a)/(3.6.4b) can be bounded from both sides as
proved by Lemma 3.6.4, which further leads to an upper bound on §k| 1, as well as (1.

Lemma 3.6.4. Suppose (3.2.20). Conditioned onv € V), and G(v) = 1, there exists some U, € R
with logUy, < Dgcnu(j,k) - gn for any j # k, such that UI:I < ]IADk(DV =d,)/Pr(D, =d,) < Uy

with probability at least 1 — N~19.

With some arguments deferred to [83], with probability 1 — N1, (1) is upper bounded

D <exp(—(14+0(1)) -Dgch - gn).- (3.6.13)
Bound for P (v). Combining (3.6.7) and upper bounds above for (0) and (1), it follows that
Perr(v) <O+ D < (140(1)) - ¢~ IHoD) Docuran (3.6.14)

with probability at least 1 — N!0, where the last inequality holds since Dgcy - gy — o as N — oo

The term Dgcy - gn plays a crucial role in understanding the limit of Algorithm 3.2.4.
3.6.3 Algorithm correctness
The complete proofs are presented in this subsection.

Proof of Theorem 3.2.14. Suppose (3.2.17) where the sequence Ky € (0, 1] with kylog(N) — oo,

then there exists some universal (small) constant € > 0 such that Dgcy - gy > (1 +€)kylog(N).
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According to (3.6.14), Perr(v) < (1+0(1)) - N~ (485N for each v € ¥/, then with probability at

least 1 — N~19, the expected mismatch ratio is upper bounded by
E[ny] = E[# of misclassified nodes] /N = Y Perr(v)/N < (1+0(1)) -N-UFE . (3,6.15)

An argument similar to the proof of Theorem 3.2.9, together with Theorem 3.2.4 (2), shows that

Algorithm 3.2.4 reaches the lowest possible expected mismatch ratio. [

Proof of Theorem 3.2.13. Note that Dgcn - gy > (1+€)log(N) when taking ky = 1. Then the

~MAP

probability of y, " in (3.2.19) failing exact recovery is upper bounded by

P(Ive ¥V, 50 £y,) <Y Per(v) <N-(1+0(1)) - N~ < (140(1))- N5 (3.6.16)

Therefore, Algorithm 3.2.4 achieves exact recovery with probability at least | —-N~¢—N~10, [

3.7 Estimation for number of communities

For the practical purpose, it is better to assume as little prior knowledge as possible. To
make Algorithm 3.2.1 completely agnostic, we propose the following Algorithm 3.7.1 for the

estimation of the number of communities.

Algorithm 3.7.1: Number of Communities

Data: {4},
1 Compute the degree d,, for each vertex v € 1 and find d= max,cq dy;
2 Construct the adjacency matrix A and compute the eigenvalues

A(A) > ... > Ay(A);
3 Find the first eigenvalue A,(A) such that A, < (d)3/4;

Result: K = r— 1

The functionality of Algorithm 3.7.1 is based on Assumption 3.7.1 (eigenvalue sepa-
ration) and Assumption 3.2.2 (proportional degree) under the exact recovery regime (3.2.2).

On the other hand, one may refer to [185] for estimating the number of communities under
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the bounded degree regime. Recall that py,Ey in (3.4.1) represent the maximum and average

expected degrees, respectively. Let {y := min, 4 E(D,) denote the minimum expected degree.

Assumption 3.7.1. Define the matrix EA where EA, i =EA;j fori# jand EA; = EA; j when i
and j are from the same block. The eigenvalues M (EA) > ... > Ay(EA) satisfy Ax (EA) > Cy

and Mg 41 (EA) = 0.

Lemma 3.7.2. Under Assumptions 3.2.2, 3.7.1, \i(EA) > py for k € [K], and M (EA) SN~ 1py
forke V\[K].

Proof of Lemma 3.7.2. Define the diagonal matrix D := EA —EA, then A, (D)= EA; <N 'py.
Note the facts that {y = py by Assumption 3.2.2, and Ag(EA) > {y > N~'py by Assump-
tion 3.7.1, then the desired result follows by Weyl’s inequality D.2.1, since A¢(EA) — ||D|| <
M(EA) < M (EA) +||D| forall k € V. O

Correctness of Algorithm 3.7.1. By Weyl’s inequality D.2.1, for any k € ¥, the eigenvalue
A (EA) satisfies

M(EA) — A —EA|| <M (A) < A (EA) +||A —EA. (3.7.1)

By Lemma 3.4.1 d = Dimax < PN, then for sufficiently large N, by Lemma 3.7.2 and Theo-
rem 3.4.2

Ak(A) > pn —C.43)- vV Dmax = Py — VPN > (pn)*/* = (d)?/4, (3.7.2)
Ak i1(A) <N oy +Caa3 - vV Dmax S VPN < (pn)¥* = (d)Y/4. (3.7.3)

Therefore, the accuracy of K in Algorithm 3.7.1 is guaranteed by the separation between Ak (A)

and Ag1(A). O

We have seen that Algorithm 3.7.1 works when all the degrees are proportional. One
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may be interested in exploring modifications of Algorithm 3.7.1 for scenarios not covered by

Assumptions 3.2.2, 3.7.1, such as the presence of communities with outstandingly large degrees.

3.7.1 Eigenvalue separation

In particular, we want to emphasize that Assumption 3.7.1 is stronger than Assump-
tion 3.2.7. Consider the following example, where K =3, L =2 with oy = 0y = 03 = 1/3,

and

43 7
log(N "
Q(z):% 35 8|, EA=QPe(ysly);) (3.7.4)
78 15

where ® denotes the Kronecker product. Obviously, Assumption 3.2.7 is satisfied. However,
A3 (EK) = 0 since Qg?) = Qf) + QS). As we can see, a mixture of assortative (Qg?)) and
disassortative (Qg?), Qg)) clusters may result in violating Assumption 3.7.1 but satisfying
Assumption 3.2.7. We further note that this would never happen when all communities are purely
assortative (diagonally dominant) or purely disassortative due to the symmetry requirement for
probability tensors.

As far as we know, even in the graph case, Assumption 3.7.1 is crucial in most algorithms
aiming to estimate for the number of communities. For example, [56, Theorem 1] applies a
Network cross-validation algorithm. This implicitly requires Assumption 3.7.1, as it relies on
Davis-Kahan [208, Theorem 4] to obtain an upper bound for the singular subspace perturbation,
which is meaningful only if the Kth largest singular value is at least of order log(N).

As we just mentioned, Assumption 3.2.7, which Algorithm 3.2.1 relies on, is weaker than
Assumption 3.7.1. It would be interesting to close the gap between the those two assumptions,
1.e., to find whether it is possible to give an accurate estimation the number of communities when

the underlying generating model is a mixture of assortative and disassortative clusters.

89



3.7.2 Proportional degrees pitfalls and possible fixes

Assumption 3.2.2 is crucial for Algorithm 3.7.1. When this is dropped, and we are
under the regime py > Cy = log(N), Algorithm 3.7.1 tends to underestimate the number of

communities due to the possibility that the upper bound (d)3/*

is much larger than Ag(A),
leading to the problem that sparse clusters would be absorbed by denser clusters. One could
strengthen Assumption 3.7.1 to satisfy XK(EK) 2 pn to make full use of Algorithm 3.7.1, though
not so realistic in practice.

Instead, one could start with a lax overestimation of the number of communities, and
then slightly modify Algorithm 3.2.2 to correct the overestimate. The intuition is that all but
a vanishing fraction of the rows corresponding to vertices in V) would concentrate around
their expected center, thus their corresponding vertices will be located in the ball B, (sy), while
‘IA/I-(O) = o(N) for i > K by Lemma 3.4.7. Also, Algorithm 3.2.2 works agnostically without
Assumption 3.2.2 when py 2 log(N) as proved in Section 3.4. Thus, we propose Algorithm 3.7.2
as an informal alternative; here we pick some large enough i as an initial guess and iteratively
decrease i until the partition has all classes proportional. However, we leave the criterion for
deciding if a class is too small up to the reader, and we offer no guarantees. Note also that
Algorithm 3.7.2 is computationally inefficient: it has time complexity O(N?log?(N)) since at

least log(N) eigenpairs should be computed.

3.8 Concluding remarks

We mention a few other interesting directions below.

First, Assumption 3.2.7 is crucial for any spectral algorithm based on A, since it is
required for separation between expected centers. It will be interesting to see whether this
condition can be removed, or at least weakened, such that the weak consistency could be
achieved by some other non-spectral method.

Second, it is known that exact recovery is achievable at the threshold in the case of graph
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Algorithm 3.7.2: Number of Communities

Data: Ay, radius r = [Nlog(py)]~!p% with py = d= max,cq dy, i = log(N)
1 whilei > 2 do

, i
2 Compute the rank-i approximation Agl) = '21 A ju]Tu jof Ajy.
]:
3 Construct balls of vertices centered at s € § by

B.(s)={weJ: H(AgK))S: - (A(]K))W; |3 < r}, where S is randomly sampled
from 7 with | S| = log?(N).

4 | Let B.(s1) denote the ball with most vertices and take ’V By (s1).
5 while 2 <k <ido
6 Sk = arg max e s | B (s )\(Ulj O
(0 (0)
Y = B0\ U )
8 end

9 if]‘Vl-(O)|<<N; // Informal condition, should be replaced with an
explicit criterion.

10 then
11 ‘ i+—i—1
12 else
13 ‘ Quit the loop;
14 end
15 end
Result: K = i

SBM, i.e., when Dy(a,b) = (v/a—+/b)?*/2 =1 [169] and Dcy(,P) = 1 [5]. However, it is
still unclear whether exact recovery can be achieved when Dgcg = 1 for model 1.1.8 .

Last but not least, it will be interesting to see if model 1.1.8 can be generalized to have
other degree distributions [105, 130], different edge labels [212] and contextual feature vectors

[57, 161], which would be of particular interest for real-world applications.
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Chapter 4

Partial recovery and weak consistency in
the non-uniform hypergraph stochastic
block model

4.1 Introduction

Clustering is one of the central problems in network analysis and machine learning [173,
181, 174]. Many clustering algorithms make use of graph models, which represent pairwise
relationships among data. A well-studied probabilistic model is the Stochastic Block Model
(SBM), which was first introduced in [128] as a random graph model that generates community
structure with given ground truth for clusters so that one can study algorithm accuracy. The
past decades have brought many notable results in the analysis of different algorithms and
fundamental limits for community detection in SBMs in different settings [68, 197, 116, 166].
A major breakthrough was the proof of phase transition behaviors of community detection
algorithms in various connectivity regimes [163, 44, 170, 167, 169, 2, 7]. See the survey [1] for
more references.

Hypergraphs can represent more complex relationships among data [36, 31], including
recommendation systems [51, 155], computer vision [113, 202], and biological networks [165,
190], and they have been shown empirically to have advantages over graphs [218]. Besides

community detection problems, sparse hypergraphs and their spectral theory have also found
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applications in data science [135, 219, 120], combinatorics [88, 102, 183], and statistical physics
[53, 180].

With the motivation from a broad set of applications, many efforts have been made in
recent years to study community detection on random hypergraphs. The Hypergraph Stochastic
Block Model (HSBM), as a generalization of graph SBM, was first introduced and studied in
[109]. In this model, we observe a random uniform hypergraph where each hyperedge appears
independently with some given probability depending on the community structure of the vertices
in the hyperedge.

Succinctly put, the HSBM recovery problem is to find the ground truth clusters either
approximately or exactly, given a sample hypergraph and estimates of model parameters. We
may ask the following questions about the quality of the solutions (see [1] for further details in

the graph case).

1. Exact recovery (strong consistency): With high probability, find all clusters exactly (up

to permutation).

2. Almost exact recovery (weak consistency): With high probability, find a partition of the

vertex set such that at most o(N) vertices are misclassified.

3. Partial recovery: Given a fixed y € (0.5, 1), with high probability, find a partition of the

vertex set such that at least a fraction y of the vertices are clustered correctly.

4. Weak recovery (detection): With high probability, find a partition correlated with the true

partition.

A faithful representation of a hypergraph is its adjacency tensor. However, most of the
computations involving tensors are NP-hard [127]. Instead, they considered spectral algorithms
for exact recovery using hypergraph Laplacians. Subsequently, the analysis was extended to

sparse, non-uniform hypergraphs [107, 110, 108].
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For exact recovery of uniform HSBMs, it was shown that the phase transition occurs in
the regime of logarithmic expected degrees in [156, 60, 61]. The thresholds are given for binary
[146, 106] and multiple [216] community cases, by generalizing the techniques in [2, 5, 4]. After
our work appeared on arXiv, thresholds for exact recovery on non-uniform HSBMs were given
by [82, 198]. Strong consistency on the degree-corrected non-uniform HSBM was studied in
[77].

In [109], the authors used spectral clustering based on the hypergraph’s Laplacian to
recover HSBMs that are dense and uniform. Subsequently, they extended their results to sparse,
non-uniform hypergraphs in [107, 110, 108].

Spectral methods were considered in [60, 12, 69, 216, 210, 106], while semidefinite
programming (SDP) methods were analyzed in [146, 151, 15]. Weak consistency for HSBMs
was studied in [60, 61, 108, 111, 143].

For detection of the HSBM, the authors of [22] proposed a conjecture that the phase
transition occurs in the regime of constant expected degrees. The positive part of the conjecture
for the binary and multi-block case was solved in [176] and [186], respectively. Their algorithms
can output a partition better than a random guess when above the Kesten-Stigum threshold,
but can not guarantee the correctness ratio. [115, 114] proved that detection is impossible and
the Kesten-Stigum threshold is tight for /-uniform hypergraphs with binary communities when

¢ = 3,4, while KS threshold is not tight when ¢ > 7, and some regimes remain unknown.

4.1.1 Non-uniform hypergraph stochastic block model

The non-uniform HSBM was first studied in [108], which removed the uniform hyper-
graph assumption in previous works, and it is a more realistic model to study higher-order
interaction on networks [160, 202]. It can be seen as a superposition of several uniform HSBMs
with different model parameters. We first define the uniform HSBM in our setting and extend it

to non-uniform hypergraphs.

Definition 4.1.1 (Uniform HSBM). Let V = [N| be the vertex set and £ € N be some fixed inte-
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(a) 2-uniform HSBM (b) 3-uniform HSBM (¢) Non-uniform HSBM.

Figure 4.1. Uniform HSBM and non-uniform HSBM.

ger. Let V), ..., Vk be a partition of V into K disjoint communities, each of size N /K (assuming
N is divisible by K). For any set of { distinct vertices iy, . ..iy, a hyperedge {iy,...iy} is generated
with probability a;/ (12/_—11) if all the vertices iy,...iy are from the same community, otherwise

with probability b/ (12’:11)- We denote this distribution on the set of {-uniform hypergraphs as

b
H; ~ HSBM; (NK(N%)(NT‘I)) . 4.1.1)
-1 /-1

Definition 4.1.2 (Non-uniform HSBM). Let L ={{: ¢ > 2, ¢ € N} be a set of integers with finite
cardinality. Let H = (V,E) be a non-uniform random hypergraph, which can be considered as

a collection of (-uniform hypergraphs, i.e., H = Uyc r Hy with each H; sampled from (4.1.1).

Examples of 2-uniform and 3-uniform HSBM, and an example of non-uniform HSBM
with £ = {2,3} and K = 3 is displayed in Figure 4.1 (a), Figure 4.1 (b) and Figure 4.1 (c)

respectively.

4.1.2 Main results

To illustrate our main results, we first introduce the concepts y-correctness and Signal-to-

Noise Ratio (SNR) to measure the accuracy of the obtained partitions.

Definition 4.1.3 (y-correctness). Let V},..., Vg be a partition of the vertex set V. A collection

of subsets ‘YA/I,...,‘IA/K of V is y-correct if |V, N ’IA/k| > Y|V for all k € [K].
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Definition 4.1.4. For model 4.1.2 under Assumption 4.1.5, we define the signal-to-noise ratio as

. [Zsz(ﬂ— 1)(‘“_[’5)[{“1]2
SNR,(K) = Yoer(—1)[(ag—bo) K1+ by]

4.1.2)

Let L denote the maximum element in the set L. The following constant C(K,V) is used to

characterize the accuracy of the clustering result,

VLfl_ 1—v L—172 1
CL(K,V) = [ 23(<L—1;2 ] . (H{K_2}+4T’]].{K>3}) (413)

Note that a non-uniform HSBM can be seen as a collection of observations for the same
underlying community structure through several uniform HSBMs of different orders. A possible
issue is that some uniform hypergraphs with small SNR might not be informative (if we observe
an /-uniform hypergraph with parameters ay = by, including hyperedge information from it
ultimately increases the noise). To improve our error rate guarantees, we start by adding a
pre-processing step (Algorithm 4.4.1) for hyperedge selection according to SNR and then apply
the algorithm on the sub-hypergraph with maximal SNR.

We state the following assumption that will be used in our analysis of Algorithms 4.1.1

(K=2)and 4.1.2 (K > 3).

Assumption 4.1.5. For each ¢ € L, assume ay,by are constants independent of N, and ay > by.
Let L denote the maximum element of the set L. Given Vv € (1/K,1), assume that there exists a

universal constant C4 1 4a) and some V-dependent constant Cy > 0, such that

d = Z (L—1)ar > Cu1.4a), (4.1.4a)
lel

Y (0—1)(ar—by) > CyVd K- (23 g+ \/log (K/(1-V))- 1{,{23}) . (4.1.4b)
lel

The constant C41 44 is not necessarily large; for example, C(4.14q) = (21/F —1)1/3
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should suffice, but smaller C(4.1 42y may work as well. Both two inequalities above prevent
the hypergraph from being too sparse, while (4.1.4b) also requires that the difference between
in-block and across-blocks densities is large enough. The choices of C4 1 .44), Cyv and their

relationship will be discussed in Remark 4.5.17.
The binary-community case

We start with Algorithm 4.1.1, which outputs a y-correct partition when the non-uniform
HSBM # is sampled from model 4.1.2 with only 2 communities. Inspired by the innovative
graph algorithm in [64], we generalize it to non-uniform hypergraphs while we provide a

complete and detailed analysis at the same time.

Algorithm 4.1.1: Binary Partition

Data: The adjacency tensors {ﬂ(z)} ter» the number of communities K and {a/} e/,
{be}ecr.
1 Run Algorithm 4.4.1 Pre-processing to obtain subset § which achieves maximal
SNR.
2 Randomly color all hyperedges red or blue with equal probability.
3 Run Algorithm 4.4.5 Spectral Partition on the red hypergraph and output

,171(0) 772(0)_
4 Run Algorithm 4.4.6 Correction on the blue hypergraph and output ‘IA/I, (/I>2

Result: The estimated partition ’IA/l, 15

Theorem 4.1.6 (K =2). Let v € (0.5,1) and p =2exp(—C.(2,v)-SNR,(2)) with SNR /(K),
C.(K,V) defined in (4.1.2),(4.1.3), and let Yy = max{v, 1 —2p}. Then under Assumption 4.1.5,
Algorithm 4.1.1 outputs a y-correct partition for sufficiently large N with probability at least

1-O(N72).
The multi-community case

For the multi-community case (K > 3), another algorithm with more subroutines is
developed in Algorithm 4.1.2, which outputs a y-correct partition with high probability. We state

the result as follows.
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Algorithm 4.1.2: General Partition

Data: The adjacency tensors {fél(g)} ve ., the number of communities K and {ay}sc /.,
{be}ecr.

1 Run Algorithm 4.4.1 Pre-processing to obtain subset .§ which achieves maximal
SNR.

2 Randomly color all hyperedges red or blue with equal probability.

3 Randomly partition the vertex ¥/ into two disjoint subsets 9" and Z by assigning +1
or —1 to each vertex with equal probability.

4 Let B denote the adjacency matrix of the bipartite hypergraph between " and 2
consisting only of the red hyperedges, with rows indexed by Z and columns indexed

by .
5 Run Algorithm 4.4.2 Spectral Partition on the red hypergraph and output
a9 ... 79
IR G

This step only uses the red hyperedges between vertices in Y and Z and outputs
approximate clusters for Uy .= V;NZ foreachk=1,...,K R R

6 Run Algorithm 4.4.3 Correction on the red hypergraph and output Uy, ..., Uk.

7 Run Algorithm 4.4.4 Merging on the blue hypergraph and output V,..., V.
This step only uses the blue hyperedges between vertices in ) and Z and assigns the
vertices in Y to an appropriate afproxinz\ate cluster.
Result: The estimated partition 9, -+, Vk.

Theorem 4.1.7 (K > 3). Let v € (1/K,1) and p = exp(—C (K, V) - SNR . (K) ) with SNR /(K),
C.(K,Vv) defined in (4.1.2),(4.1.3), and let y = max{v, | — Kp}. Then under Assumption 4.1.5,

Algorithm 4.1.2 outputs a y-correct partition for sufficiently large N with probability at least

1-0(N7?).

The time complexities of Algorithms 4.1.1 and 4.1.2 are O(N?), with the bulk of time
spent in Stage 1 by the spectral method.

To the best of our knowledge, Theorems 4.1.6 and 4.1.7 are the first results for partial
recovery of non-uniform HSBMs. When the number of blocks is 2, Algorithm 4.1.1 guarantees a
better error rate for partial recovery as in Theorem 4.1.6. This happens because Algorithm 4.1.1
does not need the merging routine in Algorithm 4.1.2: if one of the communities is obtained,

then the other one is also obtained via the complement.

Remark 4.1.8. Taking L = {2}, Theorem 4.1.7 can be reduced to [64, Lemma 9] for the graph
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case. The failure probability O(N~2) can be decreased to O(NP) for any p > 0, as long
as one is willing to pay the price by increasing the constants C(4 1 4a), C, in (4.1.4a), (4.1.4b)

respectively.
Our Algorithms 4.1.1 and 4.1.2 can be summarized in 3 steps:

1. Hyperedge selection: select hyperedges of certain sizes to provide the maximal signal-to-

noise ratio (SNR) for the induced sub-hypergraph.

2. Spectral partition: construct a regularized adjacency matrix and obtain an approximate

partition based on singular vectors (first approximation).

3. Correction and merging: incorporate the hyperedge information from adjacency tensors

to upgrade the error rate guarantee (second, better approximation).

The algorithm requires the input of model parameters ay, by, which can be estimated by counting
cycles in hypergraphs as shown in [170, 209]. Estimation of the number of blocks can be done
by counting the outliers in the spectrum of the non-backtracking operator, e.g., as shown (for

different regimes and different parameters) in [179, 22, 149, 186].
Weak consistency

Throughout the proofs for Theorem 4.1.6 and Theorem 4.1.7, we make only one assump-
tion on the growth or finiteness of d and SNR/(K), and it happens in estimating the failure
probability as noted in Remark 4.1.10. Consequently, the corollary below follows, which covers

the case when d and SNR /(K ) grow with N.

Corollary 4.1.9 (Weak consistency). Let L be a set of finite integers and K be some fixed
integer. If SNR(K) defined in (4.1.2) goes to infinity as N — o and SNR (K) = o(log(N)),
then with probability 1 — O(N~2), Algorithms 4.1.1 and 4.1.2 output a partition with only o(N)

misclassified vertices.
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The paper [108] also proves weak consistency for non-uniform HSBMs, but in a much
denser regime than we do here (d = Q(log?(N)), instead of d = @(1) , as in Corollary 4.1.9). In
fact, we now know that strong consistency should be achievable in this denser regime, as [82]
shows. When restricting to the uniform HSBM case, Corollary 4.1.9 achieves weak consistency

under the same sparsity condition as in [13].

Remark 4.1.10. 7o be precise, Algorithms 4.1.1 and 4.1.2 work optimally in the SNR, =
0(log(N)) regime. When SNR £ (K) = Q(log(N)), it implies that p = N~Y), and one may have
e NP = Q(1) in (4.5.26), which may not decrease to 0 as N — oo. Therefore the theoretical
guarantees of Algorithms 4.4.3 and 4.4.4 may not remain valid. This, however, should not matter:
in the regime when SNR (K) = Q(log(N)), strong (rather than weak) consistency is expected,

as per [82]. Therefore, the regime of interest for weak consistency is SNR , = o(log(N)).

4.1.3 Comparison with existing results

Although many algorithms and theoretical results have been developed for hypergraph
community detection, most of them are restricted to uniform hypergraphs, and few results are
known for non-uniform ones. We will discuss the most relevant results.

In [143], the authors studied the degree-corrected HSBM with general connection proba-
bility parameters by using a tensor power iteration algorithm and Tucker decomposition. Their
algorithm achieves weak consistency for uniform hypergraphs when the average degree is
o(log?(N)), which is the regime complementary to the regime we studied here. They discussed a
way to generalize the algorithm to non-uniform hypergraphs, but the theoretical analysis remains
open. The recent paper [217] analyzed non-uniform hypergraph community detection by using
hypergraph embedding and optimization algorithms and obtained weak consistency when the
expected degrees are of ®(log(N)), again a complementary regime to ours. Results on spectral
norm concentration of sparse random tensors were obtained in [72, 175, 135, 152, 219], but

no provable tensor algorithm in the bounded expected degree case is known. Testing for the
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community structure for non-uniform hypergraphs was studied in [209, 140], which is a problem
different from community detection.

In our approach, we relied on knowing the tensors for each uniform hypergraph. However,
in computations, we only ran the spectral algorithm on the adjacency matrix of the entire
hypergraph since the stability of tensor algorithms does not yet come with guarantees due to
the lack of concentration, and for non-uniform hypergraphs, £ — 1 adjacency tensors would be
needed. This approach presented the challenge that, unlike for graphs, the adjacency matrix of a
random non-uniform hypergraph has dependent entries, and the concentration properties of such
a random matrix were previously unknown. We overcame this issue and proved concentration
bounds from scratch down to the bounded degree regime. Similar to [100, 150], we provided
here a regularization analysis by removing rows in the adjacency matrix with large row sums
(suggestive of large degree vertices) and proving a concentration result for the regularized matrix
down to the bounded expected degree regime (see Theorem 4.3.4).

In terms of partial recovery for hypergraphs, our results are new, even in the uniform case.
In [13, Theorem 1], for uniform hypergraphs, the authors showed detection (not partial recovery)
is possible when the average degree is (1); in addition, the error rate is not exponential in the
model parameters, but only polynomial. Here, we mention two more results for the graph case.
In the arbitrarily slowly growing degrees regime, it was shown in [214, 99] that the error rate in
(4.1.2) is optimal up to a constant in the exponent. In the bounded expected degrees regime, the
authors in [168, 63] provided algorithms that can asymptotically recover the optimal fraction
of vertices, when the signal-to-noise ratio is large enough. It’s an open problem to extend their
analysis to obtain a minimax error rate for hypergraphs.

In [108], the authors considered weak consistency in a non-uniform HSBM model with a
spectral algorithm based on the hypergraph Laplacian matrix, and showed that weak consistency
is achievable if the expected degree is of Q(log?(N)) with high probability [109, Theorem
4.2]. Their algorithm can’t be applied to sparse regimes straightforwardly since the normalized

Laplacian is not well-defined due to the existence of isolated vertices in the bounded degree case.
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In addition, our weak consistency results obtained here are valid as long as the expected degree is
®(1) and o(log(N)), which is the entire set of problems on which weak consistency is expected.
By contrast, in [108], weak consistency is shown only when the minimum expected degree is
Q(log2 (N)), which is a regime complementary to ours and where exact recovery should (in
principle) be possible: for example, this is known to be an exact recovery regime in the uniform
case [61, 146, 151, 216].

Finally, although our analysis does not provide a way to identify the exact threshold for
the phase transition of detection in the non-uniform hypergraph, we conjecture that (similar to
[22] in the uniform case) SNR,(K) = 1 in (4.1.2) is the exact threshold for detection.

In subsequent works [82, 198] we proposed algorithms to achieve weak consistency.
However, their methods can not cover the regime when the expected degree is Q(1) due to the
lack of concentration. Additionally, [200] proposed Projected Tensor Power Method as the
refinement stage to achieve strong consistency, as long as the first stage partition is partially

correct, as ours.

4.1.4 Organization of the paper

In Section 4.2, we include the definitions of adjacency matrices of hypergraphs. The
concentration results for the adjacency matrices are provided in Section 4.3. The algorithms for
partial recovery are presented in Section 4.4. The proof for the correctness of our algorithms for
Theorem 4.1.7 and Corollary 4.1.9 are given in Section 4.5. The proof of Theorem 4.1.6, as well
as the proofs of many auxiliary lemmas and useful lemmas in the literature, are provided in the

supplemental materials.

4.2 Preliminaries

Definition 4.2.1 (Adjacency tensor). An (-uniform hypergraph H; = (V,E;) can be associated to

an order-{ adjacency tensor a9 For each (-hyperedge e = {iy,...,iz}, define the corresponding

102



entry by

A=) =1y 4.2.1)

Definition 4.2.2 (Adjacency matrix). For some { € N*, let 49 denote the adjacency tensor
associated to the uniform HSBM H, = (V,E;) sampled from model (4.1.1). The adjacency
14

matrix A) = [A( )

ij 1<i,j<n corresponding to H; is defined by

() ()

A =g Y, A (4.2.2)
ecEy
{i,j}ce

For the non-uniform hypergraph H sampled from model 4.1.2 with L be a finte set of integers,

its corresponding adjacency matrix A = [A;j]1<; j<n is defined entrywisely as

A=Y AL (4.2.3)
el

We compute the expectation of A first. In each /-uniform hypergraph #;, two distinct
vertices i, j € V with i # j are picked arbitrarily since our model does not allow for loops.
Assume for a moment (N/K) € N, then the expected number of /-hyperedge containing i and j

can be computed as follows.

o If i and j are from the same block, the ¢/-hyperedge is sampled with probability a,/ (127:11)
when the other ¢ — 2 vertices are from the same block as i, j, otherwise with probability

b/ (12]7_—11) . Then

N N
o 0 E—Z ayp N-—-2 E—Z by
ocg._IElAl..—< ) & +[( )—( J
PoNe=2) () I\e=2 =2)1 (07

e If i and j are not from the same block, we sample the ¢-hyperedge with probability
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b/ (IZ:II) , and

y N-2 by
N2/ ()

By assumption a; > by, then oy > By for each £ € L. Summing over ¢, the expected adjacency

matrix under the K-block non-uniform HSBM can be written as

OLJ% BJ% BJ%
By aJy BJx
EA = K K Kl —aly, 4.2.4)
Pl Bl - ady ]
where J N S R% % denotes the all-one matrix and
w=Y oy, B:=Y) Pr. (4.2.5)

le L leL

Lemma 4.2.3. The eigenvalues of EA are given below:

M(EA) = 2 (ot (K~ 1))~
M(EA) = (0 —B)—0o, 2<j<K

A;(EA) = —a, K+1<j<N.

Lemma 4.2.3 can be verified via direct computation. Lemma 4.2.4 is used for approxi-
mately equi-partitions, meaning that eigenvalues of EA can be approximated by eigenvalues of

[EA when N is sufficiently large.

Lemma 4.2.4. For any partition (V,,...,Vk) of V where N; .= |V,

, consider the following
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matrix

(X’JNI BJNI XNy T BJNI XNk _1 BJNI XNk
BIn, xN, oJn, o BInoxng, BINy s
FA = : : : : —aly.
BJNK—I XNy BJNK—] XNy a’JNI(—l BJNK—I XNk
L BJNKXNl BJNKXNz T BJNKXNK—I aJNK

Assume that N; = £ + O(v/Nlog(N)) for all k € [K]. Then, for all 1 <i <K,

IM(EA) — M(EA)| 1
—0(NHlogt (V).
M(EA) B
Note that both (EA + aly) and (EA + oly) are rank K matrices, then A;(EA) =

Ai(EA) = —o for all (K+1) <i < N. At the same time, SNR in (4.1.2) is related to the

following quantity

M2(EA)  [(N-K)a—-NBJ* (1+0(1))- [Yoer (0~ 1)<ag—bg)K_£+l]2
M(EA)  K[(N—-K)a+NK-1)B] Yoer(0—1)((ar—by)K— +by)

When £ = {2} and X is fixed, SNR in (4.1.2) is equal to #I?fl)b]’ which corresponds to the

SNR for the undirected graph in [64], see also [1, Section 6].

4.3 Spectral norm concentration

The correctness of Algorithm 4.1.2 and Algorithm 4.1.1 relies on the concentration of the
adjacency matrix of #. The following two concentration results for general random hypergraphs

are included, which are independent of HSBM model. The proofs are deferred to Appendix C.1.
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Inhomogeneous Erdos-Rényi random hypergraphs

Definition 4.3.1 (Inhomogeneous Erdés-Renyi hypergraph). Let Q1Y) e ([0,11M)® be a sym-
metric probability tensor, i.e., Q. . i, = Qzﬁ<1>7--~,in<z) for any permutation © on [{], where £ > 2
is some finite integer. Let Hy = (V,Ey) denote inhomogeneous (-uniform Erdés-Rényi hyper-
graph associated with the probability tensor Q(Z). Let A9 denote the adjacency tensor of Hy,
where each (-hyperedge e = {iy, ... iy} C V appears with probability P(ﬂe(é) =1)= Qkfg)lé

Let L ={l|{>2,0 €N} be a finite set of integers, where L denotes its maximum element.

An inhomogeneous non-uniform Erdds-Rényi hypergraph is the union of uniform ones, i.e.,

H = UZGL%-

Theorem 4.3.2. Let H = Uyc  Hy be an inhomogeneous non-uniform Erdds-Rényi hypergraph
sampled from model 4.3.1. Let {Q(Z) }oer denote the probability tensors such that ngg)w =
di,....i,/ (IZ__ll) for each { € sL, and denote dg = maxdy;, . ;. Let A be the adjacency matrix of
H constructed from the adjacency tensors {ﬂ(z)} ter. For some constant C43.1) > 0, suppsoe

that the following assumption hold

d:=Y ({—1)-dy > Cy3zlog(N). 4.3.1)
lel

Then for any © > 0, there exists a constant C4 32y =512L({—1)(0+6) 2+ ({ —1)(140)/Cu3.1)]

such that with probability at least 1 —2N~8 —2e™N| the adjacency matrix A of H satisfies
IA—EA| < CuzzVd. 4.3.2)

The inequality (4.3.2) can be reduced to the result for graph case obtained in [100, 153]
by taking £ = {2}. The result for a uniform hypergraph is obtained in [151]. Note that d is a
fixed constant in our community detection problem, thus the Assumption 4.3.1 does not hold and
the inequality (4.3.2) cannot be directly applied. However, we can still prove a concentration

bound for a regularized version of A, following the same strategy of the proof for Theorem 4.3.2.
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Definition 4.3.3 (Regularized matrix). Given any N X N matrix A and an index set I, let A
be the N x N matrix obtained from A by zeroing out the rows and columns not indexed by 1.

Namely,

(A1)ij = Lyijen - Aij- (4.3.3)

Note that every hyperedge of size ¢ containing i is counted (¢ — 1) times in the i-th row

of A. We define the i-th row sum of A as

ow() =Y Ay =Yl Y ¥ A=Y -1 Y a’

lel ecEy leL ecEyiice
{i.j}ce

Theorem 4.3.4 is the concentration result for the regularized A ;, by zeroing out rows and

columns corresponding to vertices with high row sums.

Theorem 4.3.4. Following all the notations in Theorem 4.3.2, for any constant T > 1, define the

index set
I={ieV:row(i) <td}. (4.3.4)

Let A1 be the regularized version of A, as in Definition 4.3.3. Then for any 0 > 0, there exists a
constant C; = 2((5L+1)(£ — 1) + dp/T) with 0 = 16 + 3T—2(1 +e?) 4+ 128L(£—1)(8+4)(1 +

eiz), such that
IA; —EA;| < CVd (4.3.5)

holds with probability at least 1 —2(e/2)™ —N~8,

4.4 Algorithms blocks

In this section, we are going to present the algorithmic blocks constructing our main

partition method (Algorithm 4.1.2): pre-processing (Algorithm 4.4.1), initial result by spectral
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method (Algorithm 4.4.2), correction of blemishes via majority rule (Algorithm 4.4.3), and

merging (Algorithm 4.4.4).

Algorithm 4.4.1: Pre-processing

Data: The set of integers L, and the parameters {ay}ocr, {b¢}rcr.
1 for each subset S C L do

2 Let Hs = Uye s Hp denote the restriction of the non-uniform hypergraph # on S.
Compute
SNR, o [Zres(t= e = bk
Fres(l—1)((ar—b)K 1+ ;)
3 end

4 Among all the S, find the subset £* which maximizes SNRg, i.e.,

L* = argmax SNRg,
gy SNR

where L* denotes its maximal element.
Result: L*

4.4.1 Three or more communities (K > 3)

The proof of Theorem 4.1.7 is structured as follows.

Lemma 4.4.1. Under the assumptions of Theorem 4.1.7, Algorithm 4.4.2 outputs a V-correct

partition ‘/Z\J](O), R ‘?1[((0) of 2= (ZNVY))U---U(ZN Vi) with probability at least 1 — O(N~?2).

Lines 4 and 6 contribute most complexity in Algorithm 4.4.2, requiring O(N?) and
O(N*10g?(N)) each (technically, one should be able to get away with O(N*log(1/¢)) in line 4,
for some desired accuracy € to get the singular vectors). We will conservatively estimate the time

complexity of Algorithm 4.4.2 as O(N?).

Lemma 4.4.2. Under the assumptions of Theorem 4.1.7, for any V-correct partition ‘/l\lfo) Sy ‘/l\l,((o)

of Z2=(ZNY))U---U(ZN Vk) and the red hypergraph over Z, Algorithm 4.4.3 computes a
Yc-correct partition Wi, ..., Ug with probability 1 — O(e~NP), while yc = max{v, 1 —Kp} with
p :=kexp(—C.(K,v)-SNR,(K)) where L is obtained from Algorithm 4.4.1, and SNR (K)
and C(K,V) are defined in (4.1.2), (4.1.3).
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Algorithm 4.4.2: Spectral Partition

Data: The tensors {/’Zl(g)}ge £, the matrix A, and the parameters {ay}¢cr, {b¢}rcr.

1 Randomly label vertices in ¢ with +1 and —1 sign with equal probability, and
partition 9 into 2 disjoint subsets 9] and 95;

2 Let By (resp. B») denote the adjacency matrices with all vertices in ZU 9] (resp.
ZU9), with rows indexed by Z and columns indexed by 91 (resp. 92).;

3 Pad B, B, with zeros to obtain the N x N matrices A| and A,.;

4 Letd ==Y yc (¢ —1)ay. Zero out all the rows and columns of A; corresponding to
vertices whose row sum is bigger than 20Ld, to obtain the matrix (Aj)y,;

s Find the space U, spanned by the first K left singular vectors of (A1) y,;

s Randomly sample s = 2K log? (N) vertices from 95 without replacement. Denote the
corresponding columns in A, by a;,,...,a; . Foreachi € {i,---,i}, projecta;, —a
onto U, where the ele_ments in vector a € RY is defined by
a(j) = Lyjez - (+B)/2, with @, B defined in (4.5.6);

7 For each projected vector Py(a; — a), identify the top N/(2K) coordinates in value
as a set U;. Discard half of the s sets U, those with the lowest blue hyperedge
density in them;

8 Sort the remaining sets according to blue hyperedge density and identify first K

distinct subsets ‘ZIEO), - ‘/l\l,((o) such that |‘le(-0) N ‘ZIIEO)| < [(1=V)N/K] if j #k;
Result: The partition ‘?1{0), e (le((o)

Lemma 4.4.3. Given any v-correct partition Uy, ..., Ux of 2= (2N W) U---U (2N V) and
the blue hypergraph between Y and Z, with probability 1 — O(e~NP), Algorithm 4.4.4 outputs a

Y-correct partition ’IA/l ey ’/7>K of MU U...U TV, whiley=max{v, 1 —Kp}.

The time complexities of Algorithms 4.4.3 and 4.4.4 are O(N), since each vertex is

adjacent to only constant many hyperedges.

4.4.2 Binary communities (K = 2)

The spectral partition step is given in Algorithm 4.4.5, and the correction step is given in

Algorithm 4.4.6.

Lemma 4.4.4. Under the conditions of Theorem 4.1.6, the Algorithm 4.4.5 outputs a V-correct

partition (171(0)’ ,172(0) of V = V| U Vs with probability at least 1 — O(N~?).
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Algorithm 4.4.3: Correction

Data: The initial partition {‘ZIIEO) }ke[k)» the tensors {4} e, and the parameters
{ackeer, {botier.
1 for eachu € Z do
2 Add u to ‘flk if the number of red hyperedges, which contains u with the
remaining vertices located in vertex set ‘ZI(O), is at least uc (4.5.24);
3 Break ties arbitrarily;
4 end

Result: ‘le eens ‘?JK

Algorithm 4.4.4: Merging

Data: The partition { Uy } e k]» the tensors {4} e, and the parameters {a;}sc,

{be}ecr-
1 for allu € Y do

2 Add u to 7V}, if the number of blue hyperedges, which contains u with the

remaining vertices located in vertex set ‘ZIK, is at least unp (4.5.32);
3 Label the conflicts arbitrarily;
4 end

~

Result: The estimated sets ‘IA/l N %

Lemma 4.4.5. Given any v-correct partition ‘I/'I(O), ‘1/2(0) of V = VYV, UV, with probability at least
1 — O(e MP), the Algorithm 4.4.6 computes a y-correct partition ‘/1>1, ‘YA/Z withy={v,1—2p}
and p =2exp(—C,(2,v)-SNR,(2)), where SNR(2) and C.(2,V) are defined in (4.1.2) and

(4.1.3) respectively.

4.5 Algorithm’s correctness

We are going to present the correctness of Algorithm 4.1.2 in this section. The correctness

of Algorithm 4.1.1 is deferred to Appendix C.3. We first introduce some definitions.
Vertex set splitting and adjacency matrix

In Algorithm 4.1.2, we first randomly partition the vertex set 4 into two disjoint subsets
Z and 9 by assigning +1 and —1 to each vertex independently with equal probability. Let

B € RIZ1%I7T denote the submatrix of A, while A was defined in (4.2.3), where rows and columns
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Algorithm 4.4.5: Spectral Partition

Data: The tensors {/’Zl(g)}ge £, the matrix A, and the parameters {ay}¢cr, {b¢}rcr.

1 Zero out all the rows and the columns of A corresponding to vertices with row sums
greater than 20Ld, to obtain the regularized matrix A ;

2 Find the subspace U, which is spanned by the eigenvectors corresponding to the
largest two eigenvalues of A;

3 Compute Pyly, the projection of all-ones vector onto U;

4 Let v be the unit vector in U perpendicular to Pyly;

5 Sort the vertices according to their values in v. Let ‘VI(O) C V be the corresponding
top N/2 vertices, and ‘1/2(0) C V be the remaining N /2 vertices;

~

Result: ‘/I%(O) , ‘1/2(0)

of B correspond to vertices in Z and 9" respectively. Let N; denote the number of vertices in
ZNV;, where V; denotes the true partition with |9/;| = & for all j € [K], then N; can be written

as a sum of independent Bernoulli random variables, i.e.,

Ni=1z20nYj|= Y lyez, (4.5.1)
vel

and |7 N V)| =|Vj|— 2NV} = ¥ — N, for each j € [K].

Definition 4.5.1. The splitting V = ZU Y is perfect if | ZNV;| = |9 N V| = N/(2K) for all
j € [K]. And the splitting Y = 971U 9 is perfect if |91 N V| = |YaNV;| = N/(4K) for all

Jj€[K].

However, the splitting is imperfect in most cases since the size of Z and 9" would not be
exactly the same under the independence assumption. The random matrix B is parameterized by

{29} e, and {N j}g'(:l- If we take expectation over {4} ¢, given the block size information

111



Algorithm 4.4.6: Correction

1 forve ‘IA/I(O) do
Label v as “bad” if the number of blue-hyperedges which contain v with the

2

remaining vertices in ‘1/2(0) is at least uc; otherwise label v as “good”.

3 end

4 forve ’/1\/2(0) do
Label v as “bad” if the number of blue-hyperedges which contain v with the

5

remaining vertices in ‘Vl(o) is at least uc; otherwise label v as “good”;

¢ end
7 forve 1V do

ifve ’IA/i(O) and v is good then
‘ Assign v to V;

10 end

11 else

12 ‘ Assign v to V3_;;
13 end

14 end

Result: ‘YA/I , ‘IA/Z

{N ,-}g-(:l, then it gives rise to the expectation of the imperfect splitting, denoted by B,

(XJN1 X (R —N1) BJNI x(—Na)

]"3’ BJNQX(%—N]) aJNzX(%—Nz)

_BJNKX(%—NQ BJNKX(%_NZ)

BJNM(%—NK)

BJNzX (%—NK)

(XJNKX(%—NK)_

where a, B are defined in (4.2.5). In the perfect splitting case, the dimension of each block is

N/(2K) x N/(2K) since EN; = N/(2K) for all j € [K], and the expectation matrix B can be

written as

OLJ% BJ%
B BJ% (XJ2AI/(
Py Ply

112

BRIy
BJ%




In Algorithm 4.4.2, 9] is a random subset of 9" obtained by selecting each element with
probability 1/2 independently, and 9% = 9\ 9;. Let N ; denote the number of vertices in 97 NV},

then N ;i can be written as a sum of independent Bernoulli random variables,

Ni=19%1nY=Y Lpeny (4.5.2)
veV;
and [N V| = |¥}| - |20 V| - 91N Vj| = N/K —N; - N; forall j € [K].
Similarly, EN 7 = N/(4K), which means that this splitting is expected to be perfect.

However, we still obtain imperfect splitting in most cases due to the independence assumption.

Remark 4.5.2. In [64], the authors assumed the perfect splitting throughout the proof, which is
not necessarily true. Our work provides a rigorous analysis of the algorithm provided in [64],

without the perfect splitting assumption.
Induced sub-hypergraph

For the non-uniform hpyergraph # = (V,‘E), consider the vertex subset (971U Z) C V,

which leads our attention to the corresponding induced sub-hypergraph.

Definition 4.5.3 (Induced sub-hypergraph). Let H = (V,E) be a non-uniform random hyper-
graph and S C V be any subset of the vertices of H. Then the induced sub-hypergraph H|S] is
the hypergraph whose vertex set is S and whose hyperedge set ‘E|S] consists of all of the edges

in ‘E that have all endpoints located in S.

Remark 4.5.4. Note that H can be considered as a collection of {-uniform hypergraphs for
varying {, a.k.a., H = Upe fHy. The decomposition works for H|[S| as well, a.k.a. H|[S] =
Urer Hy[S] and ‘E[S] = Upe L Ei[S]

Let H[97 U Z](resp. H[95 U Z]) denote the induced sub-hypergraph on vertex set 9] U 2
(resp. 92U Z), and B € RIZIx12il (resp. B, € RIZ1%122) denote the adjacency matrix correspond-

ing to the sub-hypergraph, where the rows and columns of B; (resp. B,) are corresponding to

113



elements in Z and 9 (resp., Z and 9>). Therefore, B; and B, are parameterized by {ﬂl }ge I

{N;}

", and {N;}KX

and the entries in B are independent of the entries in B, due to the

independence of hyperedges. If we take expectation over {ﬁl(z)} ve 2 conditioning on {N;}X

and {N;}X

where for 1 < i, j < K, the entries Q; j and Bi ; are defined as follows:

The expectation of the perfect splitting, denoted by By, can be written as

where

Yo (Nk +N;) =2\ by
/-2 (

=

g

allJNl Xﬁ]

BliNKXﬁl

Ni+ﬁi—2 ag—bg+ ZkK:1(Nk+Nk)_
-2 (N 1)

{—1

)

OCJN>< BJNXN

2K 4K 2K " 4K

ag—bg+<3TN—2> by }
(o) N2 00

BlkJNl X]T]](

akkJN[( Xﬁ](

, B=Y (9

then it gives rise to the expectation of the imperfect splitting, denoted by B,

(4.5.3)

(4.5.4a)

(4.5.4b)

4.5.5)

(4.5.6)

The matrices ﬁz,ﬁz can be defined similarly, since dimensions of |95 N ’Vj| are also determined

by N; and ﬁj. Obviously, B, = B since EN; = E(N/K —N; —]Vj) = N/(4K) for all j € [K].
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Fixing Dimensions

The dimensions of l§1 and ﬁz, as well as blocks they consist of, are not deterministic—
since N; and N i, defined in (4.5.1) and (4.5.2) respectively, are sums of independent random
variables. As such, we cannot directly compare them. In order to overcome this difficulty, we
embed B and B, into the following N x N matrices:

0 B 0 0 0 B
A= 12| 2| 1 12]x[92] Ay = 1ZIx|z] - Vlzx]0] 2 457

05 1x12| Oprxion|  Ojor|x|os| 05 x12| Oprx|on|  Ojor|x|os|

Note that A and A, have the same size. Also by definition, the entries in A are independent of
the entries in A,. If we take expectation over {}Zl(g)} e, conditioning on {N j}j'(:l and {N j}j'(:l’
then we obtain the expectation matrices of the imperfect splitting, denoted by Kl(resp. Kz),
written as

~ 0 B 0 - 0 0
A = | 1Axia I 12| x|%)| A= 12x12|  Y)z/x|7] 2 . 458)

05 x12| Oprxioi|  Ojor|x|os| 05x12| Orxn|  Ojor|x|os|

The expectation matrix of the perfect splitting, denoted by Kl(resp. A»), can be written as

_ Ox,x By Oy_n _ Oy, v Oy, »n 2

A= | 272 e A= 22 273 4.5.9)
ON N ON N ON N ON N ON N ON N
2X7 T 2X7 T 2X7%7 2X7  2X7 T 2X7

Obviously, Xi and ﬁi(resp. A, and B;) have the same non-zero singular values for i = 1,2. In the

remaining of this section, we will deal with Ki and A; instead of ﬁi and B; fori =1,2.
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4.5.1 Spectral Partition: Proof of Lemma 4.4.1

Proof Outline

Recall that A is defined as the adjacency matrix of the induced sub-hypergraph #[9; U
Z] in Section 4.5. Consequently, the index set should contain information only from #[97 U Z.

Define the index sets
I— {i e 9 row(i) < 20Ld}, I = {i €V irow(i)] 5 < 20Ld}, (4.5.10)

where d =Y yc /(¢ —1)ay, and row is the row sum of i on # [ U Z]. We say row

D] y10z Dyuz=

0if i € 91U Z, and for vertex i € 97 U Z, and let

row(i)

N
o 0 (0)
e LI E AL Toal
j=1leL ecE)[9iUZ] teL e€E[1UZ]

{i,j}ce {i.j}ce

As a result, the matrix (Aj)y, is obtained by restricting A; on index set [;. The next 4 steps

guarantee that Algorithm 4.4.2 outputs a v-correct partition.
(i) Find the singular subspace U spanned by the first K left singular vectors of (Ay)y,.

(ii) Randomly pick s = 2K log?(N) vertices from 9 and denote the corresponding columns
in A by a;,,..., a;.. Project each vector a; —a onto the singular subspace U, witha € RN

defined by a(j) = 1yjezy - (G + B)/2, where @, B were defined in (4.5.6).

(iii) For each projected vector Py(a; — a), identify the top N/(2K) coordinates in value and
place the corresponding vertices into a set ‘le.(o). Discard half of the obtained s subsets,

those with the lowest blue edge densities.

(iv) Sort the remaining sets according to blue hyperedge density and identify K distinct subsets

@, ... W such that |4 N U | < [(1=VIN/K] if i #

Based on the 4 steps above in Algorithm 4.4.2, the proof of Lemma 4.4.1 is structured in 4 parts.
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(i) Let U denote the subspace spanned by first K left singular vectors of A; defined in (4.5.8).
Section 4.5.1 shows that the subspace angle between U and U is smaller than any c € (0,1)

as long as ay, by satisfy certain conditions depending on c.

(i) The vector gi, defined in (4.5.14), reflects the underlying true partition 2N ’Vn(i) for

each i € [S], where (i) denotes the membership of vertex i. Section 4.5.1 shows that

d;, an approximation of g,- defined in (4.5.15), can be recovered by the projected vector
Py(a; —a), since projection error ||Py(a; —a) — &;||» < ¢[|&;|> for any ¢ € (0,1) if ay, by

satisfy the desired property in part (1).

(ii1) Section 4.5.1 indicates that the coincidence ratio between the remaining sets and the true

partition is at least v, after discarding half of the sets with the lowest blue edge densities.

(iv) Lemma 4.5.15 proves that we can find K distinct subsets ‘/Z\ll.(o) within Klog?(N) trials with

high probability.
Bounding the angle between U and U

The angle between subspaces U and U is defined as
sinZ(U,U) := ||Py — Py

A natural idea is to apply Wedin’s sin® Theorem (Lemma D.2.6). Lemma 4.5.5 indicates that

the difference of 6; (A}) and & i(Ay) is relatively small, compared to 6;(A}).

Lemma 4.5.5. Let Gj(Kl)(resp. Gj(gl)) denote the singular values of A (resp. Kl)for all
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j € [K], where the matrices A1 and 111 are defined in (4.5.9) and (4.5.8) respectively. Then
N [a (K - 1)3] N

SN _ 2\ ag—by W2\ by
_ 4K _|_K<4 )— s
2V2K 2\@%; (f—2> Gy =2/ (%)

— . N@-p) N (3—N—2>ag—bg _
ci(A)) = = aK : 2<j<K,
/) 2V2K 2\/§ng2 =27 () -

Gl(Kl) =

with O, B defined in (4.5.6). Moreover, with probability at least 1 — 2K exp(—K log?(N)), for

each j € [K],

0,(A1) —0;(Ay)|
cj(Ar)

=0 (N_% log%(N)> :

Therefore, with Lemma 4.5.5, we can write oj(iil) =0;(A1)(1+0(1)). Define E; :=

A — Kl and its restriction on I; (4.5.10) as
(E1)p, == (A=A = (A1), — (A1), 4.5.11)
as well as 8; := (Kl)ll —Kl. Then (A})y, —Kl is decomposed as
(A)n —Ar=[(AD) 1 — (A ]+ (A g — A1) = (Br); +8).

Lemma 4.5.6. Let d = Y ), (¢ — 1)ay, where L is obtained from Algorithm 4.4.1. There
exists a constant C; > (ZI/L — 1)_1/3 such that if d > Cy, then with probability at least 1 —

exp (—d 2N/ L), no more than d—3N vertices have row sums greater than 20Ld.

Lemma 4.5.6 shows that the number of high-degree vertices is relatively small. Conse-

quently, Corollary 4.5.7 indicates ||8 || < v/d with high probability.

Corollary 4.5.7. Assume d > max{Cy,v/2}, where C is the constant in Lemma 4.5.6, then
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181 < V/d with probability at least 1 —exp (—d 2N /L).

Proof of Corollary 4.5.7. Note that N — |I| < d 3N and I C I, then N — |I;| < d3N. From
Lemma 4.5.6, there are at most d >N vertices with row sum greater than 20Ld in the adjacency
matrix A1, then the matrix 8; = (Kl) I — Kl has at most 2d —3N? non-zero entries. Every entry

of Kl in (4.5.8) is bounded by «, then,

18111 <1181 llF = [l (A1) 5, — Adlr

VW= WY [(%__Qﬁ* (-2) (Nbfl>]

leL -1

<V2d3Y ((—1)ay <V2d-' < Vd.

lel

Moreover, by taking T = 20L, 8 = 3 in Theorem 4.3.4, with probability at least 1 — N2
I(E1) gl < CavVd, 4.5.13)

where constant C3 > 0 depends on L. Together with upper bounds for ||(E;) || and ||8:]],

Lemma 4.5.8 shows that the angle between U and Uis relatively small with high probability.

Lemma 4.5.8. For any c € (0,1), there exists some constant Cy > 0 such that, if

Y (0—1)(ar—by) > CK“"'Vd,
lel

then sin Z(U,U) < ¢ with probability 1 —N~2. Here Z(U,U) is the angle between U and U.

Proof of Lemma 4.5.8. From (4.5.13) and Corollary 4.5.7, with probability at least 1 — N2,

(A1) — Al < [(E) |+ 1181]] < (C3+1)Vd.
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Since Ok (111) = 0, using Lemma 4.5.5 to approximate GK(Kl ), we obtain

o (A1)~ 0k 1(A1) = ok (A1) = (1 +0(1)) -0k (A1) > sox(A)

N (ﬂ—2>a4—bg 1 (3)5‘2
> — K — > o — | (U=1)(ar—by)
war &\ -2 ) ) 2w e \ax
1/ 1\¥? CyvVd
> — - _p)) > 24
< 3K (ZK) fg(ﬁ 1)(ag—be) = JL+1

Then for any ¢ € (0,1), we can find C, = [25%2(C3 +1)/c] such that ||(A)y, —XIH <(1-—
1/v/2)0k(A1). By Wedin’s Theorem (Lemma D.2.6), the angle (U, U) is bounded by

- 2|(A1);, — A 2 1 2
sin /(U,U) = ||PU—P(~J||§\/_”( O —Adll  V2AC+hvd V2

ok(A) T GVt 2
O
Bound the projection error
Randomly pick s = 2K log?(N) vertices from 95. Let a;,,...,a;, aj,..., &, A;,,...,a;
and e;,...,e; be the corresponding columns of A, Kz, A, and E, = A, — Xz respectively,

where A», Kz and A, were defined in (4.5.7), (4.5.8) and (4.5.9). Let (i) denote the membership
of vertex i. Note that entries of vector a; are O.;;, Bi ; or 0, according to the membership of vertices
in Z, where o;;, E,- ; were defined in (4.5.4a), (4.5.4b). Then the corresponding vector g,- eRVN

with the entries given by

( (
i, if j € 2N V) (i —Bij)/2>0, if j€ 2NV

ai(j): Eijv iijZ\’I/;t(i)v 81(]): (Bij_&ii)/2<07 iijZ\rVn(l-)a (4.5.14)

0, ifjey 0, ifjeoy

\ \

can be used to recover the vertex set ZN ‘l/n(l-) based on the sign of elements in §;. However, it is

hard to handle with g,- due to the randomness of O, Bi ; originated from N; and N ;. Note that N;
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and N ; concentrate around N /(2K) and N/(4K) respectively as shown in Lemma 4.5.5. Thus a
good approximation of g,-, which rules out randomness of N; and N i» was given by 8 :—a;,—a,

with entries given by a(j) == 1{;ez) - (@ +B)/2, where o and P were defined in (4.5.6), and

(

o, ifj€zntyy @—PB)/2>0, if j€ 2Ny
(/) =B, ifje2\ Yy » W =qB-@)/2<0, ifje2\ VY - @515

0, ifjey 0, ifjeo

\ \

By construction, §; identifies vertex set ZN ‘Vn(,-) in the case of perfect splitting for any i €
{it,--+,is}N9%N ’Vn(i). However, the access to d; is limited in practice, thus the projection
Py(a; —a) is used instead as an approximation of 8. Lemma 4.5.9 proves that at least half of

the projected vectors have small projection errors.

Lemma 4.5.9. For any c € (0,1), there exist constants Cy and Cy such that if d > C| and

Y (¢—1)(ag—by) > C2K"Vd,

lel

then among all projected vectors Py (a; —a) fori € {iy,--- ,is} N5, with probability 1 — O(N~X),

at least half of them satisfy
1Py (a; —a) — &l < ¢ [18]l2. (4.5.16)

Proof Lemma 4.5.9. Note that 8 = Pﬁgi, where U is spanned by the first K left singular vectors
of A with rank(A1) = K, and A}, A, preserve the same eigen-subspace. The approximation

error between Py(a; —a) and §; can be decomposed as

Py(a;—a) —8; =Py [(ai —a;)+ (a;—a;) + (a; —5)} —Pﬁai

=Pye; +Py(a;—a;) + (Py— Pﬁ)ﬁi .
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Then by triangle inequality,
1Py (a; —a) — 8|2 < |[Pueill2 + |[Pu(a; — )|l + [Py —Pgl| - 3] -

Note that ||§;]| = O(N _%) and N; concentrates around N /(4K) for each i € [K] with deviation at

most VN log(N), then by definitions of @ and B in (4.5.6),

—_

IPu@; — &) < & — il = O [KvNlog(N) (@~ B)2]* ) = OIN ¥ log? (V)] = (|3,

Meanwhile, by an argument similar to Lemma 4.5.8, it can be proved that sin /(U,U) < ¢/2
for any ¢ € (0,1), if constants C,C; are chosen properly, hence ||Py —Pgl| - 18:2 < %HS,HZ
Lemma 4.5.10 shows that at least half of the indices from {ij,---,is} N 95 satisfy ||Pye;||2 <

%H&-Hz, which completes the proof. =

Lemma 4.5.10. Let d = Y1 ({ — 1)ay. For any c € (0,1), with probability 1 — O(N-X10e(V)),

at least 5 of the vectors €;,,. .., €; satisfy

C s . . .
HPUei||2§2\/dK(L+2)/N<EHS,'Hz, lG{ll,---,ls}C%.

Definition 4.5.11. The vector a; satisfying (4.5.16) is referred as good vector. The index of the

good vector is hence referred to as a good vertex.

To avoid introducing extra notations, let a; ,...,a;

N

1 denote good vectors with iy, --- , i,
denoting good indices. Lemma 4.5.10 indicates that the number of good vectors is at least

s1 > % = Klog?(N).
Accuracy

We are going to prove the accuracy of the initial partition obtained from Algorithm 4.4.2.
Lemmas 4.5.12, 4.5.13 and 4.5.15 are crucial in proving our results. We present the proof logic

first and defer the Lemma statements later.
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For each projected vector Py(a; —a), let ‘Zli(o) denote the set of its largest % coordinates,
where i € {iy,---,is} and s = 2K log?(N). Note that vector gij in (4.5.14) only identifies blocks
Vn(i;) and ¥\ Py i), which can be regarded as clustering two blocks with different sizes. By
Lemma 4.5.9, good vectors satisfy ||[Py(a;, —a) _Sij 2 <c HSI-J. |2 for any ¢ € (0,1). Then by
Lemma 4.5.12 (after proper normalization), for a good index i;, the number of vertices in ‘le-(?)

clustered correctly is at least (1 — 47[((:2)%. By choosing ¢ = /3(1 —Vv)/(8K), the condition

|€1i(19) NV > (1+v)/2] ‘/l\ll-(JQ)| in part (ii) of Lemma 4.5.13 is satisfied. In Lemma 4.5.8, we

choose

Co=2M2(C3+1)/c=22(C3+1)/8K/(3—13V) , (4.5.18)

where C3 defined in (4.5.13). Hence, with high probability, all good vectors have at least ut blue
hyperedges (we call this “high blue hyperedge density”). From Lemma 4.5.10, at least half of
the selected vectors are good. Then, in Algorithm 4.4.2, throwing out half of the obtained sets
o

- (those with the lowest blue hyperedge density) guarantees that the remaining sets are good.

Recall that, by choosing constant appropriately, we can make the subspace angle
sin Z(U,U) < ¢ for any ¢ € (0,1) (U is spanned by the first K left singular vectors of Aj).
Then for vectors Sil S ,SiK with each i; selected from different vertex set 7/;, there is a vec-
tor Py(a; P a) in U arbitrarily close to S ;» Which was proved by Lemma 4.5.9. From (i) of

Lemma 4.5.13, so obtained ‘Zl-(p)

Lj

must satisfy |‘?1i(j0) NYi| > V]‘ZII(JQ)\ for each j € [K]. The re-
maining thing is to select K different ‘le.(;)) with each of them concentrating around distinct V;
for each j € [K]. This problem is equivalent to finding K vertices in 95, each from a different
partition class, which can be done with K log?(N) samplings as shown in Lemma 4.5.15.

To summarize, this section is a more precise and quantitative version of the following
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argument: with high probability, the following holds for the good vectors a;;, j € [K]:

I+VN

{ij:ﬂis.t.|‘zli( NV > — R

} C {i IE %li(]_o) has more than ur blue hyperedges}
R ~(0) N
C {zj dist |0 N ZVE} .

Lemma 4.5.12 (Adapted from Lemma 23 in [64]). Assume N/K € N. Let v,v € RN be two unit

vectors, where V has %’ of its entries being % with the rest being —L. IfsinZ(v,v) < ¢ <0.5,

1_4K 2)

then v contains at least ( ¥ Dositive entries v; such that the corresponding entries V;

are positive as well.

Lemma 4.5.13. For the set X C Z with size | X| = N/(2K). Define

“3E | @ OO (Dt
= o{[(F) e () - (Dt

and let ut = (11 +u2) /2 € |1, 2). There exists some constant ¢ > 0 depending on K, {ag}icr

and v such that for sufficiently large N,

(i) If | X N V| < Vv|X| for each j € [K], then with probability 1 — eV, the number of blue

hyperedges in the hypergraph induced by X is at most ur.

(ii) Conversely, if | X N V;| > LY\ X| for some j € [K], then with probability 1 — eV, the

number of blue hyperedges in the hypergraph induced by X is at least ur.
Remark 4.5.14. Lemma 4.5.13 is reduced to [64, Lemma 31] when L = {2}.

Let ‘?l.(o) denote the set of N/(2K) largest coordinates of the projected vector Py(a; —a)
with i € ‘V i) M 92. According to Lemma 4.5.13, when the blue hyperedge density inside ‘Zl( Vi
at least ur, it guarantees that |7,ll- (i) = Vi ‘Zl \ Therefore, it is enough to consider half of

the sets with highest blue edge densities in Algorithm 4.4.2.
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Lemma 4.5.15. Through random sampling without replacement in Step 6 of Algorithm 4.4.2, with
probability 1 — N~R00eWN)  there exists at least K indices ii,. .., ig in % among the K log? (N)

samples such that

U0 | < (1-VIN/K, forany jk & [K] with j # k.

4.5.2 Local Correction: Proof of Lemma 4.4.2

For notation convenience, let U; := ZN V; denote the intersection of Z and true partition
V) for all i € [K]. In Algorithm 4.1.2, we first color the hyperedges with red and blue with equal
probability. By running Algorithm 4.4.2 on the red hypergraph, we obtain a v-correct partition

@EO),...,‘?JI(?), 1.e.,

TG < (1) T = (1-v) 5, VK], (45.20)

In the rest of this subsection, we condition on the event that (4.5.20) holds true.

Consider a hyperedge e = {iy,--- ,i¢} in the underlying /-uniform hypergraph. If vertices
i1,---,ig are from the same block, then e is a red hyperedge with probability a,/2 (127:11); if
vertices iy,---,iy are not from the same block, then e is a red hyperedge with probability

by/2 (ZZ:II). The presence of those two types of hyperedges can be denoted by

| | b
TE““ ~ Bernoulli (%) , T:(ebf) ~ Bernoulli ( Nz—l ) ’
2(371) 2(31)

respectively. For any finite set S, let [S] denote the family of /-subsets of S, i.e., [S]' = {Z|Z C

S,|Z| =1}. Consider a vertex u € U := ZN V. The weighted number of red hyperedges,
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(0)

which contains u € U; with the remaining vertices in U, can be written as

A(O) a
S w=Y (-1 Y T4 ¥ 1 wea, 4.5.21)
teL ec Zl(af) ec Zl(flf)

where Zl(a][) = E([w], (U n ‘ZIJ(-O) ]=1) denotes the set of ¢-hyperedges with one vertex from

[71;]" and the other £ — 1 from [T N ‘/L\IJ(.O)]Z*l, and

£ = (]!, (@) [w 0 ) (4.5.22)

denotes the set of /-hyperedges with one vertex in [7l;]! while the remaining £ — 1 vertices in

71101 wn ‘Zl(.o) é_l(not all £ vertices are from /) with their cardinalities
J J

gy ((WOUN gy [T (a0 @)
Lj (-1 Y (-1 (-1 '

We multiply (¢ — 1) in (4.5.21) as weight since the rest £ — 1 vertices are all located in ‘ZIJ(-O), which
can be regarded as the neighbors of vertex u in . According to the facts that |‘Zl§0)

j nujl >

VN/(2K) in (4.5.20) and |‘/l\lj(.0)] = N/(2K) for each j € [K], we have
@) > (3% @)y < (T
ay K ap K ;

To simplify the calculation, we take the lower and upper bound of |Z1(af)| and |le(aj)| (J#1)

respectively. By taking expectation with respect to Tga[) and Té’”), for any u € U, the following
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holds:

() [/ W ap—by X by
ESY () = Y (0~ 1). (ZK) - +<2K)—_ |
0= L0 ey ) 2

(I-v)N N
(0 S\ ar—by K by
ES); ()= Y (€~ 1)- ( oK ) - +(2K)—_
Y ler | t-1 2(127711) t—1 2@111)

, J#FL

~(0 ~(0
According to the assumptions in Theorem 4.1.7, ESEI) (u) — ESS j) (u) = Q(1). Define

pe= 5 Y (1) {[( b3 >+<(15’V<)N> by (%) b } (4.5.24)
c=5 —1)- —n- T2 TN ([ .
22 (=1 N =1 () N 2()

In Algorithm 4.4.3, vertex u is assigned to @, if it has the maximal number of neighbors in ‘fli(o).

If u € U, is mislabeled, then one of the following events must happen:

~(0 ~ ~
. SE 1) () < uc, meaning that u fails to have enough neighbors in fu§°) to be assigned to Uj.

~(0
. s§ j)(u) > uc for some j # 1, meaning that u survived Algorithm 4.4.3 without being

corrected.

Lemma 4.5.16 shows that the probabilities of those two events can be bounded in terms of the

SNR.

Lemma 4.5.16. For sufficiently large N and any u € Uy = ZN VY, we have

. ~(0 ~ ~(0 .
P =P (S <uc) <p, B =P (S 2uc) <p, 41, @529

where p = exp(—C.(K,v)-SNR/(K)) with C.(K,V) and SNR(K) defined in (4.1.3) and
(4.1.2) respectively.

As a result, the probability that either of those events happened is bounded by p. For

vertex v € V, let I', and A, denote the i.i.d indicator random variables with means 650) and
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65_0) (j # 1) respectively. In the true community ;, the number of mislabeled vertices is upper

bouned by

~(0) S
Ri=YTL+) Y A.

U el
Together with Lemma 4.5.16, we have

K (11—
ER < NA<0>+Z (1 V)N§<,o> N Np.

< =P
k71T A

Let t; :== Np/2, where v denotes the correctness after Algorithm 4.4.2, then by Chernoff bound

(Lemma D.3.3),

(0) 5(0)

P(R > Np) =P (R R\

_Np/22t1) gIP’(Rl 9

~ER) 21) <emh = 0(e).

(4.5.26)

Then with probability 1 — O(e~P), the fraction of mislabeled vertices in ¢/; is smaller than Kp,
i.e., the correctness of U is at least yc := max{v,1 — Kp}. Therefore, Algorithm 4.4.3 outputs

a ‘yc-correct partition ..., U with probability 1 — O(e~NP).
4.5.3 Merging: Proof of Lemma 4.4.3

By running Algorithm 4.4.3 on the red hypergraph, we obtain a yc-correct partition ‘?11,

FL\IK where yc := max{v,1 —Kp} > v, ie,

~ ~ VN )
|‘ujﬂﬂj]2v~|uj|:§7 Vi€ [K]. (4.5.27)

In the rest of this subsection, we shall condition on the event (4.5.27) and denote ‘7/VJ =9N ‘Vj
The failure probability of Algorithm 4.4.4 is estimated by the presence of hyperedges between

vertex sets " and Z.
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Consider a hyperedge e = {ij, - ,is} in the underlying /-uniform hypergraph. If vertices
i1, ,i¢ are all from the same cluster 7/}, then the probability that e is an existing blue edge

conditioning on the event that e is not a red edge is

2(V)
Yy ;=P |eis ablue edge |e is not a red edge | = (4;9 = (1+o(1))- - , (4.5.28)
= ﬁ 2(57))

and the presence of e can be represented by an indicator random variable z;g"” ~ Bernoulli (yy).
Similarly, if not all the vertices iy,-- - , i, are from the same cluster 7/;, the probability that e is an

existing blue edge conditioning on the event that e is not red

by

20D

O =P |eis ablue edge |eisnotared edge | = ——"— = (14o0(1)) -

(4.5.29)

and the presence of e can be represented by an indicator variable ggbf) ~ Bernoulli (¢y).
For any vertex w € W; = 9N V; with fixed j € [K], we want to compute the number
of hyperedges containing w with all remaining vertices located in vertex set U ; for some fixed

k € [K]. Following a similar argument given in Section 4.5.2, this number can be written as

Suw) =Y (-1)-¢ ¥ ¢+ Y g wew (4.5.30)

~ (b
teL ec Ej(._[;f) eefj(.’,f)

where %j(‘}f) =E (W)L [u;n ‘/Z\lj]z_l) denotes the set of ¢-hyperedges with 1 vertex from [7/;]!
and the other ¢ — 1 vertices from [U; N ‘le]g’l, while %j(bk”) = E([W)]!, [@]H \[U;N ‘le]g’l)
denotes the set of /-hyperedges with 1 vertex in [‘Y/I/J]l while the remaining ¢ — 1 vertices are in

[aj]g_l \[U;N ‘le]f_l, with their cardinalities
(), _ (10| ~(by) Ul ;N U
%54 ( (-1 )’ Ik (-1 -1
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Similarly, we multiply (£ — 1) in (4.5.30) as weight since the rest £/ — 1 vertices can be regarded
as the neighbors of w in ‘/l\lj. By accuracy of Algorithm 4.4.3 in (4.5.27), |‘/Z\IJ NUj| > VN/(2K),

then

. vN ~ () (1-v)N
251> (). 1Es () it

Taking expectation with respect to Ce and §e , for any w € W;, we have

ES;(w)=Y (£-1)- [(5%1)(We—¢£)+ (E%l)w} ’

lel

BS () = ¥ (¢~ 1)- [((;5_%")<w—¢f>+ (g%l)qw] AL

lel

By assumptions in Theorem 4.1.7, Egjj (w) — Egjk(w) = Q(1). We define

UM ::%%@—1).“(6%1)+(%>]( (I)g)-f—Z( s )(I)g} (4.5.32)

After Algorithm 4.4.4, if a vertex w € W/; is mislabelled, one of the following events must happen

.S jj(w) < v, which implies that u fails to have enough neighbors in U ; to be assigned to

Q)

j.
.S jk(w) > unm for some j # k, which implies that w survived Algorithm 4.4.4 without being

corrected.

By an argument similar to Lemma 4.5.16, we can prove that for any w € W;,
pj=P(Sj;(w) <mm) <p, Px=P(Su(w)=um)<p,(j#1),

where p = exp(—C.(K,V)-SNR,(K)) with C,(K,Vv) and SNR/(K) defined in (4.1.3) and

(4.1.2) respectively. The misclassified probability for w € W/; is then upper bounded by ):5?:1 P/
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Let I'; be the i.i.d indicator random variables with mean Kp. Then, the number of mislabelled

vertices in 74/ is at most

Rj= Y I (4.5.33)

Consequently, Eﬁj < N/(2K)-Kp = Np/2. Let t; :== Np/2, by Chernoff bound (Lemma D.3.3),
P(ﬁ] ZNP> :P<§]_NP/2 > tj) < P(ﬁj—Eﬁj > tj) < e Cli — 0(€7Np).

Hence with probability 1 — O(e ™P), the fraction of mislabeled vertices in W is smaller than

Kp, i.e., the correctness in W is at least Yy := max{v, 1 —Kp}.

4.5.4 Proof of Theorem 4.1.7

Now we are ready to prove Theorem 4.1.7. The correctness of Algorithm 4.4.3 and
Algorithm 4.4.4 are denoted by yc and Yy respectively, then with probability at least 1 — O (e V),
the correctness y of Algorithm 4.1.2 is y := min{Yc,Ym} = max{v, 1 — Kp}. We will have

vy=1—-Kpif v <1—Kp,equivalently,

1 K
SNR; (K) 2 s Tog (1 ) , (4.5.34)

otherwise Y = v. The inequality (4.5.34) holds since

[zgeLw D(ac—b)k~+1]°
ZZGL (ag bgK Z+1+b4)

SNR((K) = - (
[Ereclar—b )]2 ( v) K 1 K
= KgL 2(Z Z) 10g<1—v> = C.(K,v) 10g<1—v>'

where the first two inequalities hold since d := ¥y ; (¢ — 1)a, and condition (4.1.4b), while the

last inequality holds by taking Cy > max{/(L—1)/C.(K,V), C2} with C; defined in (4.5.18).
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Remark 4.5.17. The lower bound C4 1 4q) in (4.1.4a) comes from the requirement in Lemma 4.5.6
that only a few high degree vertices be deleted. The constant Cy in (4.1.4b) comes from the
requirement in Lemma 4.5.8 that the subspace angle is small. When C 4.1 4q) is not so large (or
the hypergraph is too sparse), one could still achieve good accuracy 7y if Cy is large enough (the

difference between ay and by is large enough).

Remark 4.5.18. The condition (4.5.34) indicates that the improvement of accuracy from local
refinement (Algorithm 4.4.3 and Algorithm 4.4.4) will be guaranteed when SNR £ (K) is large
enough. If SNR(K) is small, we use correctness of Algorithm 4.4.2 instead, i.e., Y=V, to

represent the correctness of Algorithm 4.1.2.

4.5.5 Proof of Corollary 4.1.9

For any fixed v € (1/K,1), SNR/(K) — oo implies p — 0 and

d:=Y ({—1)ag— oo. (4.5.36)
lel

We now check the condition (4.1.4b) in Assumption 4.1.5. Note that £ > 2 for each ¢ € L, then

[eer(6—1)(ar—b)]?
d
(Lo (6—1)(ag—be)K 212
Yoer(f—1)agK—E+1
[Yrec(t—1)(ar—bp)K 1]
ZfeL(g_ 1>a€K7Z+1
[ Y (0= 1)(ag—b)K 1]
" Yoer(€—1)((ar—bo) K=+ by)

_ kL1 g2

2 KL+1

= SNRL(K) —> o,

Consequently, there exists some Vv close to 1 and some constant Cy > 0 such that condition
(4.1.4b) is satisfied. Applying Theorem 4.1.7, we find y= 1 — o(1), which implies weak
consistency. The constraint of SNR /(K) = o(log(N)) is used in the proof of Lemma 4.4.2, see

Remark 4.1.10.
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Appendix A
Deferred proofs in Chapter 2

A.1 Proofs in Section 2.3

Proof of Lemma 2.3.2. Recall [V]":={S C V' :|S|=¢}. Consider the following log-likelihood

logP(H=%H |y=1z)

=log <H H [P(e € Ely= Z)],qe(/) ) [IP’(e ¢ Tily = Z)} 12;0)

el e[Vt
-1 ( Y. Veisinclusier) (487 10g o + (1 - 4L") log(1 — o)
leL Nec[V)!
+ Z (1 - ]l{e is in-cluster}) ) [/ché) long + (1 — /qe(é)) 10g<1 _ Bfﬂ)
ee[‘V}
B Z (log ( BZ)) ' Z IL{e is in-cluster} /qe(g) ‘|‘C€>,
leL Be(1—ar) ) A

where C; > 0 1s some constant irrelevant to the membership assignment y. Note that the logarithm
map preserves the monotocity and C, can be factored out, then MLE in (2.3.3) can be further

simplified as

~ oyl —
YMLE = arg max Z (log (M) ) Z ]1{6 is in-cluster} ./qe(é))

ze{+1}1Y1172=0 teL Be(1—av) ec[V)t

= argmax f(z|H).
ze{+1}1V1,172=0
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Therefore, the desired argument is proved since each ¢ € L, the following holds

_ >0, ifoy > By,
1og(0°é(1 Bﬂ) if o > B (A.1.1)

Be(1—ou)

<0, ifoy <Py
O

Proof of Lemma 2.3.4. First, for any a € V. NU, b € VN U, the independence between
W, [U] and J[U] follows directly. The resaon is that each hyperedge in J[U] contains at least
two vertices in U, while hyperedge in W, contains exactly one vertex a € U, thus no common
edges. The independence between W, [ U] and J[ U] follows similarly. The independence between
W, [U] and W,,[U] is also clear since they do not share any common hyperedge by construction.

At the same time, we have

{Wa[U] < =Cngn}n{[U] =1} = {Wo[U] < —Cnanv}N{la <Cnvan},  (A12)

{Wi[U] < —Cuantn{J[U] =1} = {W,[U] < —Cnvgn} N {J» < Cnan}- (A.1.3)
Thus it suffices to prove the following relationship

{W, U] < —Cngn}N{le < Cvgn} = {W, <0} (A.1.4)

To this end, we expand W, and plug in the condition on the left hand side of the above equation,

then
o (1—By) ) ()
Wo=Y log(oe—7——=)-( Y a'—- )Y A (A.1.5)
teL <B€(l B (Xg) ) <e€£é<0> (a) eefe(éfl)(a) >
<W,[U]+J, <0, (A.1.6)
which completes the proof. ]
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Proof of Lemma 2.3.5. For a € V. N U, according to Lemma A.1.1, P(W,[U] < —Cn-qn) =

e~Daeuan - According to Lemma 2.3.4, W,[U] and W, [U] are independent for distinct a,d’ €

{V+ N ﬂ, thus
[T PWW>~Cv-an)= ]I (1 CP(W,[U] < —(:N-qN)> (A.1.7)
ae%.ﬂ"(,l ae'l/+ﬂ‘ll
=(1— e.—]D’GH-qzv)YNI'Vl/2 < exp (_ YNTM .e—DGH-qN> : (A.1.8)

where we used the fact that 1 —x < e for x = o(1) in the last inequality. The upper bound for
[Tpcw naP(Wp[U] > —Cn - gn) can be obtained similarly.
For the second part of the proof, through a union bound, the problem is transferred to

seeking an upper bound on P(J,[U] > {ygn) for any v € U, since

]P(J[‘U] = 0) = ]P(HV € Us.t. :H'{JV[U]SCNCIN} = 0) < Z ]P)(JV[‘U] > C_,NC[N) .
ved

Recall M(Zz) in (2.3.11), where each edge e € %(22) contains at least 2 vertices in U. Thus
for edge e € ’WE(ZZ) with e 5 v, at least one more vertex in e \ {v} is from U. We now calculate
the expectation of J,[ U] defined in (2.3.12). Note that the cardinality of the set ‘W;Zz) is upper

bounded by (1(\;:11) — (“Xf‘i)N ), then

E(2) = Y log <H) . m_— 11) - ((lg—_Yz\{)Nﬂ A,

leL

where E/‘Zle(é) = oy if e is in-cluster, otherwise E/‘Zle(é) = By. Since ¢ € L is some fixed integer and

¢ < N, we then have

(];/_—11)[1 () < (1;’_—11) B ((16—_71Z)N) . (1;/_-11) 1= (1 — ) (1—23) 2]
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The expectation of J,[U] is then bounded both from above and below, as follows

Note that ay 2 by 2 1 under Assumption 2.1.6, and yy = o(1) by construction of U. Since
1—x4+0(*)=e*forx=o0(1),wehave 1 — (1 —yn)" ' = —1)ywand I — (1 —2yy)" ' =
(£ —1)yn. Consequently, EJ,[U] = O(yngn) for any v € U, and J,[ U] concentrates around its

expectation with high probability. According to Lemma D.3.6, the following holds

P(J,[U] > Envgn) < exp (— qn - [CN log(Sn/vwv) — (En _'YN)] )

Recall that |U| =y |V

, then by a union bound

PA[u]=0) < Y P(,[U] > Cygn) < exp (10g(YNN) —qn - [Cvlog(Cv/ ) — (Cv —YN)D-
veld

which completes the proof. 0

Proof of Lemma 2.3.6. The likelihood for observing {4)} /¢ conditioned ony, = s € {#1}

andy_, is

()
PUAOY s |y, = s.y-) o [T [T[Ple € Ely, = s.y-)]*

le L esv

_ g0
[Pleg Ty, =sy-)] "

where o< only hides factors that are irrelevant to v. Note that the label vector is sampled uniformly

at random from all vectors z € {il}W| satisfying 17z = 0. According to the Bayes Theorem
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and the analysis in (2.3.7), for s € {£1}, the log-odd ratio can be expressed as

log ( P(y, = SH’QI(Z)}ZGL’Y_V))) = log ( E:({ﬂ(z)}éeL |y, = I,Y—V)))

P(y, = —s[{2} ey P{A Y e [y, = ~1y-
(1=B) 0) (1)
=) log E ()| —E v
-r (Brii—a) (=012 0]
=W,,
which completes the proof. [

Proof of Lemma 2.3.7. We first define the sign between two vectors y and y as

,Y) :=arg min ||y —sy|;. A.1.9
s(y,y) gse{il}Hy syl ( )

Consequently, s(y,y) = sign({y,y)) if (y,¥) # 0. At the same time, when [{y,y)| > 1, s(y,y) =
s(yy,¥») for all v € [N]. Thus for any y € ¥, the following holds

- 1 o~ 1Y
Env(y,y) =E| 3 Dun(s(y,¥) -y,y)} =E [N Y ﬂ{yﬂ%]. (A.1.10)
v=1

]

Lemma A.1.1 (Generalized version of [146, Lemma 2]). According to the Assumptions in

Lemma 2.3.5, the following holds for Cy = o(1) and qn > 1
P(Wa[U < —Cn-gn) = e Poman P(Wp[U) < —Cn-qn) = e Pomay (A.L.11)

where the rate function is

Den = Zzg -(vag—/be)*. (A.1.12)

lel

Proof of Lemma A.1.1. For vertex a € V. N U, we write W,[U] = Y, —Z,, where Y, and Z,

138



are defined as

o (1 —By) ()
Yo=Y log(=———=) Y A1/ 0 1> (A.1.13)
(eL ( f(l_o‘f)> % (a) {e\{;}gmxw}
o (1 —Pe) )
Zo=Y log (oot A1 e - (A.1.14)
fgi (Ml_“‘)> eez;;w(a) {e\{;}gmﬁm}

According to Assumption 2.1.6, hyperedges e in Y, and Z, are sampled independently with prob-

abilities p(lg) =oy=arqv/(}7]) and pg@ =br-qn/(}~]). We consider apply Lemma A.1.2.

Foreach ¢ € L, we take ny = 2, agg) =ay, chg) = by with ay > by, and

g (B g (). g (BB ().

At the same time, |V, | = |V_| =N/2, |[UN V| =|UNV_| =yvN/2 and Yy = o(1), we have

1—yN)N/2 1 (N-1
N](e):Nz(z): (( EYZ—V)I / ):(1_1_0(1)).%@_1)_ (A.1.16)

Thus gy =1 and p§£) = pgf) =21 foreach € L. Consequently,

1y

Y Y Palpl = ¥ 27N (a, — by) log(ag /be) > 0.
leLi=1 leL

Then all the conditions of Lemma A.1.2 are satisfied. By taking 8 =0, {y = o(1) and gy = 1,

Lemma A.1.2 indicates that
P(Ya—Za < —Cv-qn) =exp(—[1+0(1)]-Den-gn-qn) = e PN, (A.1.17)
where the rate function is

——lag+be— (ag) (be)' ™" — (ag)' ™ (be)']. (A.1.18)
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Note that by union bound

Do < Y g maxlac+ b — (@) ()~ = @) 0] = ¥ 575 (Var— /o)

leL leL

On the other way around, the lower bound can be achieved by simply taking r = 1/2.

For vertex b € V_ N U, we write Wy[U] = Y, — Zp, where Y, and Z;, are defined as

oy(1—
Yoim L los BZ(<1 —Ef;) L AN w1y
teL ¢ ¢ e () {e\{b}c[%\w}
oy(1—
Zy:= ) log BE((l _gz;> ' 21 entU={b} -
teL CETR eV {e\{b}cm\m}
The proof is completed by following the same steps as above. [

Lemma A.1.2 (Generalized version of [146, Theorem 10]). Let gy be some non-decreasing
function with respect to N satisfying 1 < gy < Nlog 2(N). Let L = {¢|¢ >2,¢ € N} be a set of
integers with finite cardinality. For each { € L, let ny > 2 denote some positive integer. For each
te Landi€ [ny), let Yl@ denote the random variable sampled from the binomial distribution

Bin(Nl-(E) ) p(é) ), where

i

N-—1
MO =)ol an(y 7)) ana A
{—1

(0)

i

ny
where p: ' and Ocl@ are some positive constants independent of N. Let Xy = Y, Y, cl@Yl@ be a
leLli=1

summation of random variables such that

(0

1. at least one of the c; s is negative;

2. Y % cl@ocl@ p(é) > 0.

i
leLi=1
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v (0,0 (0 :
Letd € (—oo, ¥ Y ¢; ', 'p; ) and define the rate function D by
teLi=1

= sup(— 13+ Y Zoc ol (1-e)). (A.1.20)

>0 leLi=

Let xy = (864 0(1)) - gn - gn, then we have
Jim [gy - gn] ogP(Xy < xy) = —D. (A.1.21)
—>00

Consequently, for any § € (—oo, Z Z c; Oc( )pl( )) and € > 0, there exists Ny > 0 such that for

leLi=1

all N > Ny, the following holds
P(Xy < Sgngy) < e &V aviD el (A.1.22)

Proof of Lemma A.1.2. We first prove the upper bound of (A.1.21) by calculating moment
(0)s

generating function. By Markov inequality and independence between Y; s, for any r > 0, we

have

E —tXN ny © Ni(K)
< = IR Y H (1—1), )

leLi=1 eLi=
< exp (th - Z iNi(K)pl@)(l - e“”z@’)> , (since 1 —x<e™)
leLi=1
:exp(—(l—f—o(l))-gN-qN'(—t5+ZZOL pl o >r))>,
leLli

where we applied xy = (8+0(1)) - gn - gn in the last equality. By taking the supremum of of
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both sides with respect to #, the desired upper bound of (A.1.21) follows as

logP(Xy < S ©
limsup EECN =) (-+ Y Yopl(1-e=1)) =D.
N—oo 8N "4N >0 teLi=1

One more thing to verify is the existence and uniqueness of the extreme point. Define the

ny
function f(z) == —t6+ ¥ Y} (xl@pl@ (1— e_czw’). For any ¢ > 0, we have

leLi=1
s ) ny :
P =5+ ¥ 3 a0, - ¥ 3ol pp0e " <o
lerLi=1 leLi=1

Hence, f(r) is strictly concave, while f/(¢) is continuous and strictly decreasing. By assumption,

ny
£ =Y Y ol —5>0,

leLi=1

and lim,_,. f'(¢) = —oo since at least one of the cl@)’s is negative. Consequently, there exists
a unique * > 0 such that f'(r*) = 0. Note that f(0) = 0, thus D := f(*) > 0, as defined in
(A.1.20).

We now turn to the lower bound. For each ¢ € L, let {yl@}iem] be a collection of

realizations sampled from the random variables {Yl@} ic[n]> satisfying

< (0).(0)
Y Y o'y <xnv=8-(1+o0(1)) gn-aqn- (A.1.23)
leLi=1

Such a collection of {y,@)}ie[nd do exists. Recall that f/(+*) = 0 for some t* > 0, which is

equivalent to

e (©) «
Y Y ol pler =,
leLi=1

Foreach/ € Landi€ [n/], let y(g) =(1—-o(1)) -’c(é)quN where we denote ’cl@) = Ocl@pl@e’cgot*.

i i
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Obviously, the so constructed collection of samples satisfies (A.1.23), and we have

()
a " /N G ©__(®
P(Xy <xx) = []] IP<Y§Z):y§“>=IHI< w))(p?))yf (1= p{ =0 (A124)
teLi=1 tefi=1 \Y;

Note that yl@ <4/ Ni(e) since gy < Nlog 2(N), then by Lemma D.1.3,

(€)
N; o (0 _ 0
" [(y(f))<pl@))y' (1 —pl@)Ni ' }

()
>y log [ Zi | - l10g(y,@) L log(avam)
o) T2 170

i

1

31 tog(p}”) + (N =3 log (1 = ")

i

() (€)
N p: 1
=" log (—(le ) (£)> 8 log(1 = ) = loglyy!) = 5 ~ logl/2m).
—P; )Y Vi
Moreover, we know that
(0) (6) () ,(0)
N. ) o )
31 log (%) = (1—o(1))gn-qn 7" log (%) :
—Di )i T
N tog(1 = p) = —(1+0(1))gn-an-af"p”,  (log(1 —x) = —xforx = o(1)).
1 1
3 log(y") - 0 log(4v2m) = o(gn - qn) -

12y;
Consequently, by taking logarithm on both side of (A.1.24), we have
teLi=1 ©)

T

1

n 0 (o)
Z ZZ eo; "P;
logIP(XN < XN) > _(1 0(1))gN'CIN< [al@)P,@ —‘c,@) log ( l | )}) .
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Plugging the facts T( ) = l( )pl( )= and y Z ) (g) et = d, we have

(6) ,(0)
A INC L0 B S RO
T

leLi=1 ey
ny ). ne N
-1 Zo&)p@c@e-cf“t TS W WLIRIEY
teLi=1 (eLi=1
ny
St Z Zal@)pl@)(l _ e—c,@’*) — f*) =D.
leLi=1

Therefore, by taking infimum of both sides, we have

logP(Xy < xn)

liminf >-D,
N—yeo 8N 4N
which complete the proof for the desired lower bound. 0

A.2 Proofs in Section 2.4
A.2.1 Preliminary results

The analysis of Theorem 2.2.4 replies heavily on Lemmas 2.4.2, A.2.1 and Theorem 3.4.2,
which are the key ingredients to generalize the result from uniform hypergraphs to non-uniform

hypergraphs.

Lemma A.2.1 (Row concentration). Following the conventions in model 2.1.3, let py) denote

the probability of the {-hyperedge e being sampled. Denote

0 _ G (N - 2)
p" = max p.’, py:=N P . (A2.1)

Denote (1V x) =max{1,x}. For some constant ¢ > 0, define the function

o(x) = (5+c)-[1Vlog(1/x)] L. (A.2.2)
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For any non-zero w € R, define the map {(w,c) : RY x R+ R as

o vl
Gowc) =0 i) - Iwllp (A23)

Then for any v € V and w € RY independent of (A — A*),., when py > log(N), the following
event holds with probability at least 1 —2N 3¢

(A =A%), w| < (w,c). (A.2.4)

Proof of Lemma A.2.1. Without loss of generality, we assume ||w|| = 1 since rescaling w does
not change the event (A.2.4). Let [7/]* denote the family of /-subsets of V, i.e., [V]' = {T|T C

V,|T| = £}. By definition (2.1.4) of the adjacency matrix A, we have

|V |V
Svi=(A—A")w= Y (A —EA)w; = Y wiliey Y Y (A7 -Ea")
j=1 Jj=1 tel eclv)
eD{v,j}

Due to the independence between hyperedges and Markov inequality, for any > 0, we have

V|
P(S,>8) =P >e®) <e® [] [T [] Eewplw;(a” -E2").  (a25)
JELAVIEL oc[)
eD{v,j}

For simplicity, let pg) denote the probability of the /-hyperedge e being generated, then

Eexp[tw; (ﬁle“) — ]Eﬂle(g))]

(é)etwj(lfp((_,l)) + (1 - p(é))eftwjp

(0)
= Pe e ¢

()
— o IWiDe [1 —Pg) +p£€)etwj]

1| W]l
< exp ( — twjpg) —|—p((f) (e™i — 1)) =exp ( — pg)(l 1w — e’Wi)) < exp (ethwipy»

where we use the facts 1 +x <e* <1-+x+ %rxz for |x| < r in the last two inequalities. Taking
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the logarithm of P(S > &) and plugging in |w||. = 1, we have

v SIWle
logP(S, >8) < —186+ 21 Loz in QZL ) 3 tzwfpg) (A.2.6)
= €L ccV)
ed>{v,j}
e 5 ‘ - 2
(L ot =iy
e>{v,j}
e N-2 e
<o S £ 0 () < SelwBon, A29
leL

where the last two lines hold since the cardinality of /-hyperedges with e D {v, j} is at most

(]2[:22) and Z w2 < ||W||2 with the definition of py (2.4.4). We take t = 1 \/10g(\/_/HW||2)
j=Lj#v
and note that log(v/N/||w/||2) > 0 since ||w||2 < v/N||W||l. = /N, then t < 1+1log(v/N/||w]|2).

Also, (1 vlogx)2 < x for x > 1, then

22wl < Y ewla = i [1viog (M) <4 a20)
To conclude the result, for some constant ¢ > 0, we take
8:(p<“\v/v%2> .N.L]EZLP(@) @’_—22) :(p(”\‘/V'N'Z)pN, (A.2.10)
Therefore,
logP(S, > ) < ( —(5+¢c)+ g) Py < —(3+c)py S —(3+c)gn. (A2.11)
By replacing w with —w, the similar bound for lower tail could be obtained. 0

A.2.2 Leave-one-out analysis

Leave-one-out analysis is a powerful tool in the area of random matrix theory when

analyzing the resolvent of matrices by applying Schur complement formula [26]. We adapt
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this idea to our problem. For each ¢ € L, define N auxiliary tensors 40 426N where
) ¢ (RIV1Y2! is obtained by zeroing out the hyperedges containing v. Let A(“~) denote

the adjacency matrix obtained from 2= and define

AT =Y AL, (A.2.12)
lel

The rest of this section is devoted to presenting results concerning A, A* and AV in preparation

for the proof of Proposition 2.4.1 in the next subsection.

A*||2se0 < pn/V/N. With probability at least 1 — O(N~10),

Lemma A.2.2. Deterministically,
1A[l2-se S v/PV +Pn/VN. (A2.13)

For each v € V, the following holds with probability at least 1 — O(N~'9)
|A= AT < Al AT — A% S 20PN +pu/ V. (A2.14)

Proof of Lemma A.2.2. Let p!¥) = max, p((f), then A%, =E[A;;] < ¥ pl¥) (1;{_—22) for each i # j.
lel ’
According to definition of py in (2.4.4), we have py <N Y. p0 @’:22) The proof of the first
el

sentence is finished by definition, since

N-2 PN
A*|r e = max ||A*X||e. = max ||A%]> < VN (@( ) = . A.2.15
A%l e = ma 1A = ma Azl < VN T O (G 7)) < P a2i9)

For the second argument, note that ||A || < ||A||, then by Theorem 3.4.2, the following hold

with probability at least 1 — O(N~10)
1Al2-500 < 1A = A" |20 + A [l2500 < [|A = A™[| + [ A*[l2500 S VPN +pr/VN.  (A2.16)

For the last part, recall the definition of AV in (A.2.12), then (A— A(*V))v; = A,. while for
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A-A)y =15y Y a4l (A.2.17)
lel ecEy
esv, eD{i,j}

Also, the hyperedge e D {i,v} is counted ¢ — 1 times in ith row, then

1A =A< [(A=AT) i = Y (0= 1)A,. (A.2.18)
lel

Since L is finite, then

1V
A=A <||A- AT = Y (A —AC)3 = [Al3+ Y (A - A3
i=1 i7#v
2 2
<IavlB+ Y (L (- DAw) =lAcli+ (L (-1) L AL
i#v el leL i#v

2
< (( Z (g_ 1)) + 1) ’ HAV:H% 5 HAHZHW
lel
Consequently, with probability at least 1 — O(N~19),
IAC) — A% < AT — Al + |A = A*|| S [[All2500 + [|A = A*|| S pa/ VN +21/Pw.-

]

Let {ki}W| {XE_V)}Z{ and {kf}lﬂ denote the eigenvalues of A, A(~*) and A* respec-

i=1>

tively, where the eigenvalues are sorted in the decreasing order.

Corollary A.2.3. For each i € V, the following holds with probability at least 1 — O(N~19),

MM S Ve e/ VN, A M S 2+ pn/VYN, =] S Vow
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In particular in our model 2.1.3, with probability at least 1 — O(N~19),
A= A = AT < p, i=1,2.
Proof of Corollary A.2.3. By Weyl’s inequality D.2.1 and Lemma A.2.2, for any i € ¥/,

M= < A=A S Vv +pen/ VN, =A< [A—AY| S VP,
=AY <A =AY | S 2P +pa/VN.

For the second part, py > log(N), then the result follows since \/py < py and py/vVN <

PN- L]

Lemma A.2.4. Under model (2.1.3), the following holds with probability at least 1 — O(N~19),

max ||s" ) = su); < J|ul|o, (A.2.19)
veV
max ||sC ™) —ut|; < L + L, (A.2.19b)
% VPN VN
1
(=) ¥l < —
max ||s""u U o S [|U]jee + . A.2.19¢
max o 5 e+ (4219

Proof of Lemma A.2.4. First, let 8 = min; s, \xf‘v) — A| denote the absolute eigen gap, then by
generalized Davis-Kahan Lemma D.2.4 where we take D = Iy, A = ngv), U= s(’v)u(*v),

P:IN—UUT,/X:K,ﬁ:su, we have

V2[|(ATY —My)uls _ V2[[(ATY —A)ul)>

s — sul < V2[Pull; < 5 °

(A.2.20)

By Weyl’s inequality Lemma D.2.1 and Corollary A.2.3, the following holds with probability at
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least 1 — O(N~19),

5= min/A{" ~ | =min {0~ 4], [\ -4}

> min {|A3 —Al, [ — A}~ [[A-ACY)

> min { A5 — A%, [A] =A%} —2)[A— A — |[A— A > pw, (A2.21)

where the last line holds by Theorem 3.4.2 and Lemma A.2.2. Let w = (A — A(~"))u. Note that

(A=Al = ¥ (£—1)A, fori # v, then
lteL

[yl =[(Aw)y[ = [A]- fuy| < [A]- [lul],

wil =[[(A = AT < (A=Al [ufle = Y (6= DAy - [[u]|eo, i #v.

lel

Again by Lemmas A.2.2, A.2.3, with probability at least 1 — O(N~1°),

s~ Al < (R X (L6 0An)) -l

i#Zv el

SVP A+ [All2ow) - 2 S o - a2
Therefore, by plugging in the lower bound of 8 (A.2.21) into (A.2.20), we have
s a ™) —sull2 < [lu|e.

For the second part, s(™) (u(="))Tu* > 0 by (A.2.30). Let 8 = min{|A5 — A5],|AT — 5|} < pw,
then by Davis-Kahan Lemma D.2.3 and Lemma A.2.2, for any v € ¥/, the following holds with

probability at least 1 — O(N~1?),

A A% 2PN L
8* ~Y pN ~Y /—pN \/N?

||s(—V)u(—V) —ut|, <
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Note that ||x||. < ||x||> for any x € R, then

s — o < 50 — st + Julle + U7

<[5 —sulla + fJuflo + [0 o S ulleo + 0|,

and the desired result follows since ||u*||. = 1/v/N by definition of our model.

Lemma A.2.5. The following holds with probability at least 1 — O(N~3),

ma A, (s )] £ P ().

ve ~ log(pn) VN

Proof of Lemima A.2.5. By definition of A=) in (A.2.12), the vector u(~*) and the row A,. are

independent. Also, u* is independent of A as well since it is a constant vector. For ease of

presentation, we denote w(=") := s(~")u(=) —u*. Then w(~") is independent of A,.. By triangle

inequality,

AW < JATW |+ (A - AW

J/ [\ J/

-~ -~

@ @

The first term (1) can be bounded by Lemmas A.2.2,A.2.4 as follows

D < |A |2y W2 < \rllunw

The second term (2) can be bounded by row concentration Lemma A.2.1,

* —V w - -V
(A= AW < Lw0) = o ﬂu ”2H ) 1w lupy.

(A.2.22)

(A.2.23)

(A.2.24)

By the union bound, the event (A.2.4) holds simultaneously for all v € ¥ with probability at
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least 1 — O(N~2). Define

Ciza3)
= —. (A.2.25)
VPN
We present the discussions based on the magnitude of \AV‘T HZH Recall function @(x) in
(A.2.2).
% < vn. Note that ¢(x) : Ry — R is non-decreasing, then
(A =AW < o(ww) - W s - piv. (A.2.26)
W Hz

f||w I > vy. Note that ¢(x) /x : R4 — R is non-increasing, then @(x) < x@(Yn)/Yv
for any x > yy, thus

(—v)
A%
(A, — AL)w )| < (p(gVN ). \/NHZ PN (A.2.27)

Combining the bounds above and Lemma A.2.4, for each v € ¥/, the second term can be bounded

as

* -V — W(_V)
@:’(AV: _Av:)W( )‘ < (P(’YN)meaX{HW( )HOO> u}

YN\/N
* 1 p *
Sotm)py max {ulle ', ) S - (e 0,

where the last inequality holds since v/N||u||c > |[u2 = 1 and @(yy)

= [1 Vlog(py)]~!. Conse-
quently, combining the terms (1) and (2), we have

A (s —u) < (P PV (e [[u?])o).
max A, (s ult ) o) S (54 )l )

and the desired result follows since ||u*||. = 1/+/N.
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Lemma A.2.6. With probability at least 1 — O(N~2),

PN

A2.28
SN ( )

[EU[S

Proof of Lemma A.2.6. We first prove ||(A — A*)u* || < py/V/N as an intermediate result. By

row concentration Lemma A.2.1, for each v € V/, with probability at least 1 — O(N _3),

(=A%) < o i) Iy < 2%

where the last equality holds since |[u*||, = =1/y/N and ¢(1) =5+c = O(1) for
some constant ¢ > 0. Then it follows by the union bound. Note that |A*||>_. < pn/V/N by

Lemma A.2.2, then by triangle inequality, with probability at least 1 — O(N~?2),

[Au[leo < [[(A — AU + A" 0" |0 S \/— + 1A 2o [0 ]|2 S \/—-
O
A.2.3 Proof of Proposition 2.4.1
Proof of Proposition 2.4.1. Recall that {(A;,u;) 1 {(,uw)H"] and {0 ul ™)1 are

eigenpairs of A, A* and A respectively, with the eigenvalues sorted in the decreasing order.
We are in particular interested in the second eigenpairs. For notation convenience, we denote
A=, A =A%, A=) = ké_v) and u = up, u* = uj, ul™v) = ug_v). We first prove that the

eigenvector u is delocalized, i.e.,

Jull. < 1/VN. (A.2.29)
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Note that (u*,u*) = 1 > 0. Define the following sign functions for u and ul™),
s = sign((u,u*)), s =sign((u™)u*)), (A.2.30)

Then su'u* > 0 and 5=V (u="))Tu* > 0. Meanwhile (A*)~! =< (A)~! by Corollary A.2.3, then

o= 5. L5

5!7»*!l(rvr;a;IAv.-(su—uﬂHHAu*Hoo)

H Sll ll

(o]

<[+ (rvréaﬁ A, (su— s a=)) +max A (s ) —wr)| + HAu*Hoo>

<2 (Aol =0 o A (50— )+ v )

<o (Vv + 2ot P (et )+ 2L,

where the last inequality holds by Lemmas A.2.3, A.2.4, A.2.5, A.2.6. By rearranging the terms

on both sides,

1 1 1 1 1
<1_\/p_N_m_log(pN)>'”"“°°§<1+M>ﬁ' (A2.31)

Then (A.2.29) follows since py 2 log(N). Following the same strategy, we have

Au*
7\‘*

Au Au* n Au*  Au*
A A A Ax

< AGu—ufl. A A7
= A AL [A7]

Jsw—] = s AW

o)

where the first term can be bounded as before. For the second term, by Corollary A.2.3, one has

N
= S =(p . (A.2.32)
A~ gy PN
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Then it follows that with probability at least 1 — O(N~?),

*

_ . 1 ~3/2 PN
Jsu -5 [(pr ) ot o (et =) |+ (ow) 22X
1 2 1 1 1
\/PN TUN Tloglon) T P/ VN VN -log(py)
where the last inequality holds since the term [log(py)]~! dominates. U

A.3 Analysis of spectral method via normalized graph
Laplacian

This section is devoted to the performance analysis of Algorithm 2.2.1 when the input
is normalized graph Laplacian L = D~1/2AD~1/2. We will show that the spectral method can
achieve the same performance as the adjacency matrix A in Appendix A.2. For the sake of

simplicity, we only outline the differences in the proofs.
A.3.1 Generalized eigenvalue problem
2 , : :
We define D, = Y, A,; for each v € 7/, and the diagonal matrix D = diag{D;,...,Dy}.
j=1
By definition, D, > 0 for each v € V. We say (A,u) with ||u|| = 1 is an eigenpair of (A, D) if

Au = ADu. (A.3.1)

With a slightly abuse of notation, let D! denote the Moore-Penrose inverse of D, that is,
(D™ Y),, = (D)~ if D, # 0, otherwise (D !),,, = 0, which happens only if A,; = 0 for each
jev.

The normalized Laplacian is defined as L = D !/2AD 1/ 2 where similarly, (D’l/ Z)W =

(D,)~V/2if D, # 0, otherwise (D~!/2),, = 0. Meanwhile,

Au=2ADu < D '2AD"'/?2D'?u =AD'?u < LD'?u=AD""u, (A.3.2)
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where D!/?u and u share the same sign entrywisely, then it suffices to study the generalized
eigenvalue problem (A.3.1) if one is interested in the spectral properties of graph Laplacian L.
Analogously, following the ideas in Appendix A.2, the expected and the leave-one-out

versions are

|7
Di, = Y A7, D" =diag(Di,....D,,), L7 = (D) 2Ar D)2,
J=1

V)
Dgt;\/) — ZAIS;V)’ D(—V) — dlag(DgIV), L ,D}SZV)), L(—V) — (D(—V))—I/ZA(—V) (D(—V))—l/z‘
J=1

In this section, let {(ki,u,-)}W‘ {(Kl*,ul*)}zll and {(xg‘v),uﬁ‘”)}lﬂ denote the eigen-

i=1

pairs of the following generalized eigenvalue problems, respectively
Au=2ADu, A*u*=AD*u, A(u=AD(u, (A.3.3)
where the eigenvalues are sorted in the decreasing order. We then introduce the following

analogous results.

Lemma A.3.1. Suppose that Day = 1+ 3 for some constant & > 0, then D, > €py for each
v € V with probability at least 1 — N ~Dam+3/2 for some constant € > 0 depending on d, o and 3

in (2.4.1). Furthermore, Dyin = min D, 2 py.

Proof of Lemma A.3.1. The proof follows similarly as the proof for Lemma 2.4.2. For some

e>0,P(D, <epy) < P(\/]T/yv(Aug)v <dpn) < N Pam+3/2 \when § = Doy — 1 > 0. O

Corollary A.3.2. Following the conventions in Theorem 3.4.2, suppose that Dayt = 1+ 0 for

some constant & > 0, then with probability at least 1 — N “Dam+d/2
ID™'A — (D*)'A*|| < Ca32)/v/PN- (A.3.4)
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Proof of Corollary A.3.2. By triangle inequality

||D—1A_ (D*)—IA*H S ||D—1A_D—1A*+D—1A*_ (D*)—IA*H

<D [|A = A*| + (D! — (D*) A"
where |[D~!|| = (Dpin) ! < pg,l by Lemma A.3.1 and ||A —A*|| < \/pn by Theorem 3.4.2. For

the second term, recall the definitions of o, 3 in (2.4.1) and py in (2.4.4), then with probability

at least 1 — N~ Dou+8/2

(D~ = (D) "HA"|? < (D7 — (D) THA"|E

V| L 2I’VI N2 |V .
< D o (Dj; —Dj))
L

o2 V| |V 2
No 2
k=AW < 5——IIA— A
Drznm ( ; ; Dmln (D*)
Nzoc2 , 1
<SS ——5IA-ATh S —,
Dmm (Dii) pN

where the last inequality holds by Theorem 3.4.2 since Dyin 2 py by Lemma A.3.1, D} = pn

and Na < py. The desired result follows by combining the two estimates above. U

Lemma A.3.3. Deterministically,

(D) 'A*||2 500 < 1/V/N. Suppose that Day = 1+ 8 for

some O > 0, then with probability at least 1 — N‘DAM+8/2,
D' All2se S 1/v/PN+1/VN. (A3.5)
For each v € V, the following holds with probability at least 1 — N ~Dam+d/2

ID~'A = (D) AT < DA,

ID)~TATY — (D) 'A< 2/\/px + 1/VN.
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Proof of Lemma A.3.3. By Lemma A.2.2, ||A*||2 < pn/V/N, the first result then follows
since D* = diag(py, . ..,pn). The remaining results follows the same arguments as in the proof
of Lemma A.2.2, and the lower bound of the minimum degree in D, as well as the lower bound

of non-zero entries in D(~) (for the sake of Moore-Penrose inverse). L]

Corollary A.3.4. For each i € V, the following holds with probability at least 1 — N~ Pam+8/2,

1 (—v) 1 1 (—v) 2 1
Ai—N| S —, |[M—A S—4—, M=)\ S —4+—. (A.3.6)
| 1 l| \/p_N | 1 i | \/p_N \/N | 1 1 | \/p_N \/N
In particular in our model 2.1.3, with probability at least 1 — N~Pau+8/2,
= A = AT <1, i=1,2 (A3.7)
- 1 )
] = ] = AT < o i=3N. (A3.8)

Proof of Corollary A.3.4. By Weyl’s inequality D.2.1 and Corollary A.3.2, for any i € V,

A =27 < ID7'A— (D) TIAT| S 1/ V. (A.3.9)
The remaining result follows as well by Lemma A.3.3 and Lemma D.2.1. [

A.3.2 Proof of algorithm functionality

Following the approach in Section 2.4, we use %Z(JED)_lAuz as the pivot vector. Propo-
sition A.3.5 provides an analogous result to Proposition 2.4.1. Using the analytical framework
established for proving Theorem 2.2.4, we show that Algorithm 2.2.1 achieves identical perfor-
mance regardless of whether the input is the normalized graph Laplacian L or the adjacency

matrix A.

Proposition A.3.5. Suppose Danv = 1+ 8 for some constant & > 0, then with probability at least
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1 — N~ Dam+3/2

VN- min ||su; — i(IED) LAuy || < C/log(py). (A.3.10)
se{+1} Ao

Proof of Proposition A.3.5. We first show that the eigenvector u; is delocalized, i.e., [|[U2]|e <

N—1/2_ For convenience in notation, we denote A = Ay, A* = A, A=) = Xgﬁv) and u = uy,
ut =uj, ul™v) = ug_v). By Corollary A.3.4, we then have

[ufleo = [|sD ™" Au/A|os
<7 (ID ™' Adsu—u*) o+ D" Aw|.)
<t <max|D_lAV¢(su—u*)| + ||D_1Au*||oo>
veV
<V (DA |2 ||su—s(_v)u(_")||2+max|D_1AV:(s<_V)u(_v) —u¥)|+ |]D_1Au*||w>

S[(mt et oo (it 7)+%V}

where in the second to last line, the first term could be bounded by Lemma A.3.6 and Lemma
A.3.3, while the last two terms can still be bounded by arguments combining lower bound of

entries in D and Lemmas A.2.5, A.2.6, respectively. By rearranging terms, one could prove
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]| < 1//N. Similarly, with the help from Lemmas A.2.4, A.2.5, A.2.6

H (ED) "' Au*
su——F
A o0
B HSD_lAu DA N D 'Au* (ED) 'Au*
B A A A A o

<SPV ID A (su — u) [l + A [D ! — (ED) - || Au?|

S (DAl su = 5T+ max DA (s — )
vel

|Dmin_EDv|

1 1 VPN PN
[t T gty (Wl 75)+ T3]+ oo Vi
1
S UNlog(on)’

where in the second to last line, the difference |A — A*| is controlled by Corollary A.3.4, and a
simple application of Chernoff proves that |D, —ED,| < ,/py with high probability for each
ve V. O

The thing remaining is to show that the Algorithm 2.2.1 achieves exact recovery when

Dam > 1, which follows exactly as the proof of Theorem 2.2.4.

Lemma A.3.6. Under the setting in Proposition A.3.5,
su— s u | < fulfo. (A3.11)

Proof of Lemma A.3.6. Let § = min; \kg_v) — A| denote the absolute eigen gap, then by gen-
eralized Davis-Kahan Lemma D.2.4 where we take A", DY), A = ké_v), U=sul),

P:IN—UUT,/X:K,ﬁ:su, we have

Hs(’v)u(’v) —sul, < \/§||Pu||2 (A.3.12)

V2D A —Ay)uly V2 [(D) AT - D AJul
- d o

(A.3.13)
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By Lemma D.2.1 and Corollary A.2.3, the following holds with probability at least I — O(N~10),

5= min )~ A = min {15 ], i~ )

> min {|A3 — A, A — A} — [T TTACY DA
> min { A5 — A*[, [A] =A%} —2| DA — (D) T'A*|| — (D) TAY) — DA

21,
where the last line holds by Corollary A.3.2. Let w = [D~'A — (D(="))~!A(=)]u. For i # v,
I[DT'A = DTN TTAI] |l = Typ,z0) Y (6= DAy - (D)~ (A.3.14)
el

Then

[wy| =[(D™ Aw),| = [A] - Juv] < [A]- u]l..

wil =|[D"'Au— (D) TA] | < [[DTA = D) TTATYl- ules
Again by Corollary A.3.2, Corollary A.3.4, with probability at least 1 — O(N~'0),

I(A—A)u]3 < (!M2+ Tip0) Y (€= 1>A,-v~<D,-l->1> ]2

leL

SV P+ ID™Al2oee) - [u]2 < w2
Therefore, by plugging in the lower bound for d (A.2.21) into Equation (A.2.20), we have

||s(—V)u(—V) —sul)s < |[u)|e. (A.3.15)

161



A.4 Performance analysis of SDP

This section is devoted to the performance analysis of the following semidefinite pro-

gramming (SDP).

max (A,X) (A4.1)

subjectto X = 0, (X,117) =0, X; =1, Vie V.

Algorithm A.4.1: SDP via adjacency matrix
Data: The adjacency matrix A
1 Solve the SDP (A.4.1) with X denoting its solution.

2 Let u denote the eigenvector corresponding to the largest eigenvalue of 5.
Result: 7, = {v:sign(u,) >0} and 7 = {v:sign(u,) < 0}.

Theorem A.4.1. When the adjacency matrix A is used as the input, Algorithm A.4.1 achieves

exact recovery if and only if Dam > 1.

The proof of Theorem A.4.1 is included here for completeness, so that one could wit-
ness the appearance of Dap;, while the discrepancy between Day and Dgy could be seen

straightforwardly.

A.4.1 Necessity

The proof strategy follows the same idea as [146, Theorem 8]. Consider the Min-

Bisection problem

max ) XiAjjX; (A4.2)
1<i<j<N

subject to x € {il}'q/', 1"x=0.
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Note that any feasible x to (A.4.2) corresponds to a feasible solution X = xx! to (A.4.1).
Consequently, (A.4.1) is a relaxation of (A.4.2) [112]. Let ¥ and yma denote the solutions to
(A.4.1) and (A.4.2) respectively. The probability that SDP (A.4.1) fails exact recovery is then

lower bounded by

Prait = P(E# yy') > P(Yump # ). (A4.3)

Then it suffices to consider the lower bound of the probability that yyg fails exact recovery.

Given the adjacency matrix A and the assignment vector x € {£1 }W| with 1Ty = 0, define

gx)= ) xiAx;. (A.4.4)

1<i<j<N

The failure of yyp implies the existence of some y such that g(y) > g(y), i.e.,

P(yms # ty) =P(Jy s.t. g(¥) > g(y)). (A4.5)

Following the same idea as the proof of Theorem 2.2.1, one could construct such y by

swapping signs of a € ¥, and b € V_ but fixing others in y. Then we have the decomposition

gy)—eM= Y Ajyvy,— Y, Ay, (A.4.6)
1<i<j<N 1<i<j<N
= Y Y Y 4A%uyi-53)=YX Y 4" Y (viy; -5 (A4.7)
1<i<j<N{leLen{i,j} (ELecE {i,j}cCe
=Y Y 4" Y yi-v3)+Y Y 49 Y vy, -5, (A48)
leLesa,ezb {i,j}Ce leLeFa,esb {i,j}Ce
X, X,
+Y Y 47 Y vy -3 (A4.9)
teLed{a,b} {i,j}Ce
Xap

Furthermore, the contributions from X,, X; and X,; are independent due to the edge indepen-
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dence. For X, note that the terms irrelevant to a and b cancel out, since y and y are the same

except a,b. Then for each e € Zg(r) (a) and e D {a,b},

Z (Yin _371'37]')
{i,j}Ce

=(Ya¥p — Ya¥p) + Z Yy —¥iy;)
{i.j}ce\{a,b}

:(YaYb_fiayb)_i_ya Z Yj_s;a Z §]+Yb Z Yj_fy/b Z S]/]

jee\{a,b} jee\{a,b} jee\{a,b} jee\{a,b}
=(YaYp—YaYp) ¥ 290 Y, Vit2y, Y, Y
ice\{a,b} jee\{a,b}

=0+2y,(0—2—2r) +2y,({—2—2r) =0.

where in the last line, we used the facts thaty,y, =y,y, and y, +y, = 0.
For X, the contributions of the terms irrelevant to a cancels, since y and y are the same

except a,b. If e € fg(r) (a), then

Y V) =2 Y vi=2y.(6—1-2r). (A.4.10)
{ijtce ice\{a}

The same argument holds for X, similarly. Denote F, := 1{X, < 0}, then {F, = 1} N {F, =
1} < g(y) <g(y), and it suffices to show that {F, = 1} happens with high probability.
However, F, and F, are not independent for distinct a,a’ € V; due to the existence of edges
containing a,a’ simultaneously. Following the same strategy in Appendix A.1, let U C ¥ be a

subset of vertces of size yyN where |UNV,| = |UNV_| =yyN/2 with yy = ¢5° and denote
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‘W(Zz) := {e € [V]"| e contains at least 2 vertices in U} C Er. We define
¢

Y.=Y ¥ 47 Y y,-35) Z=Y ¥ 49 Y (vy;,—33,),

leLenU={a} {i,j}ce (€L e =Y {i.j}ce
e#b eda,eFb
14 ~~ ¢ e
Yy = Z Z /qe( ) Z (Yin—Yin)7 Zp= Z Z /'Z’e( ) Z (Yin—Yin)-
leLenU={b} {i,j}ce (€L e > {i.j}ce
eda edb,eFa

Note that Y, Y, Z4,Zy are pairwise independent since there is no common edges. Denote events

Aa=1{Y, < —Cvan}, Ja=1{Zs <lyngn},

By, =1{Yy, < —Cngn}, Jp=1{Z) <Clngn},
where we take { = (loggy)~!. Obviously,
{(Aa=13N{l,=1} = {F,=1}, {By=1}n{l,=1} = {F,=1}.

Let Dapm = 1 — € for some absolute € > 0 and gy = log(N). With proofs deferred later, we have

the following inequalities

[T P(Ac=0)<exp (— %NHO(”) . P, =0) < N3l (A4.11)
ae'V+ﬂ‘U
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Then the probability of SDP failing exact recovery is lower bounded by

=P(E#yy") > P(Yup # y) =P(F s.t. (3) > 5(y)

>P(ac Vy,be V. st {Fu=1}n{F,=1}) :19><uaeq,+ {Fo=1}(\Upew {Fs = 1})
=P(Uyew, {Fa =1} \Upew {Fs = {0 = 130 {3 = 1}) -P({Je = 1} N1 {3 = 1})

> P Usew, ot {Aa = B Upew nardBs = 1 [{0a = 130 {8 = 1}) -P({Ja = 1N {05 = 1})
>P(Upew,nui{Aa=1}) P(Upew g {Bp = 1}) - P(Ja=1)- P, = 1)

:<1_ I P(Aa:O)>-<l— I1 P(Bb:0)>~<1—]P>(Ja:0))-(I—P(Jb:0)>

ac¥.NU bevV_NU
e+o(1)
21—Zexp(—N ) —oN~3Fell)
+o(1
—oN3to) exp(— NEFOD) o —b+o() exp (_ N® 2’( )>'

Therefore, as N goes to infinity, with probability tending to 1, SDP (A.4.1) fails exact recovery

when Day < 1.

Proof of (A.4.11). Note that Y, admits the decomposition

/-1

Yo=Y ¥ v, (A4.12)
le Lir=0

where ¢\”) = 2y (£ —1—2r) and Y{” ~ Bin(N\, p!) with p{") = o if r = 0, otherwise

pi) =By, and

N _wN N _WN
o_(z2-7 (-7 H_ 1 -1\ (N-1
Ny —( ; )( (—1—r )—(1+o(1)) 2@1( . >(€_1>, (A.4.13)

(6)

Apply Lemma A.1.2 with gy =1,8=0,p,;’ = 251—,1(6_1

r

), and ol = ay if r = 0, otherwise
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ocﬁ“ = by. We then have
P(As=1)=exp(—(1+0(1))-D-gn), (A4.14)

where the rate function D there becomes

-1
D = max ( — 10+ Z Z ché)pgé)(l —e_cﬁk)’)>

120 leLr=0

1 (—1)2 & /-1 —(e—1-2r)21
= max F[ag(l—e )+bgr; . (l—e )]

120 le L

=Dy in (2.1.6).

X

We take gy = log(N). Since Day = 1 — € for some absolute € > 0, by applying 1 —x < e, we
have
[T1PrA=0=1]] (1—1P’(Aa = 1)) < (1N~ (o) Dav) s (A4.15)
aE‘V+ aE‘V+
< exp ( _ lzvl(”f’(l))'DAM) — exp (— 1Nﬁ*f’(l)) . (A.4.16)
- 2 2

The bound for P(J, = 0) could be obtained similarly by following the same argument in Lemma

2.3.5. [
A.4.2 Sufficiency

The proof strategy for sufficiency follows the same idea as [118]. For some v € R, define
S=D-A+vIil" (A4.17)

Lemma A.4.2 ([118, Lemma 3]). Suppose that there exists some diagonal matrix D € RNV>*N
and v € R such that Ay—1(S) > 0, Sy = 0 and S being positive semidefinite, then T =vyy' is the

unique solution to (A.4.1).
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For each v € V/, define

1V

D, =Y Ayy,y; (A.4.18)
j=1

1V
Then Dy, = Z A,y ;. leading to Dy = Ay. Consequently, Sy = 0 since 1Ty = 0. Then it

suffices to Venfy that S is positive definite in the subspace orthogonal to y with high probability,

1.e.,

P( inf  x'Sx> o) > 1N, (A.4.19)
xly,[x]=1

Note that A* = E[A] = “P11T + ©PyyT _ o1y with o, B defined in (2.4.1), then one has

X' Sx=x'Dx— 5 BXTnyX—I— ( —;B>XT11TX—|—OC—XT(A — A")x (A.4.20)
>x'Dx+0—x' (A—A*)x> minD, + o - A —A*, (A.4.21)

ve
where the second to last inequality holds by choosing some proper v > OLTHS. Note that
|A —A*|| < \/pn by Theorem 3.4.2, then the lower bound above is determined by min,,. 4 D,.

Following the same strategy in the proof of Theorem 2.2.4, one could do the following decompo-

sition

\/]T[yVAy =Yy Z AV] -y Z AVJ = Z AVJ - Z AVJ

]#V,yj:+1 ]#V7y]:*1 ]7éV7y1:}Iv ]#Vv}IJ#YV
-y Y «-npa’- ¥y (-p-a’
éEL (0)() eefy 1)(\/)
+ZZ Z ( —1=r) ﬂly)—r-ﬂle“)), (A.4.22)
leLr= EZ

where the contribution of (A.4.22) does not vanish without the weighting trick, which impairs
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the way of obtaining the correct threshold Dgy. By an simple application of Lemma A.1.2,
one could prove that P(v/Ny,Ay > 8py) > 1 — N-Pam+8/2 when Doy = 1+ 8 for some & > 0.

Therefore, Algorithm A.4.1 achieves exact recovery with high probability when Dapy > 1.
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Appendix B
Deferred proofs in Chapter 3

B.1 The Kahn-Szemerédi approach and proofs of concentra-
tion

B.1.1 Proof outline of Theorem 3.4.2

We follow the approach in [101, 153, 71] to establish the proof of Theorem 3.4.2.
According to Courant-Fischer-Weyl minimax principle, the spectral norm of any N x N Hermitian

matrix W can be reformulated as

W := sup |[Wx|[z= sup |x'Wx|, (B.1.1)

xeSN-1 xeSh-1

where S¥~! := {x € RV : ||x||» = 1} denotes the unit sphere, and the second equality makes use
of the Hermitian property of W. As indicated by a short continuity argument (Lemma B.1.1), if
one wants to bound the supremum in (B.1.1), it suffices to control x"Wx for all x in a suitable
g-net A¢ of SV~ with cardinality bounded by |A¢| < (1+ 2)V, while the existence of such Ag

is guranteed by compactness of S¥~! and [195, Corollary 4.2.13].

Lemma B.1.1 ([195, Lemma 4.4.1]). Let W be any Hermitian N x N matrix and Ng be an €-net

on the unit sphere SN~ with € € (0,1), then ||W|| < supxea | (WX, x)|.

Proof of Lemma B.1.1. An g-net for a compact metric space (X,d) is a finite subset A’ of X

such that for each point x € X, there is a point x € Al C X with d(x,x) < €. Note that A is
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an €-net on the unit sphere SV, then for any x € SV~!, there exists some xo € A¢ such that

|x —Xo[|2 < €, and we have

[IWx[[2 = [[Wxoll2 < [|[Wx — Wxo2 < [[W]l2- [[x —xol[2 < ][ W[,

leading to ||Wx||, —€||W|| < ||[Wxo||2. If the supremum is taken over x on the left hand side,

then
sup ([[Wx[[2 —g[[W][) = (1 —&)[[W[| < [|[Wxo[2 < sup [[Wy|2.
xeSN-1 YEN:
Consequently, ||[W|| < ﬁsqueﬂ\@ |Wx||2 = %_8 supyca; [ (WX, x)|. O

Define W := A — EA and take N\ = 9\[% with its size bounded by |A(| < 5V, then

|A—EA| = |[W| <2sup [x Wx| <2-5". |x"Wx|, for some x € A(. (B.1.2)
xeN

Therefore, upper bound of ||A —EA|| will be obtained once the concentration of random variable
x ' Wx is demonstrated for each fixed x = [X1,X2," " ,XN]T € A.. Roughly speaking, one might
seek upper bound on |x" Wx| of order O(v/Dpax) Which holds with high probability, then a
union bound over A establishes Theorem 3.4.2, as long as concentration of x' Wx is sufficient
to beat the cardinality of the net A/.

The problem now reduces to prove [x'Wx = ¥,; ¥ ; Wijxix;| = O(v/Dnax) with high

probability. However, two main difficulties lie on
1. the dependence between matrix elements W;;,
2. not every pair W;;x;X ; enjoys the sufficient concentration to beat the cardinality of A\(.

To get rid of those difficulties, we follow Kahn-Szemerédi’s argument [101, Theorem 2.2] to
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split x' Wx into light and heavy pairs according to max; »e[N)2 i |,

(B.1.3)

\% @max \% @max}
N )

L(x) = {(i,j) [xix;| < } H(x) = {(i,j) x| > Y

where Dyax =Y rer Q)r(fgx. By triangle inequality, (B.1.2) adapts the following decomposition,

where contribution from light and heavy couples can be bounded separately,

|A—EA| <2 sup [(Wx,x)| =2 sup Z Wi XX
xeN xeN| (i,j)e[N?]
<2 < sup [ Y, Wixxj|+sup | Y Wixix; ) : (B.1.4)
e (i,j)eL(x) XEN ! (i.j)est (x)

As will be shown later, the contribution of light pairs is bounded by 0/ Dpax With
probability at least 1 —2e¢~N according to (B.1.7), while contribution of heavy pairs is bounded
by Bv/Dmax With probability at least 1 — 2N~ 10 if Dy, > clog(N) for some constant ¢ > 0, as

in Lemma B.1.8. Therefore,

|A —EA| <C34.3)V Dmax,

holds with probability at least 1 —2e~" —2N~19, where C(343) := 2(a+ B) with o = 512,

B=PBo\/B1+L.

Bo=16+32L(1+¢*)+1792(1+e¢ *)L?, Bi 1og<[3Ll> —&H

L c

which completes the proof of Theorem 3.4.2. The remaining of this section is organized as
follows. The bounds for contributions of light and heavy pairs are provided in Appendix B.1.2,

Appendix B.1.3, and the proof of Theorem 3.4.4 will be established in Appendix B.1.4.
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B.1.2 Light couples

The contribution from light pairs can be decomposed into summation of contributions
from independent hyperedges. An application of Bernstein’s inequality (Lemma D.3.4) provides
us with the concentration we need to beat the cardinality |A(| = 5.

For each ¢-hyperedge e € ‘Ey, define m(g) = ,‘Zle(g) — Ejzle(g). Then for each fixed x € SN 1,

the contribution from light pair can be reformulated as

Y W= Y (Z y rw“)xx, YY Y xx
(i,j))eL(x) (i,j)eL(x) NleL ecEy feLecEy (i,))eL(x)
eD{i,j} {i,j}cCe

-y ¥ 9, (B.1.5)

leLecEy

where we denote %(Z) = rI/l/e(f) (Z(,-, jeL(x) XiX j). Note that e D (i, j) is an ¢-hyperedge, then
{ij}ce

the number of choices for the pair (i, j) under some fixed e is at most ¢2. By the definition

of light pair in (B.1.3), 9’6(6) is upper bounded by | %(g)’ < 62—”?}““”‘ < LZ—V%)\,““‘”‘ for all £ € L.

Moreover, (B.1.5) is a sum of independent, mean-zero (E%M) = 0) random variables, and its

second moment is bounded by

Y YE@OY =Y ¥

E[(fwé”ﬂ( ) ]
(i,)) GL
D

leLecEy leLecEy
{I,J}Ce
) 2 2.2 N-2 2 2.2
<)) el Y e <X, ) wnt L XY
leLecF, (i,/)EL(x) 1=y ( ) (i,/)€L(x)
{iJ}Ce
213
max_ 63 max_ @max;
kZLN s KGZL N
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where in the last line, we use the facts Dyax = Y s 1 @é@x, xe SV xTx=1and

Then Bernstein’s inequality (Lemma D.3.4) implies that for any o > 0,

“

<2exp <—

Yy o

leLecEy

Z W,’jX,‘Xj
(i.j)eL(x)

o) o

2 o V @max>

12
ja Q)max

) < 2exp ( —OCZN )
3 V = T A3, 2072 )"
% @max + %LZ% gL @max 4L + TOLL

Consequently by a union bound,

Z Wl'le'Xj
(i,j)eL(x)

Z W,'J'X,'Xj
(i,j)eL(x)

IP( sup
xXeEN.

SRR

Z o V Dmax)
Z 0 V Q)max)

o>N v
3

where the last inequality holds by taking o = 5L

B.1.3 Heavy couples

General Strategy

The contribution of heavy couples can be bounded separately,

< + )Y (BA)jxix;|. (B.1.8)

(i,/)eH (x)

Z Al‘jX,'Xj
(i,j)eH (x)

Z W,’jX,'Xj
(i,j)es (x)
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Meanwhile, for any pair (i, j) € [N]?,

()
N - 2 Q)max (/g - 1) (Z) L@max
(EA);; < ( ) — < Dhax = ———, (B.1.9)
Y gz (=2 ) (-1 [2 N—-1 ™ N-1
and by definition of heavy pair
x2x2 LD... X*x2
Y Eag|=| L@l p WX
(/)X (x) (/)X (x) XX 1™ G giee N1 X
<LV Dmax Y, X7X; <L/ Dinax, (B.1.10)
(i.))€H(x)

where we use the fact Z<i’ JeH(x) Xi X < 1 again. Therefore it suffices to show that, with high

probability,

= O(V/ Dmax) - (B.1.11)

Z AjjXiX
(i,j)€H (x)
Unfortunately, the contribution of heavy couples does not enjoy sufficient concentration to beat
the cardinality of the net A, which was the strategy we used in Appendix B.1.2. Instead, the
key idea here is to prove the discrepancy property (Definition B.1.2) holds with high probability
for the associated random regular graph. Essentially, the edge counts Ea (S, 7) ==Y ye5 Lyer =
1}A17 are not much larger than their expectation, uniformly over choices of §,7 C [N], which
can be proved by using tail estimates of random variables E4(S,7). Conditioning on the
event that discrepancy property holds, one can show that the contribution of heavy couples is
deterministically of order O(y/Dpax) by Lemma B.1.3, as long as row and column sums of A
are bounded by \/Dpax Up to some constant.

Definition B.1.2 (Discrepancy property, DP). Let A be an N x N matrix with non-negative
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entries. For subsets S, T C [N), define

fA(S,T) = Z Z A,'j.

i€S jeT

We say that A has the discrepancy property with parameter & > 0, K1 > 1,X» > 0, denoted by

DP(3,K1,K), if for all non-empty S,'T C [N, at least one of the following hold:

I EA(S,T) < k13IS||T

’

2. a8, T) - log (5T)) < xalIS|V | T)) -log (527).

Lemma B.1.3 ([71, Lemma 6.6], DP — heavy couples are small). Let A be a non-negative

symmetric N X N matrix. Suppose that
1. all row and column sums of A are bounded by d,
2. A has DP(3,x1,%2) with 8 = ¢ for some C > 0,x1 > 1,1 >0,

then for any x € SN~1, deterministically,

< BoVd,

Z A,’le'Xj
(i,))eH (x)

where Bo = 16 +32C(1 +%1) + 641 (1 4 —2-).

K1 ]0g K1
Our model

To prove the discrepancy property in our model, we follow the discrepancy analysis
in [100, 71], and consider the weighted graph associated with the adjacency matrix A. By
Lemma B.1.5, the discrepancy property follows with high probability if uniform upper tail
property (Definition B.1.4) holds. Therefore, our tasks reduce to prove that row sums of A
are bounded and UUTP holds with high probability, which are shown in Lemma B.1.6 and

Lemma B.1.7 respectively.
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Definition B.1.4 (Uniform upper tail property, UUTP). Let A be a random symmetric N x N

matrix with non-negative entries. An N x N matrix Q is associated to A through fo(A) =

Z” 1 QijAij. Define

u = fo(EA) Z Q;;EAj, 6% = fQoQ(EA) Z QZEAU,
i,j=1 i,j=1

where o denotes the Hadamard (entrywise) matrix product. We say that A satisfies the uniform
upper tail property UUTP(cq,Y0) with co > 0,7 > 0, if for any a,t > 0 and any symmetric

N x N matrix Q satisfying Q;; € [0,a] for all i, j € [N], we have

=2

IP’(J’Q(A) > (1 +Yo)#+t> < exp (— cO%h<g—g>)-

where the function h(x) := (1+x)log(1 +x) —x for all x > —1.

Lemma B.1.5 ([71, Lemma 6.4], UUTP = DP). Let A be a symmetric N X N random matrix

with non-negative entries. Assume that
1. EA;j <8 foralli,j € [N] for some >0,
2. A has UUTP(co,Yo) with parameter co,Yo > O.

Then for any 8 > 0, the discrepancy property DP(8,K1,K>) holds for A with probability at least

L=N"0with ) = (1+7)% k2 = Z(14+70)(8+4).

Lemma B.1.6. Denote Dy,x := cqn for some constant ¢ > 0, where qy is the magnitude param-
eter in (3.2.2). Then for some large enough constant By > 0!, satisfying L~1B1log(L™'B;) —

LB +1> 11/c, there exists some ¢ > 0 such that

P(Dy > Bi Dimax) < ¢ PV, (B.1.12)

I'The existence of such By is guaranteed since g(x) = xlog(x) —x+ 1 takes its minimum at x = 1 and increases
when x > 1.
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At the same time, the following holds with probability at least 1 — Ne~114¥,

N
max < D,

In particular, when gy = log(N), (B.1.13) holds with probability at least 1 — N~1°.

Proof of Lemma B.1.6. Recall D, in (3.1.1), and for each fixed v € [N], we have

YA, i Y A7~ Y ¥ ¢-1a’=Y ¥4,

j=1 €L e€Ey leLecEy leLesdy
ed>{v,j} eav

(B.1.13)

(B.1.14)

since each ¢ € L is constant. From now on, we work on ZZJVZI A, for convenience. By Markov

inequality (Lemma D.3.1) and independence between hyperedges, (B.1.12) can be proved as

follows

P(iAvj > Bl’Dmax) ZP( Y Y e-nas Blﬂmax)

j=1 leLecEy
eV
< int (exp(~08: Do) ] [] Ecsolofe—1)a") )
6>0 lELeEEy
esi

[TI1 Dhvax o(c-1) , | _ Dia
< inf <exp( 0B1 Dmax) { T e +1— ﬁ})
6>0 (770) G

feLeGE/
€9l
Do)
< inf <6Xp( eBIQ)max H H eXp [ = (69(5—1) - 1)} >7 (1 +x < ex)
- 6>0 leLeeE, (g_1)
i

=050 £ /1
<i - L _ _ By, By B
< ntexpl- Dos(8B1 — ™+ )] =exp | — Doy (108 (1) 1)
SCXP[_QN‘ (B] log([i]) —%+1>:| < e Mav = g=PN

N—1
< inf <exp( OB 1 Dmax) - €Xp [Z Q)max 0(-1) _ 1)} ), (at most ( ) edges contains i)

where the last line holds since Dy < py as proved in Lemma 3.4.1. The proof of (B.1.13) is
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completed by a union bound using (B.1.12)

N N
Aij) > Bl@max> <) IP( Y A > B]@max> < Ne—av,
i=1 j=1

The last part follows directly by plugging gy = log(N). O

Lemma B.1.7 (UUTP from Non-uniform Inhomogeneous Hypergraph). Let A be the adjacency
matrix of H = Uge p Hy, then A satisfies UUTP(cq,Yo) with co = L2, = 0.

Proof of Lemma B.1.7. Note that

N N N ¢
fo(A)—u=Y Qi(A;—EA;) =) Q;Wi= ), Qij(z Yy w ))

ij=1 ij=1 ij=1 (eL ey
et}
l l
- rw’( ¥ oa)-r ra
leL ecEy {i,j}Ce leL ecEy

where Zp@ = ‘We(f) (Z{,-7 e Qi j) are independent centered random variables upper bounded
by \Z§€)| <YiijyceQij < L2a for each ¢ € L since Q; ; € [0,a]. Moreover, the variance can be

written as

2
Y Y EZ)P=Y ¥ E(WJ%Z( y Q,;,)

leLecEy leL ecEy {i,j}Ce
N
L ~
<Y YEA-2 Y Q4<L®Y QEA; =1
leL ecEy {i,j}Ce i,j=1

where the last inequality holds since by definition EA;; = Y e, ¥ ccx, E[ﬂle(g)]. Then by

{ij}ce
Bennett’s inequality (Lemma D.3.5), we obtain
G’ sat
P(fo(A) ~u=1) <exp (- 5 5h(5)).
where the last line holds since xh(%) = (1+x)log(1+ )1?) — 1 decreases when x > 0. O
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Contribution of (B.1.11)

Lemma B.1.8. If Dp.x > clog(N) for some constant ¢ > 0, there exists some constant 3 such

that with probability at least 1 —2N~19,

Y. (A —EAj)xixj| < BV Dinax. (B.1.15)

(i,j)€H (x)

Proof of Lemma B.1.8. Note that EA;; is bounded ((B.1.9)) and A satisfies UUTP(L’z, 0)
(Lemma B.1.7), then by Lemma B.1.5, for any 8 > 0, the discrepancy property DP(8,k;, k)
holds for A with probability at least 1 — N—°, where

L 2
Szﬁa)max, K1 =e(14+7)* =¢%, K2:C—(1+'Yo)(9+4):2L2(9+4).
0

Let E; be the event that all row sums of A are bounded by B;Dmax, and ‘&, be the event that
DP(3,x;,%;) holds for A, then P(E; N ‘E,) > 1 — 2N~ !0 where we take 8 = 10 for convenience.
On the event E; N E,, by Lemma B.1.3, (B.1.15) holds with B = Bo+/B1 + L, where Bo, B

satisfying

Bo = 16+ 32L(1 + K1) + 6412 (1 + ) =16+ 32L(1 4 €%) +1792(1 + e~ 2)L2,

() 115

K1 log (i)

C
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B.1.4 Proof of Theorem 3.4.4

Following the strategy in Appendix B.1.1, for any J C [N],

I(A—EA),| (B.1.16)
< 2( sup Z [(A—EA), } X;Xj| 4 sup Z [(A—EA), ] XX )
xeA | (i,j)eL(x) xeN| (i, j)eH (x)

we want to bound the contribution of light and heavy pairs separately.
Light couples

By (B.1.7), with probability at least 1 —2¢",

sup [ Y, [(A- EA)] XX ;| < SL2\/ Dipax - (B.1.17)
xeN | (i, j)e L(x)

A union bound proves that (B.1.17) holds for any given subset 7 C [N] with probability at least
—2(e/2)~V, since the number of possible choices for 7 is at most 2V, including the options

9 = 91,5 of our interests.
Heavy couples

Our goal is to prove

< BV Drmax (B.1.18)

sup
xeN

). [(A-EA)y],;xix;
(i) (x)

Similar to (B.1.10), deterministically for 7 := 71, %.

Y [(BA)],;

‘ < LV Dhax - (B.1.19)
(i./)eH (x)

To control the contribution of heavy pairs, it suffices to show that discrepancy holds for A 5 and

all row sums of A 5 are bounded by Bj Dpax, according to Lemma B.1.3.
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To verify the discrepancy property, it suffices to show that UUTP(L~2,0) holds for
Ay, which is true since Ay is obtained from A by restricting rows and columns to J. Then
by Lemma B.1.5, for any 6 > 0, the discrepancy property DP(J,k;,%k>) holds for Ay with

probability at least 1 — N~8 where
L 2
8= Dmax, K1 = Al+y)? =€, = —(1+70)(0+4) = 2L%(0+4).
0

The remaining is to verify the boundedness of row sums of A 4.

* For J;, Lemma B.1.9 proves that row sums of each v € 4; is bounded by | Dnax With

probability at least 1 — N~ for some constant ¢ > 0 under the regime py = log(N).
* Deterministically, it is true for v € % := {i € [N], ]Jy:l Aij < B1Dmax } by taking B; =L.

Let E; be the event that all row sums of Ay are bounded by B; Dnax, While £, be the event that

DP(3,x,%2) holds for Ay, then
 For J;, P(E;NEy) > 1 —2N "¢, where we take 8 = ¢ for convenience.
e For ,P(E\NE) > 1 — N0 where we take 6 = 10 for convenience.

On the event E; N E,, (B.1.18) holds with B = Bo+/P1 +L, B1 =L,

Bo = 16+32L(1 + k) + 64z (1 + ) =16+ 32L(1 +€?)+ 1792(1 + ¢ *)L?.

K1 log(k)

Lemma B.1.9. If py = 1og(N), then there exists some constant ¢ > 0 such that row sums of each

v € ) is bounded by B Dmax with probability at least 1 — N €.

Proof of Lemma B.1.9. Recall Dy, in (3.1.1), which can be further written as

N

D,=YYa"=Y Ye-1na"=Y a,, (B.1.20)

leLedv leLedy j=1
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since £ > 2 is some constant for each ¢ € £. From now on, we work on ZN—1 A, j for convenience

In the following, we calculate the probability that the maximum vertex degree in 7, is greater
than B Dmax. By the definition of 7,

M=

P({}réa;)lg <_I~:1Avj> > BlfDmax> = P<#{V : g’l Ay > BlfDmax} > LNGXP(_E)D

(Markov) | N ZVe[N]]E]l{V XV A > Blﬂmax}
- E # . AV. @m X = —
- [Nexp(=d)|+1 ( {v J—; 7 P }> [Nexp(—d)|+1
N N |
< LNexp( d)J—i—l \I};%P(;Avj>51@max> < C—Xp( ) \I};%P<ZAW>Blﬂmax>

Note that Dpax < py as proved in Lemma 3.4.1, then py = log(N) is equivalent to say Dmax
clog(N) for some constant ¢ > 0.

* For the numerator, by going through the same procedure in Lemma B.1.6 and a union

bound, one can prove that

ma B Z Avj > BiDar ) < P p( i Avj > B1 Do )

€[N] Jj=1

< exp {—log(N) (?} log (Bf) - Bf + 1) —|—log(N)}

* For the denominator, d < Ev+En/ /N with probability tending to 1 according to Lemma 3.4.1

Consequently, when py 2 log(N), by taking B; large enough satisfying ! Bu log (Bl) By
% — CIOZN(N) > 1, we then have

P (max ( ; Auy) > BiDnay ) < exp(d)- max P<E Avj > B1 D )

<exp{—log() (Bl (%)—%H—l— S )19\/0,

¢ clog(N)

which completes the proof. The existence of such B; is guaranteed since the function f(x)
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xlog(x) —x takes its minimum at x = 1 with minimum f(1) = —lLandc~! = O(1), &y /[clog(N)] <
En/pn = O(1). The requirement py 2> log(N) is crucial since one needs to beat the union bound

as in the proof of (B.1.13). ]
Putting together

Following the discussions above, (B.1.16) adapts the following upper bound

[(A—EA)s|| <Ci.44)V Dinax »

where the constant C(3 4 4y := 2(at+ ), with o0 = 5L2, B =Bor/P1+L, Bo = 16 +32L(1 +¢?) +
1792(14-¢72)L?, and B; = L.

B.2 Proofs in Section 3.3

Proof of Lemma 3.1.1. This can be established by Hoeffding Lemma D.3.2. [l
Proof of Lemma 3.3.2. Note that Y, = k*. Without loss of generality, we assume Qk(%w <

Qj(%w, then Q,((%w < Dgen - gy according to Lemma D.1.1. Also, Ny < N1 and Qk(g) =

*EBW —

q,((i)@w/Ng’1 =o0(1), then Ny log(1 — Qk(e) )=—(140(1)) -NWQ,((Z) At the same time, 1 <

*DOwW *Pw*
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d]*~*7k* (W) < N in (3.3.4), then by Stirling’s approximation Lemma D.1.3, for large enough N,
N, 0 \d% . 0) \New—d*
]P)[DVW *k*( )] = . w (Q]((*G)}W) Jk (W)(l _ Qk(*E)BW) Jok (W)
4 g (W)
N ¢
= exp{ log (d*. kw(w)) e (W) 10g(QLLy) 4 [N — o ()] -log(1 - QL) |
Tk
(0)
Qk*@w )
(0)

- Qk*@w

+ Ny -log(1 = QL) +o(giily) b

N,
= oxp {3, (W)log () 4. 4o (W) . o (W) log

%k (w)

(0)
B N Ny Qe ) 0
—oxp {dfﬂk* (w)-log <d;*,k*( )-(1— Qk(*@)aw)) — Ny Qi +dje g (W) +0(‘1k*@w>}

Qj@w

*@w

+Q,— (@) QUM +o(@)] )

where in the last inequality, we plug in d}i (W) in (3.3.4), and replace Ny with Ny according to

Lemma 3.1.1. Therefore, by hyperedge independence, we have

H H P[ng)v:d]*'*,k*(w)]

ZELWG‘VV;f?k*
0 NI Qj(*%w
:exp{ Z Z Nw[ *@w) (Qk*@w) 10g< (0) )
teL GW*) Qk*EBW

- Q= (@) (@) +otal]}
= exp{ - Z Z NW [ *@w + (1 - t*)Qk(*ge)aw B (Qj(*%w)t* (Qk(*KE)Bw)l +0(Qk(*6)9w>} }

le L G‘M/J*?k*

=exp(—(1+o(1))-Dccu(j,k) - gn),

where the second to last equality holds according to the first order condition (3.3.3). [
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Proof of Lemma 3.3.4. We rewrite Dgky (/,k) as

(0) ()

. 1 —
mn ¥ Y N {ygf)log y&) —|—(1—y£f))log—yz2) } (B.2.2)
¥ericr cwclty Qeew 1= Quaw
sty Y Ny {Dku( yo Qj@w 1 Qk@w } <o

teL we‘WC% D
By [47], the associated Lagrangian is defined as

() ()

_ 1—
L{y e V) =Y ) Nw'{ygf)log y&) +(1—y$f))10g—y§) }
lel WE‘WC%A) Qk@w - QkEBw
(4) _
Y ) Nw'{yﬁf)log Q"() +(1—yy )10g Qk@w}
leL WEWC%il) %@w - Qj@w

The optimal choice of {y)},c,, which minimizes L({y\©},c,,)), satisfies the first order

condition

() B (0) _ o0 (0) 1— oW
LU Nreed) _[(10g 22— 1og LI ) 13 (1og Yo ~log: Uow)] o,

V4 /¢
ays’V) Qk(@)w 1- Qk@w QJ@W - Qf(@)w

Note that Qk(e?w = 0(1) in (3.2.2), then the solution to (B.2.2) has to satisfy ygf) = o(1) for

eachw € Wcﬁf“), otherwise optimal value of (B.2.2) goes to infinity since y(é) log -~

W ) would

DwW

and log _Q"*W

ﬂﬁw eaw

diverge. Thus log

converge to 0 as N grows. Then (B.2.2) is minimized at

yW = Q,@w Qk@wl —A -(1+0(1)), for each w € ‘WC EEL
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Consider the Lagrange dual function

g(A):= min LUy} rer, 1)

{y }/eL
Al _ A1 ()
- min Z Z Ny - {yw logM_i_(l_yw )10g( Qk@w) (1 YW)}
{yYeer icr we WC(#I) Qj@w B Qj@w

= mm Y Y Ny (1—y$v))-[(k—l)log(l—Q,fé)w)+log(l Y —Alog(1 Q]eaw}
{yOYer icr EWC[ 1

= Z Z N [A‘Qj@w Qk@w Qj@w )w . 7»]7

where in the last two equalities we use the facts yW =o( Qj@w =o(1) and lim,_,plog(14x) =

x. By taking maximum of g(), we have

Dgkr(j, k) = (B.2.2) = max g(\)

Ae(0,1]
= max Z Z Nw- |AQ; ’) 1 A
w’ QJEBW QkEBw QJEBW w
keOlgeL ‘WC@ 1
(3.22) Ny -
cmax ¥ Y e R+ (1= M2, — (B (20,)' ]
XGOI]geL ‘chf’l (Z 1)

=(1+o(1)) -Dccu(j, k) - gn -

]

Proof of Lemma 3.3.5. Proof by contradiction. Suppose that there is no such {p(g) }oe r satistying

(3.3.13). Then for each {p(g)} ter, Without loss of generality, we assume

. - J4 I4
DokL(/k) =), X Nw-Drc(py | Qj(*e)aw)
ZELWEWC%_I)

>Y Y N Dow [ QUL

EELWEWC%P])
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We pick a sequence {p)}sc,, where pl) = ( Sf))wewdf
K
(¢=1)

wo € WCy  such that Dk, (p553 [ Qj(%w()) > ]D)KL(pgfg | Qk(%w()) > 0, due to the non-negativity

1) for each ¢. There exists some

of KL divergence, with their difference f (psfg) > 0 defined as

(0) (0)
* 1 - Q](*
o (0) 0 N _ W oW
f(P) =DkL(P | Qiéw,) — DKL(P || Qi) =P log Q *+(1—p)-log o0 ..
*PBw( *PW(

By continuity of f(p) and Dk (p || Qj(%w()), one is able to find some t$53 such that ]DKL(tgfg [

Qj(%w()) < ]DDKL(pgfg | Qj(%w()) but f (tgfg ) remains positive. As a result, for this fixed ¢ € L,
there exists some sequence (tgf) )W6 D with tsf) = pgf) for all w # wy, and t£53 satisfying the
K

property as before. Consequently, one could construct a new sequence {t(e)} ver, satisfying

Daxe(P k) =Y, L NoDralow [ Q)

EGLWGWC%_I)
= ‘ ¢
>Y Y NeDa( Q%)
ZGLWE‘WC%_])
= ‘ ‘
>Y Y NeDa Q2
EGLWE‘WC%_I)
which contradicts to the minimum property in definition of Dggy (j*,k*) in (3.3.11). [

Proof of Lemma 3.3.7. Note that the nodes are interchangeable under ®, and

Pu(A < f(N) = Pu(A < F(N), V" € Vo) +Pu(A < F(N), v & V). (B23)

The first term on the right hand side of (B.2.3) can be upper bounded by the following change of
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measure argument,

Py (A < f(N), v* € Var) :/

dPy = / exp(A)dPg
ASf(N),V*G rVerr ASf(N),V*E %rr

_ ef(N) -Eo[Ny]

<exp(f(N)) Po(A < f(N),v" € Verr) < exp(f(N)) - Po(v* € Verr) < O + O

where the last inequality holds since we can not distinguish v* and any other node v € 14 ,,

indeed

Pd)(v* c ’Verr) :Pcp(v € ‘Verr‘v c {Vj* U ‘Vk*)

Po(ve Ver) _ Eol%nl] _ Eo[ny]
B Pq)(v € [I/J*U (I/k*) (aj*+ak*)” aj*+a‘k*.

Now, we focus on the second term on the right hand side of (B.2.3). Under the perturbed
model W in 3.3.6, the observed edges do not depend on whether v* belongs to Vj+ or ¥, since

D for the rest £ — 1

the generation of edge e > v* only relies on the distribution of w € W f,f‘
nodes. To determine the community membership of v*, one can only use the information from
the edges containing v*. Therefore, it doesn’t matter whether v* truly belongs to %« or ¥}~ when

assigning v* to ‘YA/J-*. By symmetry, the two conditional probabilities should be the same, and the

following holds

Py (v* e ‘IA/j*lv* € Vp)=Pg(v' e ‘IA/j*|v* € Vir), (B.2.4)

Py (v* e r[A/k*|v* € Vp)=Pg(v* e ‘IA/k*|v* € Vir).
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Then the second term on the right hand side of (B.2.3) can be bounded as follows

Py(A < f(N), V" & Verr)

<Py(v" ¢ Ver)

oL+ -~ (04
=Y py e Ve V)b
(X‘j* +(X’k* a’j* —I—(Xk*

B.2.4 Ol jx -~ Ol
B2H T py(vt e Vv e Vp)+ —k
aj*+a’k* aj*+a‘k*

oL ~ ~ oL
<—’<IP> e Vv e Vi) +Py(v: € ¥ *e‘l/~*)<—’,
- (Xj*‘f‘a.k* l}‘(V J|v J )+ l}‘(V k|V J ) - (Xj*‘f—(x.k*

Py(v* € Velv* € V)

IP’\p(v* € ’IA/k|v* € ’Vﬂ)

where the last line holds since j* < k* and oty > ... > o implies o j= > 0+, together with the fact

Py(v* € ‘/I%*\v* € Vi) +Py(v* e ’IA/k*]v* € Vj») < 1. Therefore the desired result follows. [

Proof of Lemma 3.3.8. Since A in (3.3.14) is a summation of Bernoulli random variables, a

standard concentration argument shows that \/Varg(A)/Eg(A) = o(1), thus Ey(A) dominates.
We present the details by evaluating Ew[A] and Varg(A). First, the randomness of A comes

from edges 546([), then by linearity of expectation,

lel e€Ey, edv*
ye\w)=wew iV

) (0)
w 1— w
Y X (Woe(B)ra-plg ()
lel e€Ey, edv* va*@w 1— S OW
v\ )=wewc

=) X No Dk (Y | Qy(fi)eaw) = (1+o0(1)) -DokL = (1+0(1)) -DGcn - 9w,
teL peqpli=1)
K

T L s Sas )

where the last two equalities hold by Lemmas 3.1.1, 3.3.4, 3.3.5. On the other hand, using the

facts Var(cﬂle(g)) = CZVar(ﬁle(@) and Var(ﬁle(é) +c)= Var(ﬁle(g)) for any deterministic ¢ € R, we
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have

() ) 2
pW : (1 - * W)
Varg(A) = Z Z pr\(af)(l _Psf))' {10g< 0 S QEE)))] ’

(eLpewcliY Qaw (1—pw

Note that Qv(f) =o0(1) foreachw e WC %), ¢ € L, then by the argument above, the so constructed
{p'“}/c, in Lemma 3.3.5 satisfies pgf) =o0(1) and prﬁf) > 1. Then the desired result follows

since

1
Varg(A) /Eg[A] < )

B.3 Proofs in Section 3.4

Proof of Lemma 3.4.1. For the first part, &y < py is trivially true when Assumption 3.2.2 holds.
On the other hand, due to the fact oy, ..., 0x = Q(1), the conclusion &y = py still holds since
the dense part inside the summation &y = N~!' YN | E[D,] distinguishes itself.

For the second part, by Bernstein D.3.4, we have

Pd-tv2&/VN)=P(L Y ¥ (Ola-ED{)> Vi)

VEWZELWGWC< )

N-& /2 )
M5 e +VNEN 3/

<2exp (—

2 as long as Ey = o(1).

Then d — &y < Ey/+/N with probability at least 1 — eV

For the last part, we assume gy > log(N) in (3.2.2) from now on. We are going to present
some large deviation results. Let d= max ¢ d, denote realized maximum degree. Define the
random variable D by D = max,cq D,, then ED = Emax,cqD,. Define W, := D, — ED,, then

L L .
(1) ng)v where st)v are mean zero random variables,
wEWCy ’ ’

following (3.1.1), W, =Yy,
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and define

W= max W, < Z Z maXW&év)v. (B.3.1)
vaV geLwEWC%_I) VGfV

Note that D&Qv ~ Bin(Ny, Qk(é)w) when Y, = k, then 6% = IE(W&QV)2 = Ny Qk(é)w(l — Qk(é)w) <

EDSQV < ED. By Bernstein D.3.4, for any € > 0, we have

PW% > (1—s)ED]<exp( 3(1 - #)*(ED)’ )Sexp(—l(l—e)zEIS) (B.3.2)
662 +21/(1 —€)ED 2

Note that ED > cqp for some ¢ > 0 under regime (3.2.2). By the union bounds

PW>(1-eED)<Y ¥  P(maxWy > (1—-¢)ED)
leL wewcl) ve?
<Yy ¥ ZIP’ Wi, > (1—€)ED] < (¢—1)- (EJI’{I:I) exp(log(N)—%(l—e)zEﬁ>

teL e ‘WCM D

Sexp{ —log(N)-[(1—¢)*c*/2— }N_m when ¢ > v2/(1 —¢),

where the last inequality holds when we choose gy = log(N) and ¢ > v/2/(1 —€). Note that
Dgen > 1 implies ¢ > 267! for £ € £, then it just a matter of choosing proper €. Similarly,
W > —(1 —¢&)ED with probability tending to 1. Note that [D—ED| < [W| < (1 —€)ED with

high probability, then
eED <D <2ED. (B.3.3)
We now refer to the magnitude of ED. By Jensen’s inequality, for any # > 0, we have

exp(tED) < Eexp(tD) = Eexp(tmaxD <IT 11 Eexp(tmaXst)v) (B.3.4)
eV lel EWCE{ 1)
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since D < Yier Zwe well maxveq/DéQv. By the union bound,

N N
(€) Nw
Eexp(tf}rée}’)/(Dvw < ; Eexp(tD ; (1= Qew)] (B.3.5)
N{1+ Qi (' = DI < expllog(N) + Ny Qaax(e’ — D). (B3.6)

since by definition Qéﬁl)x = max %) Qw and 1 +x < e*. We adapt the notation in (3.2.2) and

EWC
(3.4.2), then Dinax = Lre, N Qe Note that Ny Qlk < Bikgn, By taking 7 = 1, we have

ED<Y Y (log(N)+ (e~ 1)NyQua) (B.3.7)
EGLWE‘WCE?I)
< Y 1wk V|- (log(N) + (e = 1)Nw Qi) S Dinax. (B.3.8)
leL
where ZZELNWQ&)X 2 log(N) since gy = log(N) and |‘WC( | = (”K 1) = O(1). At the

same time, ED > maxyc £, Ny Qn(]@x =< Dax. Therefore d = Diax With high probability. The
desired result follows if Dy,x < pn, Which is obviously true when Assumption 3.2.2 holds.
When the assumption is not true, where some specific configuration w & WC&? dominates
for some ¢ € L, then the vertex with maximum expected degree should certainly contain this
type of edge. At the same time, Dp,ax should contain the dominant type w as well. Therefore

Dmax = P = d with high probability. O

Proof of Lemma 3.4.5. Define the matrix EA where EA,; = EA;; for i # j and EA; = EA,; for
some j € V in the same community as i, i.e., y; =y j» then rank(EK) = K. By triangle inequality

and (a+b)? < 2a® +2b?,
K K ~ ~
IAY) —EA, (2 <2AY —BA, |3 +2EA; —EA, 3 (B.3.9)

The matrices [EA 5 and EA 4 only differ in diagonal elements while ]EA,, SN™ LD ax, then

IEA; —EA, 12 < N1D2,.. Meanwhile, the rank of A(]K) —EAy is at most 2K, then by rank
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inequality
K e K g K e
IAY) Ay |2 <2k AV —EAy |3 < 4k (JAY) — A5|3+ Ay —EAy[).  (B3.10)

By Eckart—Young—Mirsky Lemma D.2.2, ||Ay — A(]K) ll2=Ak+1 < ||Ag— EK] ||l2. Also, Ay —
EA 7 =Ay—EA,y—diag(EA;;). Then desired the argument holds since

K K ~
1A —EA; |2 <S8K(IAY) — Ay I3+ 1Ay — EA,|3) +2D20 /N

<16K- ||A] _EX]||%+2@§1aX/N 5 32K - ||A] _EA]||%+ (32K+2)@§1ax/N

Theorem 3.4.4 2 ) ’
32KC3 4.6)Dimax + (32K +2) Dyx /N < py + Py /N,

where the last step holds since py < Dpax, as proved in Lemma 3.4.1. O

Proof of Lemma 3.4.6. First, we discuss the case both u,v € J, and this is a high probability
event. By construction, the number of vertices not in ; is upper bounded by |Nexp(—d)]| < 1
since py = log(N) and d < log(N) with high probability by Lemma 3.4.1. Thus vertex [ € 4
with probability at least 1 — N~!. Also, by taking B; = 20L in (B.1.12), the number of vertices
not in % is at most N ¢~ PN for some constant ¢ > 0, thus / € %, with probability at least 1 — e PN,

By definition,

1(EA )y — (EA ), Z (EAj)u — (EA7)u)% (B.3.11)
%

For vertex [ with z; = ¢ for some ¢ € [K], entry (EA y),; denotes the expected number of hyper-
edges containing u and /. Hyperedges can be classified into different categories according to
the distribution of the remaining ¢ — 2 nodes among K communities. Assuming that u € V; and
v € V), with j # k, the membership distribution of e can be represented by j & [ & w for each

wew Cgf_z) with Ny =< N~(“=2)_ For each [ € J, the difference between (EA 4),; and (EA ),
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is

l 4
(EAg)uw— (EA7)u=Y ) Nw-(Qj(@)l@w— QY.L (B.3.12)
KELWE‘WC%_D

At the same time, Ny, can be replaced by Ny with high probability by Lemma 3.1.1. Then

according to Assumption 3.2.7, it follows that with probability at least 1 — N,
2 _
H(EA])M:_(EA])V:H%ZN[(EA])MI_(EAJ)VI} ZN ]plzv- (B.3.13)

On the other hand, when u and v are from the same cluster, i.e., u € ’Vj and v € 1 with j =k,
since (EA 1)y, = (EAy),, = 0 due to the fact that self loops are not allowed in model 1.1.8, it

then follows
H(EA])M: - (EAJ)V:H% = [(EA])W]Z + [EA])W]Z 5 Nizpzzv- (B.3.14)

We now turn to the discussion when u € J but v ¢ 7, and the conclusion holds similarly.
As for the case u ¢ 7, v ¢ 7, it follows directly from the definition of EA 5 that ||(EAy),. —
(EA])VIH% =0. 0

Proof of Lemma 3.4.7. The algorithm inputs 7 = | Nlog(d)| ~14%. Note that d = py with high
probability at least 1 — e N by Lemma 3.4.1, then 7 < r := | Nlog(pn) | ! p%. For now on, we

will work on 7 instead of 7.
(K)

Define O, == {v e VN7 : [|(A}")y. — (EAy),:[13 > 4r}, while I, Uy, O and B,(v)
enjoy the following properties.
(i) For each k € [K|, Iy C B.(v) C Uy for any v € [; NS, since (EAy),. = (EAy),,. for all

w e I,

A, — (A 03 < 20(AY)), — (BA) B+ 2] (EAg)w: — (A3 <
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(ii) Foreachk € [K], B,(v) C Uy forany v € I, NS.

(iii) |Ix] > oxN(1 —o(1)) for each k € [K], which follows from the fact that almost all nodes

in V,NJ are r/4-close to its expected center, since the number of vertices outside I is

bounded by
Y 1A - A3
(VeND\E| _ 1 veicons 1A —EA|2
N TN min AW, - EBA)Z N /4
min A~ (BB
Sl pN+p]2\]/N _ log(pN) _|_log(pN) :0(1)7
N [Nlog(pn)]~'p% PN N

where the last two equalities hold since ||A§K) —EAy |2 <py+p3/N (Lemma 3.4.5), r =

[Nlog(py)]~'py and 1 < py < N. Thus | L] = | %N J| = [(VeNI)\ Ik > axN (1 = o(1)).

(iv) Following from (iii), for all k € [K],

lo
|ﬂk|SN—IU#;{‘UA§N—Z|[j|§akN[1+0( g(py)
J#k PN

)} = ouN(1+0(1)).

(v) |UK_| O] < o(N), since most nodes are in UX_, I, and

Yoes IAF))— (BAy) (3 _ IS —EAS |2
Ay )~ (EBAD3 T

|UE, Ol <

o(N)
min ||
VE(UkK:IOk)

(vi) |B.(v)| =o(N) for all v € Oy NS. First, B.(v) N Uy = 0 because the distance between
v € O and w € I is larger than r, due to the facts (EAy),. = (EAy)y:, (x—)* > J(x—

2)?—(y—2)? and

(AT = (EA)wel3— 1AF e — (BA el > 7
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Then as a consequence of (v), |B.(v)| < |UK_, O] = o(N).

(vii) B,(u) N B.(v) =0 for any u € U;j and v € Uy with j # k. This follows the fact that
|B,(v) N U;j| = 0 when |B,(v) N Uy| > 1, since the distance between expected centers
(EA )y — (EA 7). |13 = N~'p% (Lemma 3.4.6) is much larger than the radius 4r =

[Nlog(pN)]*lplzv where py = o(1).

We now prove those three arguments using the properties above.
(a). For each k € [K], the probability that a randomly selected node s € ¥ does not belong to I
is
PARG:

< 1—og(l—o(1) =Y aj+o(l) <1, (B.3.15)
j#k

1

where 1 > o > --- > ag > 0 are some constants by Definition 1.1.5, then the probability that

there exists at least one node s € SN I is
| Ii| \ log(V) log(N) —log(s—%+om)
1= (1-58) 7 =21 (Qoyton) T =1-N FEATETL (B316)

A simple union bound completes the argument.
(b). We prove part (b) by induction.
(1) k= 1. By part (a), there exists a node v in I} NS, satisfying B,(v;) D I; due to (i).
By algorithm procedure, |B,(s1)| is at least |B,(v1)|, then |B.(s1)| > |B-(v1)| > |I1| >
oy N(1—o0(1)) thanks to (iii). To prove s; € Uj, one should verify the failure of other

possibilities, namely, for v ¢ U, the cardinality of B,(v) is too small to make v selected

as a center.

» Forany v € OyNS for each k € [K], |B,(v)| = o(N) < |B,(s1)| by property (vi).

(@) (iv)
e For any v € U NS with k # 1, |B,(v)| < |U| < ouN(1+0(1)) < oiN since

o > Ol.
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(2) 2 <k <K. Suppose s; € U; for all j € [k— 1]. Similarly by (i), there exists a node v €
U NS satisfying B, (v) D Uy. By induction hypothesis ]‘IA/j(O)] =|B,(v;)\ (U{:_l1 @(O))l >
a;N(1—o(1)) for j € [k—1]. Then by (vii), B.(vie)\ (U=} V) = B.(vy), and | B,(sy)| >
|B.(vi)| > | U] > axN(1 —o(1)) thanks to (iii). To prove sy € Uy, one should verify
the failure of other possibilities, namely, for v ¢ U, the cardinality of so obtained set

Br(v)\ (Uﬁ‘;l1 ‘/IQI(O)) is too small to make v selected as a center.

* Foranyve OyNS forall k € [K], |B.(v)| = o(N) < |B.(sx)| by property (vi).

* For any v € U;NS where j < k, note that |B,(s;)| > a;N(1 —o(1)) by induction,

then

~ (vii) o (i) "
B\ UV < B0\ VY] < w180 EoN)  B317)

<1B,(s1)] = 0uN(1 +o(1)). (B.3.18)

e Forany v € U;NS where j > k,

~ (vii) (ii) v
B\ YO < 150 < 1w anN(ito() (B39
< ouN(1+0(1)) = |B.(sx)], (B.3.20)

where the last inequality holds since oy > o).

(c). Consequently, {Sk}kK:1 are pairwise far from each other, i.e., for any pair j # k

1
A, = (A3 = S 1A, — (BAY) B = 1(BAy )y — (AY)0 113

1/1 px
> 5 (S1EAS )~ (BANIE~ 1AL )~ (BADH1B) ~ 1EA )~ (ATl 2 B

where the last equality holds by since Lemma 3.4.6 [|(EAjy);,. — (EAy)g: 3 2 N 1p% >

[Nlog(pn)]~'p% < 4r> | (EAy)s;: — (Ayg)s;: 13 with py = @(1) by the property that s; € U; for
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each j € [K]. O

Proof of Lemma 3.4.8. Note that (EAy),. = (EAy),,. when v € ¥, 7 where s; is the center of
’/I>l.0 obtained in Line 4. There are two scenarios where v € VN 7 would be misclassified into
VO (j#0).
. . R ~0) . Ky AN 2
1. InLine 4 of Algorithm 3.2.2, if v is r-close to center of ;. i.e., [[(Ay)v: — (A ")y;:[[3 <

r, then

1
1(AT))s: — (BA9)si 13 2 SII(BA)s: — (BA7) 3~ (AF)y: — (BA)s,il
1 > (K) K1y 2 (K) 2o PN
> 2 BA)s: — (BAp)sl — 20/ (A)0: = (ATl ~ 20(A5)s: — (BAS) 3 2 5.

where [[(EA ), — (EA])Sj;||% pe N*Iplz\, by Lemma 3.4.6, and ||(A2K))sj; — (EA])Sj:H% <

4r < [Nlog(pn)]~'p3% < p%/N since py = (1) and s; € U; as proved in Lemma 3.4.7.

1

2. In Line 8 of Algorithm 3.2.2, when v is closer to the center of ‘IA/j(O) than ‘IA/.(O), 1.e.,

A — AF13 < 1AT)s — (A, 13. One can verify that v is far from its

expected center, namely,

AEY AN 2> A AN 12 EA . (AK) 2> PN
1A v = (EAy)siell2 = S (A5 )i = (Ag Dwellz = [([BAg)si: — (A5 )sel2 2 7

where [|(EA ) — (A%)),:|3 < 4r = [N1og(pn)]~'p} and

1
AT )5 = (AF)e 132 5 (AT s — (A4 AT (AT )13)
1 Lemma 3.4.7 (¢) 2
ST OV O

where the last line holds since (x —y)? < 2(x —z)?> +2(y —2)%.
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B.4 Proofs in Section 3.5

Proof of Lemma 3.5.1. At step 0, let 1353 ) denote the number of ¢-hyperedges with
¥ (e) =w=(wi,...,wk),

meaning that w; nodes in ’IA/k(O) for each k € [K]. Recall av(f) = 1353 ) /ﬁv(vo) in (3.2.11). Conse-

quently, for any w € W_C g), we have

A ¢ ) I x0) (0 ~(0) 0 (0
) - = Dy ~ | < A(0)<\Dw —ED,,’ |+ [ED,, —Q§)-Név)|). (B.4.1)
Ny Ny
~(0 ~(0
We will bound the two terms in the numerator separately. For the first term |D£V) — ED&V) ,

denote Qﬂ(ﬁ ‘= min wemwcld) stg) Q[fé)x = max wewcl!) Qy(v[) for each ¢ € L. Using (3.2.2), we

write Qmm m1n rrfm/ ( ) Qmax — maXQmax/ ( ) where P, rgnzl fPfgl??X =1and qr(m)n ~ ql(nzlx

Since NV(V ) = N’, we then have

)

Ng¥ =N . gl <EDY < FO. Q) = Ngll (B.4.2)

min
Let 4V denote the collection of partitions {9} }X_; such that

K ~ ~
)U A ‘<nN-N, V{V}E e, (B.4.3)
k=1

where my is the mismatch ratio defined in (1.2.1) and Ny < (py)~" with probability at least

1 — N~ ¢ for some constant ¢ > 0 by (3.4.10). For any {‘IA/k(O) K€ ‘/I>, thanks to edgewise
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independence, Bernstein (Lemma D.3.4) shows that

~(0 ~(0
P(|DY —ED, |

(Nloggin)®/2
. o

> Nlogqiu) <2exp (— :
Ngmax +N/3-logq

=2exp(— N(logqr(fgx)z/@qr(fgx)) )

Meanwhile, the upper bound on the cardinality of 1V can be computed as follows: first nyN
many vertices (wrongly classified) are selected, then each of them can be assigned to K different

communities. Thus by Lemma D.1.3, for some universal constant C > 0, the following holds
~ N NK\ N K N1
72 () < (0™ = oxp (nvioe () S enp (€M1E2Y) - Bt
T]NN T]NN nwy PN

Note that py =< Y yc qggx and the function A(x) = x/log(x) increases when x > e, then a simple

union bound shows that the following holds with probability at least 1 — N™¢

P(AHY M e Vst 5 ~EBY| > Nlogghi ) (B.4.5)
@) 12 (©)
~ (K log gmax log gmax
SI‘V\(z)Qexp(—N%) ,Sexp(—N g(;[) ) (B.4.6)
Gmax dmax

Consider the second term IEIA)S) ) — L50)(¢)=w Qy((i?) For hyperedge e C 7'\ /9\2(0), ie.,

) ¢

— Qy$ ) ~Z/\7$VO)| cancels out. Thus

~

~(0
¥ (e) = w = y(e), the contribution of such e inside the |ED5V
it suffices to consider contributions from e which contains at least one node from /9\2(0), and the
number of such hyperedges is at most Ny - (IZ:II). According to (3.4.10), Ny < (py)~! where

PN = Yier ql(lex, then the following holds with probability at least 1 — N~ for some ¢ > 0

(0 ~ N-1
EDy - @ - M| < @il 'TINN(E_ 1> < /Py SN. (B.4.7)
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Therefore, with probability at least 1 —exp(—Nlog qr(fz)ix / qﬁfgx),

‘ay(vf) _ Q‘g)’ < Nlogqr(fgx +N logqr(ﬁz)lX
~TTRO S TN

(B.4.8)

m+1

The second part follows easily since Qv(vé) = gnN~ for each ¢ € £ when under Assump-

tion 3.2.2. O

Lemma B.4.1. Recall that (3.2.17) holds for some absolute constant € > 0, where Ky log(N) — oo
as N — oo. Then the number of nodes which don’t satisfy either (G1) or (G2) is at most N 1=y /3

with probability at least 1 — 6e™ <N log(N),

Proof of Lemma B.4.1. Probability of satisfying (G1). Recall D, in (3.1.1). For each w €
/-1 . 14 . l { 14
‘WC% ) where Ny in (3.1.2), D‘(’vv)"le:k ~ Bin(Ny, Qk(@)w). Denote Qn(m)X =max 0 Qv(v ),

Note that

N-—1
Z Z NWQk(é)WS Z Z NWQn(lt;)XS Z (E—l) 'Qn(li)xz Q)max~

teL el teL el wew i

Thanks to hyperedges independence and Markov inequality, for each v € G, we have

P(D, > 10Dpe) =P( Y, Y DI > 10Dps)

EGLWE‘WC’%A)

< inf [exp(—lOB@max) H H ECXP(G'D%)O}

6>0 KGLWE‘WC‘%FI)
< inf ex (—106@ )H I_I ex [(I_Q]((E) )+Qk(£) ee}Nw (]+x<ex>
! p 'max p oW oW ) =

ZELWE‘WC&LI)

< inf exp(—100Dpax ) exp <(ee —1) Z Z NwQ/wi)

6>0 (€L e gyt

K

< infexp ((¢” = 1-100) - Dnay) < e 10,
>

where the last line holds by taking © = 2, and P(D, < 10Dpax) < 1 — e 10Pmax 5 1 since
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Q)max = 0)(1).
Probability of satisfying (G2) Note that Dgkyr.(j,k) = (14 0(1))Dgcu(j, k) - gv by
Lemma 3.3.4. We claim that it suffices to prove the following holds with probability at least

1 —2e1log(N/s),

O | ~AO log(N) : Dinax
Ny - DKL(IIJV, || Qk w) <(1- : ]D)GKL(]?k) - ) (B49)
fgwewzcﬁf—n " " @ ( vN ) loggn

where the proof is deferred to Lemma B.4.2. Assuming (B.4.9), subsequent logic is indicated as

follows.

1. Remind that (1 —1log(N)/v/N)!~! < Ny /Ny by Lemma 3.1.1, then by (B.4.9),

Y ¥ NeDalhlQf)

ZGLWEWC%’H)
log(N)\ —1 ¢ ¢ ,
< (1 B %) Y ) Ny - Dice (o | Qk(@)w) < Dek(j,k)-

EGLWE‘WC%_I)

~ l l . .
2. Then by (3.3.11), Erer Xy, gppeie- Now- Dk (| Qj(@)w) > Dgxu(j,k), since part (1)

and

Y Y Nu-max{Dke(uiw | Qo) Dre(ir | Qn)} = Doke (), k).
lel (¢-1)
weW Cy

3. Then we use part (2) and (1 —1og(N)/v/N)!~! < Ny /Ny again,

Y Y N Dr(uiw QUL

KELWEWC%;I)

> (1 _%) T L WDl (1- 105?) Daxe(/:4)

EGLWG‘WCgil)
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{ 14 14
4. Therefore by part (3) and (B.4.9). Lse ¥, _gpec-v M [Pkt (o | Q)hy) — D (b |

QY )] > Dunax/ log gw, which proves (G2).

Let s = N'7®¥_ According to Lemma B.4.2, the probability that there are more than s /3 nodes in

v not satisfying either (G1) or (G2) is upper bounded by Markov inequality as follows,

E[# of nodes that do not satisfy either (G1) or (G2)] < N - 2¢ Dacnan
s/3 - s/3

<6exp(—Dgcr - gy +10g(N/s)) < 6exp(—e-ky -log(N)) — 0,

where the last inequality holds since (3.2.17) and Ky - log(N) — eo. O

Lemma B.4.2. Under Assumption 3.2.2, with probability at least 1 — 2e DGCHIN | yertex v

satisfies (G1) and (G2) simultaneously.

Proof of Lemma B.4.2. Let X denote the set of degree profiles satisfying (G1), i.e.,

(1)
x() e NIWCx st xsf) = (1) for each m,w,

andY Y 10D}
EGLWGWC%_I)

X = { {X(f) beer

Since the cardinality | C%_1)| = (HK '), for simplicity, we denote

K—1
E—I—K—l)
T = =0(1). B.4.10)
ZEZL( e (1) (

Let {DS@V = x&f) }¢. denote the event ng)v = xSf) foreach/{ e L,we W Cg_l) , then

Ny G N0
(D =x'1) =TT I (<z>)~[Q£$wa-<1—Q£5;)w>’”w Y. (BAdD

(€L yeqpcl=h VW

Note that ,u&gv)v = Dﬁgv)v /Ny where Ny :=[1X_, (%‘) = N*"!. For any C > 0, by Markov inequality,
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we have

P({Z Z Nov- Dt (e | Q;fé)w)>C}ﬂ{Dv§10@max})

(¢
- Z ]P({ }é (Z Z Ny - DKL(:UvW H Qk@w > C‘{Dvw )}fv)
(xOex (eL yeqpclt-)
< P({D% =1Ly e C. Ny -D DY =
= Z { vw = } )-e exp Z Z w KL(.UVW 1 Qk@w { vw xw }w
{(xO}ex teL E’WCE( 1)
(0)
N, 1— N,
<e € Z H H IP)(DV?W zng)) - exp (x&f log (/@ W +(Nw—x$f))log M)
{X([)}GXEGLWE‘WC%A) OwW 1— Qk@w
T
<e € ll
Se eXp(zlog(@max)>, (B.4.12)

where the proof of (B.4.12) is deferred later. By Assumption 3.2.2, C(32.3) = O(1) and Dyax <

C.23D6en(J, k)gn, then Dok, (j,k) = Dgeu(J/, k) - gy > 10g mi by Lemma 3.3.4. We take

log(N) . Drnax
C=(1- ‘D k) —
< VN ) axt.(j:k) loggy

Lemma 3.3.4 (

. D
1—o0(1))-Dgcu(Jj, k)gn < C T > 10g(Diax )

(3.2.3)

leading to e Cexp (% log(@max)> = ¢~ (1=0(1))C_Then we are able to establish (B.4.9),

P({L X Mmualid Q< (1- 50 oo ) - 2}

eELwE‘WC‘g_l)

[{D, < 10@max})
>P(Dy < 10Dax) - (1 —e Cexp (glog(@max)>)

T
>P(Dy < 10Dmax) — e Cexp <E log(@max)>

—10D, -C —10D, —D . —D .
Zl_e max _ o e max _ o GCH‘ZNZI_Ze GCH‘]N,
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where the last line holds since Dgcy = minj < j x<x Docu(/, k), C > T10g(Dmax) and Diax >

Dgcu - gy as shown in Lemma D.1.1. [

Proof of inequality (B.4.12). Note that D{3 |, _, ~ Bin(Ny, Q.,), then by Lemma D.1.3,

N,
P(D{% =) = (x(z) exp (' log Q1+ (Ny — 5t log(1 - @)

w

N . 1 (0)
log ( (ZV)) =— §1og(2nx£f)) — —log <1 - ?]Cvl) + Ny log Ny —xy log xyy

X 2
(£) (£) x‘(,f)
— (N — ) log(Nyy) — (N — ) log (1 - —) +o(1)
Ny
Thus foreach/ € £ and w € ‘ch,f’l), we have
(0) (£)
w N 1 — Xw N,
IP(DV?W = xvf)) -exp (xsf) log (/f) Y (Ny —ng))log #)

()
Qk@w 1- Qk@w

(0) )+0(1)> :exp(—%log(Zﬁx‘(f))-i—O(l)),

1 1
= exp <— Elog(anw ) — Elog(l -

where the last equality holds since 1 < ng) < Q)I(IQX < N1, Also, for sufficiently large N, the

cardinality of X is bounded by

10D, 10Dmax )T
|X| < ( Tmax) < % <exp (Tlog(@max)), (B.4.13)

where T = O(1), then

() ()
X N, 1 —x N.

Y I T1I P(Diiw =x4) -exp (xif) log = (/g) ¥+ (N —xy)) log —> é) W)
Xt wemwey " ow 1= Quaw

T T
<|X|-exp <— Elog(Zﬂ;xsf)) —|—0(1)) <exp (Elog(@max)).

Proof of Lemma 3.5.2. Let Ey(v,S) denote the set of /-hyperedges containing v with the rest
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¢—1nodes in § C V, and E(S,S) := UyesEi(v,S) denote the set of ¢-hyperedges with all
vertices in § C V/, where the repeated edges are dropped, and E(S,.S) = Upe £ E¢(S,.S) similarly.

To conclude the proof, we build the sequence of sets {S Ocy }o<i<s+ as follows.

e SO = 5 where S denotes the set of nodes which do not satisfy (G1) or (G2). By

Lemma B.4.1, |§| < N'~%¥ /3 with probability at least 1 — 6e~ &<V 10g(N),
e« Fort > 1,50 = St=Dy{y} if there exists v, € ¥ s.t. |E(v;, ST V)| > L(Dpax) ' +2.

* The sequence ends if no such vertex can be found in ¥ \S (t ), and we obtain S,

Denote s = N'~*¥. Assume that |S(")| > s. Consider the step 7 = s — |$(?)|, then
f > 2s/3. By construction, each of the nodes added so far contributes more than L(Q)Inax)lJr8
in |£(SD,5D)|. At that point, |S@| =s. The number of edges |E(SD, )| > 25/3.
L(Dinax) ' 2 > 45/3(Dinax) ' 70 > 5(Dax) '+ since L > 2. On the other hand, with high proba-

bility, there cannot be any such set |S*)| by Lemma B.4.3. Therefore, |9\ G| < s. O

Lemma B.4.3. Let § > 0 be an absolute constant. Denote s = N' =%V where xy € (0, 1] satisfies
(3.2.17). Recall Dyax in (G1). Then with probability at least 1 — e_s(@m‘dx)HB/ 4 there is no subset

S C V with |S| = s such that |E(S,S)| > (Dmax)' T2 when N is large enough.

Proof of Lemma B.4.3. For any given subset § C ¥ with |S| = s, by Markov’s inequality,

P(|E(S,S)| > 5(Damax) )

< inf ¢ P Pn) P Elexp(B- | E(S,5)])] = inf e PP TT Elexp(B- | E(S,S)))]

B>0 B>0 Ier
< ém(c) e Ps( Do) I1 [Qn(Qx ceP (1 QU(QX)] @, (edge independence and 1 +x < ¢*)

- ler

. SN A0 B 1+8
< inf ax —1)— Dinax
< ntexp [ T () Qih(eh = 1)~ ()]

s 5(Dinax 1+6
=exp{ [ X () Qs 7] ) g (S )
lel ZZGL (g) Qmax

S
< exp [_E(@max)l_'_s]y

207



where the second to last inequality holds since the function i(B) = a(eP — 1) — bB achieves
its infimum at B = log(2), and the last inequality holds since o(1) = () Qlik < 5(Dinax)1+0
and ( )QmaX = Dmax. The number of subsets S C ¥ with size s is (1;] ) < (£¥)s. Then by
Markov inequality, the probability of existing a subset .S C ¥ with |S| = s such that |£(S5,5)| >

5(Dmax) 12 is upper bounded by

P(|{S : |E(S,5)| > $(Dmax)' ™ and || = s}| > 1)

E[ {8 :|E(S,5)| > 5(Dmax)' ™ and [S] = s}| ],
where the term on the right hand side can be further bounded by

E[ |{5 HES,S)| > S(Q)maX)lH3 and || :S}‘ }
B (N) PUIES. )] 2 5( Do)+ and |S] = 53)

N\ §
< <€_> - €Xp <_ %(Dmax)l+8> (plugins = NI_KN)
S

Nl—KN
2

N

—xp( ) 510 ) e
S

leKN

4

(Dinax) ' T[1 —

2kylog(N) + 1
(@max) 1+d ] )

(@max)l+8> ,

where the last inequality holds since Dpax = Dacn - gy > (14 €)xylog(N) by (3.2.17), and

2kylog(N)+1 _ 2kylog(N)+1 1 1
(Q)max) + (DGCH 'CIN) + [KN log(N)] 2
since Ky log(N) — o0 as N — oo. O

Proof of Lemma 3.5.3. Let {‘/1>k(t) }K_, denote the partition at time t. Remind that /9\2(” =

1:7\4 = UK A-(t) \ ¥;)N G, where /Q\Z-(t) = Uk#/ﬂ\z.(,:) = (‘I/%-(l) \¥;)N G, and /Q\Z(kt) =
(’V]( 'n V%) N G, representing the set of vertices in G which belong to ¥}, but are misclassified in
20,

J
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For node v € /Q\Z(klﬂ) (v € 1, but misclassified in ’IA/].(IH)), by Algorithm 3.2.3, it has to

satisfy
A0 A0
~ ; ~ ~ 1-Q;
0<Y ¥ (Dlylog %fj)w + [N~ By log (—%(%W)> (B.4.14)
EGLWEWC%_]) ow (1- Qk@w>

where 15% denotes the number /-hyperedges containing v with the rest £ — 1 nodes distributed
as w at step 7, i.e., w; nodes from ’IA/j([) for each j € [K]. Let ZTIV(J) denote the capacity of such

hyperedges. Then with the proofs of (B.4.15a), (B.4.15b), (B.4.15¢) (B.4.15d) deferred to next
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several pages, we have,

0 Qo =0 (1- Qi)
0< ¥ L Y X (Blilog= (W D) log )
1<JARSK (i) EL weqpcl ™ Quow (1= Qw)
= (0
— Z Z Z Z {ﬁ <log Q’@W%—log QJ@w—log (@)W>
1<j#k<K ve}@(ktﬂ) lel we‘WCEf*l) Qk@w %@w Qk@w

Y ()
5 N 1-Q; 1—
+ (R -Dl)- [mg Qf@w +1ogﬁ_log< %@H

7
(1 leaw) _Qj(ea)w (1 QkéBw)
~( (1-
<Yy Y Y Y {D ‘log Q’@W+(Nw DBl og Q’EBW}
1SIRSK e (6L e gyl Qk@w (1- leew)
] AHD] - Cpoaisa) - log gy (B.4.152)
<Y Y ¥ {d 1ong@W + (M- D) g Q’@;V}
1§j#k§KV€@g+l) leL we‘WCEffl) Qk@w (1- Qk@w)

+2logC323) Z Z Z | (v, /ﬂz(t),wﬂ

e+ LeL eyl
+ AV (Cgaisa) - loggn + CB.4.150)) (B.4.15Db)

—~ @ —_~
+1 'max
< - |9\[(I )’ : IO—gC[N +2logC3.23) Z Z Z |'Es (v, N([),W)‘

ven[(+) (€L yweqy Y

+ NV (Cpaisa - log gy + Cipaisn) (B.4.15¢)
Dina
§—|9\[(t+l)|l =~ +CB.4.15d) - \/|-‘7\[ D] |f7\[’+1| max
Oggn
— {+K—1
+] Y] (C(B.4.15a)'IOgQN+C(B.4.15b)+210gC(3.2.3)' Z( ‘ >), (B.4.15d)
lel

—

where | E;(v, A{), w)| in (B.4.15b) denotes the number of /-hyperedges e containing v where the

rest £ — 1 nodes distributed as w among { ’IA/k(t) }K_, with at least one of those £ — 1 nodes in /9\2(’ )
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and C(g 4.15d) := 2C(3.4.3)10g C(3.2.3). Note that C(g 4.15a), C8.4.15b), C3.2.3),M,K = O(1), then

D (+K—1
=5 > Cp.4.150) - 10ggn + Cp.a15) +210gC323) - Z ( ) : (B.4.16)

At the same time, D¢ < gy by the assumption of Theorem 3.4.2. Then for sufficiently large N,

we have

A(z+1) 2
A <2Cp43)102Ca05) loggn]” _ 2Cp4310gCp23 [loggn]™ _ logCpay 1

|0 Dmax  — Ciz23) g — Cgaosz) e

]2

Proof of (B.4.15a). Note that for any g, ¢ > 0 with g < 2¢, the following holds

l7—q|

- (B.4.17)
q9—\9—q|

‘logg‘glog< 1 )S
q q—1q—4q|

where the first inequality follows by discussions on cases 2g > g > ¢ and ¢ < ¢, and the second

comes from log(1 + x) < x. Thus one may focus on bounding |(A2k(é)w - Qk(é)w

|. According
to Lemma 3.5.1, under Assumption 3.2.2, the following holds with probability at least 1 —

exp(—Nloggn/qn) foreach ¢ € L,

=~ (0) A0 _ A0
‘ log Qk(%w = (e)| feow (e)Qk@W| GNE oedN. (B.4.18)
Qk@w Qk@w - |Qk@w - Qk@w| N
~(0) A0 ()
1 _ J—
‘ log (1 - Quzw) |Qsw ~ Rl  logan (B.4.19)

V4 — V4 (0 YA ~ —1 -
<1—Q,§@Lv>’ (1- Qo) — 10, ™ N

Meanwhile, Dpax = Y ser Q)ISQX = gy under Assumption 3.2.2, and ﬁi’zv < Dinax K N1 by
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() ~ ~
(G1) with N =TI, ('q\%k ‘) = N'~1. Then (N —Dgzv) =N and

A (0)
Yy Y b ‘1 Q’@w Q’}%W < logqw, (B.4.20)
leL wewcl™ Qj@w Qaw
~(0) (1)
S 1- Q| 1—
Yy Y (Nv(vt)—Dgzv)-‘log( foj)W) —log< Q’((f)w) < logqy. (B.4.21)
le L we‘WC%*l) (1 - Qj@w) (1 - Qk@w)

Consequently, with probability at least 1 —exp(—Nloggn/gn),

Yy YY Y ){ - llog%w_log@k@)‘

j7ékv€/9\g-(,f+l) teL we ‘WC’%il QJ@W Qk@w

< C(B.4.15a)|N(t+l)| -loggn,

where C(g 4.152) > 0 is some constant. OJ

() NU)

vw)

Proof of (B.4.15b). We want to replace D, w with Dm()\?v in this step, where Dvw (resp. D

denotes the number of ¢-hyperedges containing v with the rest £ — 1 nodes distributed as w, i.e.,

w; nodes in V] (resp. ‘1A/l(t)) for each [ € [K]. Note that D()

DY) < (Vo — D) + | (R~ B)) — (W — D).

<D+ B\ — D] and (N —

from deviation terms.

« For hyperedge e > v with y(e) = §)(e), the contribution of such e inside |IA)£I3V . 1

vwl
—

cancels out. Thus it suffices to consider e € Ey(v, N\), w), where (v, /ﬂz(’),w) denotes
the set of /-hyperedges e containing v where the rest £ — 1 nodes distributed as w among

{‘IA/k(t)}szl with at least one of those ¢ — 1 nodes in /9\2(’). Then under the regime (3.2.2)
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and Assumption 3.2.2,

Yy Y Oy pY —Dkugz:@w

1<JPRSK et (L gl Y ow

<logCp23- Y, Y, Y ’fe(V,E\ZU),W)’-

e+ FEL weqp )

)
* Meanwhile, (1 —ny)~! < <||Z/k\|> = IX,W (14+mn3)"", where ny < (py) ! with

probability at least 1 — O(N~¢) for some ¢ > 0 according to (3.4.10), then we have

~ N, _ _ _
AR =Nl = Vo[ 1= ] < 11— (1 =)~y < (€= N SN (o) 7™
w

% Q= Q,

Also, log QW =log(1+ Qo ) = U= (1+0(1)) < N-(*=Dpy, then there
Qk%w 1= oW 1= quaw

exists some constant C(g 4.15p) > 0 such that

)3 Y Y X |(ﬁv(vt)—135f3v)—(Nw vw|10g Qf@w (B.4.22)

IS.i#kSKVg\Z(sz) leL go WC%—I) 1— @W
© _ 40
<)Y X X |N»(5)—Nw|-%w—%@w (B.4.23)
ven i+ el we‘WCgf*” 1— Qk@w
+ Y Y Y Dbl %W—(Q@’@w (B.4.24)
ven(+1) teL we‘WCEf 1) 1— Qk@w
SC(B.4.15b)-|.‘7\[(t+1)|+logC(3.2.3). Z Z Z |fé(V,N(I),W)|. (B.4.25)

ven((+D) EEL e WC (=)
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Proof of (B.4.15¢). For p5 := D% /Ny Ny < N 1in 3.1.2) for w € W then

%@w (NW—D ) log Q]@w

= Ny [Dxe (i | Qo) — Dk (i | Q0]
Qk@w (1 - Qk@w)

DvW log

where Dk, (yﬁﬂ)v | Qj(é)w) denotes the KL divergence defined in (3.3.12). It suffices to show

¢ i ¢ i Dinax
Y ¥ Ml | Q) — Dl | QWIS - (B426)

€L yewcl™) O0g4gN
foreachv € &(’ ), which holds true according to (G2) since &(’ ) G. L]

Proof of (B.4.15d). Note that py < Dmax = Y ser @I&QX =< gy under Assumption 3.2.2, where

Q)I(IQX = (g__l ) Qmax» then

/\

N-2
E|E (v, N[V, )\<Qmax NN - (z z)ganNgl, (B.4.27)

where the last inequality holds since and Ny < (py)~! by (3.4.10). Then by a union bound, the

following holds

maxY Y EE0N Z(”K_l) (B.4.28)
€L

VE‘VEELWG‘WC%*I)
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Therefore by Theorem 3.4.2,

o~

Y Y Y mmaw)
e+ LeL weqp =)

o~ —

= Y Y X (=AW -EEeA”w)

e+ EL weqp el

+ Y Y ¥ EEGAYw)

e+ (L weqp =l

¢ (+K—1
<t (A= EA) g, + A0 T (T

— (t+1)
ALl lel

(+K—1
<y ll2- 1A =EAJ}2- ]I, o+ 12 D)- Z( )

le L ¢
SC(3.4.3)\/|9\C(’)|'|-‘7\C(t+1)|'@max + D] ) ( ’ )
lel

Define C(g 4.154) = 2C(3.4.3)log C(3 2 3), then by Theorem 3.4.2, the following holds

210gCa23) Y, ZZ@/ W)+ AV (C 15w 10g g + Cp.a.15m)
VEN(IH)EEL w

<CB.4.15d) V%M \IW?*II max

. (+K—1
+ (A (C(B,4.15a) loggn +C 4.150) +210gC3.23)" ) ( 14 )) ’
leL

with probability at least 1 —2N~10 —2¢7N, O

B.5 Proofs in Section 3.6

Proof of Lemma 3.2.11. Recall thaty_, is some estimation of y_,,, while H and Y_,, denote the

laws of # and y_,, respectively. By definition, the posterior probability is

P(Y,=kH=%,Y_,=y_,)
PH=H,Y_,=y—)

P(Y,=k|H=%#,Y_,=y_,) = (B.5.1)
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We first evaluate the numerator. Let d, be the observed number of edges in # containing
v with D,, denoting its law. Let 4, be the hypergraph obtained by deleting edges containing
v from #, with H_, denoting its law. Let {Y, = k,Y_, =y_,} denote the event that the
membership vector is Y, = k with the others being y_,. Thanks to the edgewise independence

between A, and D,, the following holds

PH=H,Y,=k,Y_,=yY_,))=PH=H|Y, =k, Y_,=Y_,) - PY, =k, Y_,=Y_))

:P(Dv =d, | Y, =k Y, ?w) ']P)(va = }Lv | Yo=kY_,= ?w) ‘P(YV =k Y_,= /yfv)

=P(D,=d, | Y, =k, Y_,

/y\fv) 'P(va = }Lw Yv = k7 Y., = /y\fv)

=P(D,=d, | Y, =k Y_,

/y\*V) ’ IED(IHI*V = }LW Y*V = /y*v | YV - k) : P(YV = k)

:P(Dv =d, | Y=k Y-, = 37\—\/) 'P(H—v = j{—v; Y., = Sl\—v) P(YV = k),

where the last equality holds due to two types of independence: first, #_, is independent of
the assignment of {Y, = k} according to the generating process of model 1.1.8; second, the
estimation y_, is independent of the assignment of {Y, = k} as well due to assumption. Then

by edgewise independence between D, and #,, and the derivation above, we have

P(Y,=kH=%,Y_,=y_,)

P(H = -7-[7 Y, = /);—v)
_ P(Dv =d, ’ Y=k Y ,= /yfv) ']P)(va = }LV7 Y., = /yfv) 'P(Yv = k)
a P(Dv =dy, Y-, = /y\fv) 'P(va = }Lv; Y., = S'\fv)

P(Y,=k|H=%,Y_,=y_,) =

=P(D,=d, | Y, =k, Y_,=Y_,)-P(Y,=k)- [P(D,=d,,Y_,=y_,)] .
Note that the denominator P(D, = d,, Y_, =¥_,) can be written as follows
]P(Dv = dw Yo, = 3’\71/) = P(Dv =d, | Y, = 3’\71/) : ]P)(va = y\fv)

=P(Y_, = y—v) ) Z P(Dy=d,|Yy=j, Y, :§71/),
JelK]
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which is irrelevant to any specific assignment of {Y, = k}. Then it can be factored from the

MAP, and the proof of the desired argument follows directly

7y =argmax P(Y, =k |H=H,Y_, =Y _,)
kelK]

—argmax P(D, =d,|Y, =k, Y_, =y _,) - P(Y, =k)-[P(D,=d,, Y_, =§_,)] !
ke[K]

=argmax P(D, =d,|Y, =k, Y_, =y_,) -P(Y, =k).
ke[K]

Another way to verify the derivation above is to directly employ the independence between
{Yy,=k}and {Y_, =y_,},ie,P(Y, =k, Y_,=y_,) =P(Y, =k)-P(Y_, =Yy_,), which

then gives us

P(Dv = dlev =k Y_,= 3’\*\/) 'P(Yv = k) ’ [P<Dv =dy, Y-, = ?7‘))]*1 (B.5.2)
- P(Y,=k,D,=d,, Y_, = /y\_v) . P(Y, =k) (B.5.3)
P(Dy,=d,, Y_, = 3’\—1;) P(Y, =k Y_, = /)lv)

=P(Y,=kD,=d,,Y_,=y_,)- [P(Y_,=¥_,)] "}, (B.5.4)

where both P(Y_, =¥y_,) and P(D, =d,, Y_, =¥_,) on two sides of the equation can be

factored out from MAP since they are not relevant to any specific assignment {Y, = k}. Then

the MAP becomes
ZMAP —arg max P(Y, = kD, =d,, Y_, =) (B.5.5)
kelK]
=argmax P(D, =d,|Y, =k, Y_, =y_,) -P(Y, =k). (B.5.6)
ke[K]
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Proof of Lemma 3.6.1. For ease of presentation, define the event %jk to be

N

" :ZH{IE(DV:dV)-ocj>I@k(DV:dv)-ak} (B.5.7)
Equivalently, assuming Y, = k, the probability of v being misclassified is
Per(v) = Y Pe(Dy = dy) - P(3j £k, s.t. {Ep=1}). (B.5.8)
dy

Then the upper bound in (3.6.7) in follows by a simple union bound, i.e.,

PRj £k st{Ex=1}< ¥ BEx=1= Y (1-PZx=0). (®59
=1k =

On the other hand, P(Z; = 0) > [T5_, ., P(Z = 0) for any j € [K] with j # k, then

K K
P(Ex=0)>(K—1) [] P(Ex=0)
j=1,j#k j=1,j#k
K R K R
— Y (1 —P(Ey :o)) < (K- 1)(1 ~ I] P(Zx :()))
j=1.j#k j=1,j#k
Then the lower bound in(3.6.7) follows since
—~ K —~ 1 K —~
PEj Ak stAZu=1}) =1— ] PEx=02— ¥ (1 — (T :0)).
J=L1j#k =1k

Proof of Lemma 3.6.4. According to (3.4.11), the mismatch ratio after the initial stage satisfies

v < py' = o(1) with probability at least 1 — N~'°. Recall that /9\2(0) in Lemma 3.5.3 denotes

o~

the set of nodes misclassified by Algorithm 3.2.2, then |/f7\z(0) | <nwN. Let E(v, ') denote the

set of /-hyperedges e containing v and at least one node in e belongs to A9, then the capacity

of such /-hyperedge is at most Nv(g) =nnN (7_‘22) < N*~1/py. Without loss of generality, we
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assume v € ;. Note that ‘WC%A) is a finite set, then there exist wi, w2, W3, W4 € ‘WC%il)

such that
() (0) 1— oW 1—0®
c”:=  max Q"@W — Q"(i?)wl , # —  max # (B.5.10)
w,w EWC[ g QkEBw’ Qk@wz 1- QkéW4 WM/GWC%_I) - Qkéw’

—

where we can derive the facts Qk(é)wl > Qk(é)wz and Qk(é)w > Qk(é)wg. Then for edge e € Ey (v, N[(9)),

the ratio I@k(ﬂé@ =1)/ IP’k(ﬂle(é) = 1) can be bounded as below

() = (0)
) Qk@wl 1- QkEBW4 < Pk(/qe(g) = O) - QI(EBW3

)7, 1l T RET=0 "1,

— [

Y, ~
Qk(@)W2 < ]P)k(/qe(
0 - (0
Qe Tk (A" =

(B.5.11)

By Definition 3.6.2, G(v) = 1 if Gy(v) = 1 foreach £ € L, i.e., | E¢(v Q(O)ﬂ < cz(\f) where we

denote Cz(v) = 4qmaX / log(ql(m),x) for simplicity. Consequently, the ratio Py(D, = d,) /P(D, = d,)

can be bounded from both sides by Uy and 1/Uj, respectively, where

N (0) c,(p ) N —01(5>
P.(D, = d, 1-
k( vV V) leL %@WZ 1— QI(EBW4
(0 () _ (0)
~ o (0) N 1— (0) Ny —cy
Py(D, =d,) > H (Qkﬂawz) (%) = 1/U;. (B.5.12b)
Pk(Dv = dv) lef, Qk@wl 1— Qk@W3

Furthermore, we rewrite the terms above in the following way

(0 !
(Qk(f;vl) = exp (10g<Qk@w‘> -cz(f)) (B.5.13)
Qk@w Q/(@W
—) (0) (0)
1— Cn -
( QIE%WS) —oP (k’g (1+ o <4Q)k@w3) QUG C%U) . (B514)
I— Qk@W4 1-— QIC@W4
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Moreover, by using the facts that log(1+x) = x for x = o(1), we have

O _ o0
Qk W, _Qk w Qk w
logUs = ¥ (10g<1—|— e ())+10g(Qk@) 1)-055)>

fer = Qk@W‘* S)5)
(0) (0) ) ()
= Z (N 10g< + Qk@W4_Qk@w3>+log Qk@wl<1—Qk@w4>> ‘Cg(\f)>
v 7 ; ;
lel 1— QI((@)W4 QI((GB)W . (1 o Q]((@)W3)
¢ 4 Qk w J4
SZN‘E)Qk(@)w (I+o(1 Zlog( ® 1), ](V)-
lel lef, @wz

For the first term, note that Q,( (N D= ka(gw q/(<€éw > 1 forany we WYL ", and

N = nyN(72) < N /py. Since (py) ! = o(1) and Zeequ(cgm < Daen(i, k) - gy by

Assumption 3.2.7, then for any j # k, the following holds with probability at least 1 — N~1°

_ 14 .
Y M98k, = (o) 'Y 4y, < Dacu(jk) -qn. (B.5.15)
lel lel

For the second term, Ql«(é)wl / Q,fQWZ < qsﬁx / qfﬁi)n. Since log(qr(f;x / ql(ﬁi)n) / log(qslex) =

o(1) by (3.2.20) and ¥, qglﬂx = pn =< Docnu(Jj, k)gn by Assumption 3.2.7, we then have

() )
4 ¢ ( 4 )
log ( Qk(@)m) e\ <log(gi /qlt) - qfrzeg < Doculj,k) - gy (B.5.16)
W) log(gmax)
for any j # k. Therefore logUy < Dgcn(J,k) - g, and the desired argument follows. n

Proof of inequality (3.6.13). Conditioning on v € 1} and G(v) = 1, when v is misclassified to
V; by MAP, ie., {P;(D, = d,)- o > Py(Dy = d,) - o}, then {U; - ;P;(D, = dy) > 1/Uy -

o Py (D, = d,)} is true as well, since the following holds by Lemma 3.6.4

~

1/Ur- o4Px(Dy = d,) < ayPr(D, = d,) < o,;P;(D, =d,) <U;-a,;P;(D,=d,). (B.5.17)
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We then expand (1) as follows, where the ﬁk“ in (3.6.10) 1s written as a union bound

dy
K
Y P{B;D,=d) o;>B(D, =d) ock\G(v)zl}
j=1,j#k
K
= )Y Y PG =1)P(D,=d)
J=Lj#k dy

-IP’{ P,(Dy =d,) 0 > Pi(Dy = dy) - 0 | G(v) = 1}
K
< Y Y PGy =1)P(D,=d,)
| -

-P{Uj-ajIPj(DV:d)>1/Uk owPy(D, = dy) | G(v) = 1}

K
Z ]P) 1) ’ Pk(DV = dV) ) EH{UJOCJ]PJ(DVZdV)>1/UkOCk]P)k(DV:dV)}
J=1j#k dy
K
S Z Z]P) ]P)k( v — dV) : ]l{U,-~och,~(DV:dv)>l/Uk~0ck]P>k(DV:dV)}
=LAk d

Suppose {U; - o;P;(D, = d,) > 1/U; - 04 Px(D, = d,) }, we then have

Pk(DV = dv) < OCjUjUk/OCkPj(DV = dv).

Note that P(G(v) = 1) <1, U;,Ux 2 1 and ., 0 < 1, it then implies

]Pk(DV = dv) S OCjUjUk/OCk . min{IP’j(DV = dv),Pk(DV = dv)}
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Then we can bound (1) as follows

ol ; .
< Z (X_jUjUkme{Pj(DV: v), Pe(Dy,=d,)} (LemmaB.5.1)

o .
= ;#ka_zUjUk'exp(_(l+0(1))'DGCH(],]€)'(]N) (Lemma 3.6.4)
=1

1—
<(K—1).—

exp(—(10(1))-ay- _min_ Doca(j.k) +logUs)

<(K-1)-(1 —ak)/ak.exp(—(l+o(1)).1D>GCH.qN)

where the last inequality holds since logU; < Dgcu(j,k) - gy for any j # k, and Dgepg =

min]§j<k§[(DGCH(jvk)' -

Lemma B.5.1. For some j # k and j € [K|, we have

Y min{P;(D, =d,), Pc(D, =d,)} <exp(—(1—0(1)) Decu(j,k) - qn). (B.5.18)

Proof of Lemma B.5.1. Let L. denote the maximum element of set L. According to the indepen-

dence between different layers, for any 7 € [0, 1], we have

min { (D, = d,), P(D, = d,)}

- ¥ L min{ [T —a). TR0 —a)}

PR leL leL
t 1—t¢
<Y Y (T1PoY =) - (TTPud =)
a2 b leL teL
GEFONY © _ 0\
= P:(Dy,”’ =d, Py(Dy” =dy
X déz%HL(’( ) (Pl )
1—
= [Z(PJ-(DY):dS”))t(Pk(Dﬁ”=d$”>) t], vi € [0,1].
le L d(f)

v
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Note that DSQV|Yv:k ~ Bin(Ny, Qk(é)w) with Ny denoting the capacity of such /-hyperedges, then
{ l l L
DY =dy= ] PV =dal. (B.5.19)
we ‘WC%FI)
Note that déz) = {dév@V}we w D and d&@v will go through all elements in sample space. Conse-
K

quently for any ¢ € [0, 1], by exchanging the order of sum and product, we have the

(i0” =) (i =) -

al!
¢ 01\’ ¢ 0\ 1
= (P] [Dvw dv w]) : (Pk [Dvw = dv,w])
55) WG‘WC%J)
¢ 07\ ¢ o\
< H <Pj [Dv,w = d&w]) ) <]Pk [Dv,w - dg,w]) :
WEWC%_I) d&{v
o . - © e
By plugging in the probability P [vaw = dv(fw] = (zgv)v ) [Qk(é)w]dvvw 1= QIC(QW]NW dw  we have
14 l 14 0)\1—
(]P)j [Dv,w = d&w])t ’ (Pk [Dv,w = d\E w]) '
diu
L 14
(Nw) ( [ '(@)w]t )d\gfw [1 - ‘(Ga)w]t Nw_d\EQf
- ¢ 0 1 0 1 )
d'y Diw [Qk(@)w]t : [1- Qk(@)w]t :
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where the last equality holds by Binomial theorem. Then we put pieces together

;min{ =d,), Px(D, dv)}
<II I (Qf@w leaw1 t QJ®W I_Qk@wll l)

ZELWG‘WCE?U

= eXp{ Z Z Ny - 10g< Qj@wt [QkéBw 1 B QJ@W Qk(é)WP_l) }

ZELWE“WC (=)

w

Note that for sufficiently small x and y, log(1 —x) = —x+ O(x?) and

(1=x)"(1=y)"™" =exp(tlog(l —x) + (1 —1)log(1 —y)) = exp(—tx— (1 — 1)y + O(x* +)?))

=1—1x—(1—1)y+0(x*+y?).

Note that Qk(é)w = o(1) under (3.2.2). Let t* € [0, 1] be the maximizer of (3.2.6). By replacing

Ny with Ny using Lemma 3.1.1, we then have

Y min {P(D, = ), Fi(D, = )}
< exp{ Y Y N

(eL weqpclt-)
tog | [QU1QUAT +1-rQff, - (1= Qé@)ww(((zk(@mz)]}
—eof-% ¥ [rqhra-mel -l RO o]}

EGLWEWC%H)

:exp{_z y <1+o<1>>-ﬁw-[r*(2fé)w ") Qe — Qo %W]HH

ZeLWG‘WC%A)

=exp(—(1+o(1))-Dgcu(j,k) - gn),

which completes the proof of the desired argument. U
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()

Proof of Lemma 3.6.3. For the sake of convenience, denote ¢y’ = 4qr(£gx / log(qr(lex). The event

{G(v) = 0} means that for at least one of £ € L, the cardinality of the edge set Ey(v, A(?)) (each

edge contains v and at least one node from 57\[(0) ) is not small, i.e.,

Pu(G(v) =0) < ¥ Pu(Ge(v) = 0) = Y P, )| > ).
lel lel

Since L is a finite set, we only need to focus on extreme event for each £ € L. By (3.4.11), with
probability at least 1 — N~1°, the number of misclassified nodes in ¥ is at most NN where
nn < (pv) L. Then the cardinality of the edge set E (v, A(?) is at most nwN (} ;) <N~ /pu,

since we can choose the remaining ¢ — 2 nodes (beside v and the misclassified one) from all

N —2 nodes. Since py < Y jc /. qr(fz)ix, then

E(|E( /9\2(0) <nwvN N=2 .0\ <qI(IQ’X<L. () ~1
(‘ 2\, )|>_nN ) Qmax,\, oN Nq(e) max —~ 1.

We choose Yz(\f) =1/ ql({i)lx, and Cz(\f) =4/ log(qggx), which satisfies Cz(\f) > yj(f), and

V4 V4 V4 V4 V4
¢ log(CY) /) + () — L)

(£) (0)
4 4Qmax log(Qmax)
= oala) )(1°g( © ))+ PEORE

log(Qmax log(CImax max
log(4gin) — loglog(gi) I 1
:4( 0g(4¢max) — loglog(gmax) 4 _ > > 44 0(1).
log(qgfrzlx) 45[1%217( log(qglex)

Consequently, according to Lemma D.3.6, for any j # k, we have
/\ ( .
P(|Ee(v, A0)| > ) <e % < exp(—4 - Docnu(j.k) -an),

where the last inequality holds since qr(nzlx 2> Dgen - gy by (3.2.6) and Assumption 3.2.7. The

~Y

desired argument then follows since Dgca = min; < j<x<x Docu(j, k). O
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Appendix C
Deferred proofs in Chapter 4

C.1 Proof of Theorem 4.3.2 and Theorem 4.3.4
C.1.1 Discretization

To prove Theorem 4.3.2, we start with a standard €-net argument.

Lemma C.1.1 ([195, Lemma 4.4.1] ). Let W be any N x N Hermitian matrix and let Ng be an

g-net on the unit sphere SN~ with € € (0,1), then |W|| < supxeag [ (WX, x)|.

By [195, Corollary 4.2.13], the size of A is bounded by |Ag| < (1+2/¢)N. We would
have log |Ag| < Nlog(5) when 9 is taken as an (1/2)-net of SV. Define W := A — EA, then

Wi;; = 0 for each i € [N] by the definition of adjacency matrix in (4.2.4), and we obtain

IA—EA| = [W] <2 sup |(Wx,x)]. (C.1.1)
xeN

SNfl

For any fixed x € , consider the light and heavy pairs as follows.

L(x) = {(l}j) Fxixj| < %}, H(x) = {(i,j) Cxixj| > %}, (C.1.2)
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where d = Y yc (¢ — 1)dy. Thus by the triangle inequality,

|<X, WX>| S Z Winin

+ Z Wl’inXj .
(i,/)€L(x) i, J

We denote A := A for convenience. Then by (C.1.1),

|A—EA| <2sup : (C.1.3)

xeN

+ 2 sup
xeN

Z W,‘jX[Xj
(i,j))€H(x)

Z Wl'le'Xj
(i.j)eL(x)

C.1.2 Contribution from light pairs

For each /-hyperedge ¢ € Ey, we define ‘We(e) = ﬁle(e) — Eﬁle@). Then for any fixed

x € SN~ the contribution from light couples can be written as

Y W= Y | X L W |
(iJ)EL(x) (hj)eL(x) | (eL ect,
{i.j}ce

=YYW Y xx|=Y Yo, (C.1.4)

leLecEy (i,/)eL(x) leLecE
i#j{i.j}Ce

where the constraint i # j comes from the fact W;; = 0 and we denote

0= Y

(i,J)EL(x)
i#j,{i,j}Ce
Note that E%@) =0, and by the definition of light pair (C.1.2),

1929 < 06— )WA/N < et~ 1)VA/N, VieL.
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Moreover, (C.1.4) is a sum of independent, mean-zero random variables, and

2
ZZEW@W:ZZIMM%%(;uMJ]
i, j)EL

leLecE, leLecE |
i#j.{i,j}Ce
SZZMMM“% Zﬁ@]
leLecEy | (i,/)€L(X)
i#j {i,j}Ce
_EGL ( ( ) (i.j)e [N]2
<y L= det(—1 _ 2 ¥ d 2d(12—1)2
£ N- €+ N & N 7

when N >2¢—2, where dy = maxdj; . ;jandd =Y ¢ (¢ —1)d;. Then Bernstein’s (Lemma D.3.4)

implies that for any o > 0,
> oc\/Z) = IP’(

P(
lo2d ) ( 2N >
2exp| — 2 <2exp| — - _
< e—12+ (- 1LYlavd 4(0—1)2 4 2L

Therefore by taking a union bound,

Z Z %(5)

leLecEy

Z Wl'le'Xj
(i,j)eL(x)

> oc\/c_z’>

]P(sup Z W, iXiX ZOC\/E> < ’N’P( Z W;iXiX; 20(\/6_1>
x€N | (i,j)eL(x) (i.j))€L(x)
o>N v
< -N — < 2e”
<2exp <log(5) N TN 2a(£—1)L> <27, (C.1.6)

where we choose a = 5¢(¢ — 1) in the last line.
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C.1.3 Contribution from heavy pairs

Note that for any i # J,
N-2\ dy ({—1)d, d
EA;; < ( ) — <)y —— = (C.1.7)
e;L =2/ (1) z;L NN
and
x2x2
Y EAjyxxj|=| )Y EA;— (C.1.8)
(1. )EH(x) (eHx)
2,2
d Xix4
<y 2 ova Yy e<va
.. N ‘Xin‘ .. J
(i.j)eH (x) (i.j)eH (x)
Therefore it suffices to show that, with high probability,
Z A,‘le'Xj = 0(\/67) (C19)

(i,/)eH (x)

Here we use the discrepancy analysis from [100, 71]. We consider the weighted graph associated

with the adjacency matrix A.

Definition C.1.2 (Uniform upper tail property, UUTP). Let M be an N x N random symmetric
matrix with non-negative entries and Q be an N X N symmetric matrix with entries Q;; € [0,q]

foralli,j € [N]. Define
Al 2 Al 2
M= Z Ql’j]EMij7 G- = Z QijEM,’j.
e e

We say that M satisfies the uniform upper tail property UUTP(cg,Yo) with co > 0,Y > O, if for

=2
(o0 1 s <o ().
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where function fo(M) : RN*N s R is defined by foM) = Zl Ve 1 QijM;; for M € RNV gnd

function h(X) := (1 +x)log(1 +x) —x forall x > —1.

Lemma C.1.3. Let A be the adjacency matrix of non-uniform hypergraph H = Uyc r H, then A
satisfies UUTP(co,Yo) with co = [((£ —1)] ",y = 0.

Proof of Lemma C.1.3. Note that

N N
fo(A)—u=Y Qi(Aj—EA;) =) Q;Wi

irj=1 irj=1
Al 14 14 14
Z,ZQw(Z ) ‘We”>=2 Z‘We“( )» Qu)zZ Yz
i,j=1 lel y ‘e{e‘ff}c leL ecEy {i,j}Ce,i#j leL ecEy
i#j, 11, e

(6)

where Z, ' = ‘We(g) (Z (i jyceizj Qi ]-) are independent centered random variables upper bounded

by |z¥)| < Yfijvce,izjQij < L({—1)aforeach £ € {2,...,M} since Q;; € [0,a]. Moreover, the

variance of the sum can be written as

2
Y YRy ¥ E<we“>>2( y o,,-)

leLecEy leL ecEy {i,j}Ce,i#j
<Y Y EA -1 Y Q-1 Z Q}EA;; = (({—1)6.
leL ecEy {i,j}Ce,i#] i,j=1

where the last inequality holds since by definition EA;; = Y e, ¥ ces, ]E[/‘Zly)]. Then by
{i.j}ce
Bennett’s inequality Lemma D.3.5, we obtain

52 at
P(fQ(A) —u>t) <exp <— mh (@))

where the inequality holds since the function x - h(1/x) = (14 x)log(1+ 1/x) — 1 is decreasing

with respect to X. [

Definition C.1.4 (Discrepancy property, DP). Let M be an N x N matrix with non-negative

entries. For S,T C [N], define em(S,T) = Yics, jer Mij. We say M has the discrepancy property
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with parameter & > 0, K1 > 1,%, > 0, denoted by DP(3,%1,%2), if for all non-empty S,T C [N],

at least one of the following hold:

1. eM(S, T) < K16‘SHT|;

2. em(S,T)-log (%) <1(|S|V|T|) - log (W)

Lemma C.1.5 shows that if a symmetric random matrix A satisfies the upper tail property

UUTP(cp,Yo) with parameter ¢y > 0,7y > 0, then the discrepancy property holds with high
probability.
Lemma C.1.5 ([71, Lemma 6.4]). Let M be an N x N symmetric random matrix with non-
negative entries. Assume that for some & > 0, EM;; <8 for all i, j € [N] and M has UUTP(co,Yo)
with parameter cq,Yo > 0. Then for any 6 > 0, the discrepancy property DP(8,K1,K2) holds for
M with probability at least 1 —N~® with 1¢; = e*(1+1)%,%2 = 2 (1+70) (0 +4).

When the discrepancy property holds, then deterministically the contribution from heavy

pairs is O(v/d), as shown in the following lemma.

Lemma C.1.6 ([71, Lemma 6.6]). Let M be a non-negative symmetric N x N matrix with all row

sums bounded by d. Suppose M has DP(8,x,K2) with = Cd /N for some C > 0,x; > 1,k > 0.

Then for any x € SN 71,

Z Minl'Xj < OL()\/E,

(i,/))eH(X)

where ap = 16+ 32C(1+x;) + 642 (1 +

K1 logKl )

Lemma C.1.7 proves that A has bounded row and column sums with high probability.

Lemma C.1.7. For any 0 > 0, there is a constant o1 > 0 such that with probability at least

1-N9

max Z Ajj <aud (C.1.10)

1<1<N
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with o =4+ M and d > clogN.

Proof. For afixed i € [N],

iAu Y ¥ w-na’, i(AU—EAU):Z Y (e—nw,

j=1 leLecEypice j=1 leLecEyice
N
N—1\({—1)d,
ZEAU—Z( )f:da
= AN (7711)
(=12 Y B <Y (-1 Y EA)) < (@-1)d.
€eL ecEpice lel ecEpiice

)(1+6)

Then for oy =4+ 2= , by Bernstein’s inequality, with the assumption that d > clogN,

N N
P( ZAij > (de) < P(ZAU—EAU > (0(1 — 1)d>
j=1

j=1

1 212 oy —1)2
<exp| — 2(01 —)°d <N_(43*§><12°‘11)+4> <N 1%
- (0—1)d+1(t—1)(oq —1)d -

(C.1.12)

Taking a union bound over i € [N], then (C.1.10) holds with probability 1 — N~°. O
Now we are ready to obtain (C.1.9).

Lemma C.1.8. Forany 0 > 0, there is a constant B depending on 0, c,L such that with probability

at least 1 — 2N*e,

< BVd. (C.1.13)

Z Al'le'Xj
(i,j)eH (X)

Proof. By Lemma C.1.3, A satisfies UUTP( 0). From (C.1.7) and Lemma C.1.5, the

1
K
property DP(3, %, k) holds for A with probability at least 1 — N—® with

5= Ki=e?, K =200{—1)(0+4).

d
N,
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Let ‘Z; be the event that DP(5,x,%>) holds for A. Let %, be the event that all row sums of A
are bounded by ai;d. Then P(E;NE,) > 1 —2N~%. On the event E; N E,, by Lemma C.1.6,

(C.1.13) holds with B = oo, where

200-1)(1
0 =16+32(14€*)+1280(0 — 1)(0+4)(1+e72), oy =4+ s 3)c( 2.

C.1.4 Proof of Theorem 4.3.2

Proof. From (C.1.6), with probability at least 1 —2¢~", the contribution from light pairs in
(C.1.3) is bounded by 201/d with ot = 5¢(¢ — 1). From (C.1.8) and (C.1.13), with probability
at least 1 —2N 9, the contribution from heavy pairs in (C.1.3) is bounded by 2v/d + ZB\/E .

Therefore with probability at least 1 —2¢™N —2N~9,
|A—EA|| < CLV4d,

where Cp. is a constant depending only on ¢,0,L such that Cp, = 2(at+ 1 + ). In particular,

c

we can take o0 = 50(¢ — 1), B = 5126(£ — 1) (8 +5) (2+ w) and Cp = 5120(¢ — 1)(0 +
6) (2 + w) . This finishes the proof of Theorem 4.3.2. ]

C

C.1.5 Proof of Theorem 4.3.4

Let S C [N] be any given subset. From (C.1.6), with probability at least 1 —2¢~",

Y <A5—EA5> XX
(i,j)eL(x) ij

Since there are at most 2" many choices for $, by taking a union bound, with probability at least

sup
xeN

< 50(0—1)V4d. (C.1.14)

1—2(e/2)~N, we have for all § C [N], (C.1.14) holds. In particular, by taking S = I = {i € [N] :
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row(i) < td}, with probability at least 1 —2(e/2) ", we have

sup | Y [(A—EA)]ijxix;| < 50(¢0—1)Vd. (C.1.15)
x€N| (i,j)€L(x)
Similar to (C.1.8), deterministically,
Y [(EA)ixx;| < (0-1)Va. (C.1.16)
(i.j)eH (x)

Next we show the contribution from heavy pairs for A ; is bounded.

Lemma C.1.9. For any 0 > 0, there is a constant By depending on 0,c,L,T such that with

probability at least 1 — N~

Y [(A)fixix;| < BeVd. (C.1.17)

(i,/)eH (x)

Proof. Note that A satisfies UUTP <ﬁ,0) from Lemma C.1.3. According to Lemma C.1.5,

with probability at least 1 — N9, DP(5,x,%>) holds for A with

5= Ki=e>, K =200—1)(0+4).

d
N’

The DP(J, k1, %3 ) property holds for A as well, since A is obtained from A by restricting to I.

Note that all row sums in A ; are bounded by td. By Lemma C.1.6,

Y [Afixix| < apVd, (C.1.18)
(i,/)eH (x)
where we can take o = 16+ %(1 +e2) +1280(0—1)(0+4) <l + e%) ) O

We can then take B = 0p+/T in Equation (C.1.17). Therefore, combining (C.1.15),

(C.1.16), Equation (C.1.18), with probability at least 1 —2(e/2)~™ — N~®, there exists a constant
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C: depending only on T,M, K such that ||(A —FEA);| < C;V/d, where C; = 2((SL+1)(£ —1) +

0l0+/7). This finishes the proof of Theorem 4.3.4.

C.2 Deferred proofs
C.2.1 Proofs of Lemmas in Section 4.2

Proof of Lemma 4.2.4. By Weyl’s inequality (Lemma D.2.1), the difference between eigenvalues
of EA and EA can be upper bounded by

IL;(EA) — A, (EA)| < |[EA —EA||> < |EA — EA||r

< |2k % V/Nlog(N) - (0 — 5)2} " 0(N3/4 log!/2(N) (0 — B))-

The lemma follows, as A ;(EA) = Q(N(a—B)) forall 1 < j <K. O

C.2.2 Proofs of Lemmas in Section 4.5.1

Proof of Lemma 4.5.5. We first compute the singular values of By. From (4.5.5), the rank of

matrix By is K, and the least non-trivial singular value of B is

— N _ = N

B)= -2 @B ()
Ok (bq —m{ _WEGZL /-2 (N71> )

-1

where L is obtained from Algorithm 4.4.1. By the definition of A in (4.5.9), the least non-trivial

singular value of A is

N o\ g

lel /—1
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Recall that N;, defined in (4.5.1), denotes the number of vertices in ZN V/, which can be written

as N; = Y.,cq2 1{yez)- The expectation of N; is EN; = N/(2K). By Hoeffding’s Lemma D.3.2,
N 2
Pl |Ni— 3K > V/Nlog(N) | <2exp (—Klog*(N)) .
Similarly, ﬁi, defined in (4.5.2), satisfies
-~ N 5
PN, — YT > V/Nlog(N) | <2exp (—Klog*(N)) .

As defined in (4.5.3) and (4.5.5), both ﬁl and B are deterministic block matrices. Then with
probability at least 1 — 2K exp (—K log?(N)), the dimensions of each block inside By and By
are approximately the same, with deviations up to v/Nlog(N). Consequently, the matrix A,
which was defined in (4.5.8), can be treated as a perturbed version of A;. By Weyl’s inequality

(Lemma D.2.1), for any i € [K],

6:(B1) —0;(B1)| = [0:(A1) — 6i(A1)| < [|A1 — A2 < [|A) — A |

/
< |2K- % -v/Nlog(N)- (a—B)Z} . =0 (N3/410g1/2(1v) : (a—B)) .

As a result, with probability at least 1 — 2K exp(—Klog?(N)), we have

ok (A1) —ok(A1)| _ |ox(B1) —ok(B1))|
GK(Kl) GK(EI)

=0 <N71/410g1/2(N)) .

Therefore, singular values of 111 can be approximated by singular values of A; with vanishing

erIrors. L]

Proof of Lemma 4.5.6. Let X C V be a subset of vertices in hypergraph H = (1, E) with size
|X| = ¢N for some ¢ € (0, 1) to be decided later. Suppose X is a set of vertices with high degrees

that we want to zero out. We first count the /-uniform hyperedges on X separately, then weight
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them by (¢ — 1), and finally sum over ¢ to compute the row sums in A corresponding to each
vertex in X. Let £;/(X) denote the set of /-uniform hyperedges with all vertices located in X, and
Eo(X E) denote the set of ¢-uniform hyperedges with all vertices in X = 7/ \ X, respectively. Let
Eo(X, X C) denote the set of /-uniform hyperedges with at least 1 endpoint in X and 1 endpoint
in XC. The relationship between total row sums and the number of non-uniform hyperedges in

the vertex set X can be expressed as

Y row(v) < Y (0 - 1)(£|z:g(x>|+<£— 1)|z:g(x,x‘3)|) (C.2.3)
veX lel

If the row sum of each vertex v € X is at least 20Ld, where d := Yy, (¢ — 1)ay, it follows

Y (0—1) <e|zg(x)| (- 1)|zg(x,x‘3)|) > ¢N - (20Ld) . (C2.4)
lel

Then either

Y 00— 1)|T(X)| > 4LeNd, or Y (£—1)2|E(x,XC)| > 16LeNd.
leL leLl
Concentration of Y, ¢({ — 1)|E;(X)|
Recall that ‘ Eo(X) | denotes the number of /-uniform hyperedges with all vertices located
in X, which can be viewed as the sum of independent Bernoulli random variables T((f" ) and Tgb‘ )
given by
T ~ Bernoulli <Na—”l)> . T®) < Bernoulli (%) . (C.2.5)

(o= (1)
Let {,..., Vk} be the true partition of V. Suppose that there are 1;cN vertices in block V;NX

for each i € [K] with restriction ¥ X | n; = 1, then | £;(X)| can be written as

EX)|= ¥ T+ Y T,

e€Ey(X,ar) e€Ey(X,by)
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where E/(X,ay) == UK | Z/(9:N X) denotes the union for sets of hyperedges with all vertices in

the same block 7N X for some i € [K], and
To(X,be) == EoX0)\ Bo(X,a0) = Bo(X)\ (UF B0 X))

denotes the set of hyperedges with vertices crossing different 7, N X. We can compute the

expectation of |fg (X )‘ as

N (MieN\ag—by  (cN\ b
E| (X Z{(nc )a(‘; )€+<€> sl (C2.6)
i= -1

Then

Y (0—1)-ElEX) =Y (0—1) [Z(”’CN)‘”—Z’MQV) Nb_ﬂ ] (C2.7)

lel lel = (é 1)

—

K
As Y m; =1, it follows that Zszl (nith ) < ( ) by induction, thus
i=1

T ECT) (D R T (D -£0)

where both terms on the right are positive numbers. Using this and taking b, = a;, we obtain the

following upper bound for all N,

<CNZ ¢—1)ay=cNd.
(6—1) lteL

Y ((—1E[E(X)| < Y e(e—1 (N>

le L leL
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Note that Y yc , £(£ — 1)|E,(X)| is a weighted sum of independent Bernoulli random variables

(corresponding to hyperedges), each upper bounded by L. Also, its variance is bounded by

—Var<Z€ —1)|E(X ) Y L2(6—1)*Var (| E(X)])

leLl lel

< Y L*(¢—1)’E|Z(X)| <L?cNd.
lel

We can apply Bernstein’s Lemma D.3.4 and obtain

P (Z 00— D) E(X)| > 4LcNd)

lel

<P (Z 00— D) (|Eo(X)| = E|Ee(X)]) > 3LcNd)

lel

(3LcNd)? )
< ex ex 6¢Nd) . C.2.8
- p( L2cNd +12cNd/3 p(=6cNd) ( )

Concentration of ', , (¢ — 1)21£g(x,x5)y

For any finite set S, let [}/ denote the family of j-subsets of S, i.e., [S]/ = {Z|Z C
S,12| = j}. Let E/([9]7,[2]"/) denote the set of (-hyperedges, where j vertices are from
9 and ¢ — j vertices are from Z within each ¢-hyperedge. We want to count the number of
{-hyperedges between X and XC, according to the number of vertices located in X C within
each /-hyperedge. Suppose that there are j vertices from X C within each {-hyperedge for some

1<j<i—1.

(i) Assume that all those j vertices are in the same [\ X]/. If the remaining £ — j vertices are
from [V ﬂX]g /, then this /-hyperedge is connected with probability a,/ ( ) otherwise

be/()~]). The number of this type (-hyperedges can be written as

y T+ Z T

eE‘E ai) eE'E be)

I
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where Zj(j?) = E([V ﬂxﬂ]j, [V:N X)), and

Jst

£ = 5 (U X, X\ [1nx) )

denotes the set /-hyperedges with j vertices in [V, N X E]j and the remaining ¢ — j vertices
in [X]/\ [N X]/. We compute all possible choices and upper bound the cardinality of

fj(‘?) and Z( " by

== (C ) C) = (T GE)- ()]

(ii) If those j vertices in [9/\ X]/ are not in the same [V N X]/ (which only happens j > 2),

then the number of this type hyperedges can be written as ):eef( be) Tgbk), where
j

fj(-b‘) = fé([V\x]j\ (Uszl ['Vi\x]j)a [X]Zﬂ.) ;

()£ (] ().

Therefore, | E;(X, XT)| can be written as a sum of independent Bernoulli random variables,

2] <

-1 K -1
Zo (X, XC)| :ZZ Y T4 Y TP+ Y Y T, (C.2.10)
SR | e ez J2 g
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Note that ((l_fw) =YK, ((l/k_lnic)N) and ‘Zl(b")‘ = 0. Then ]E(|£g(X,XC)|) can be computed

as follows:

E (yfg(x,xﬂ)y) (C2.11)
1

ag—by

LE (MO ()
()-(D-(") ety
lfc)N) _vK

) =i ((1/ k]nic)N) in the first equality and Vandermonde’s

)

where we used the fact ((

identity (M7%?) = ):_l;':o (]\j‘) ( ﬁzj) in last equality. Note that

foim N cN (1—c)N
T\ l l
counts the number of subsets of 1/ with £ elements such that at least one element belongs to X

and at least one element belongs to X C. On the other hand,

=2 [()-(7)- ()

counts the number of subsets of 1/ with ¢ elements such that all elements belong to a single
v}, and given such an i, that at least one element belongs to X NV} and at least one belongs to
xtn V.. As in Figure C.1, g. only counts the blue pairs while f. counts red pairs in addition. By

virtue of the fact that there are fewer conditions imposed on the sets included in the count for f,,
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XNV

XNnW

XNV

Figure C.1. Comparison of f. and g,

we must have f. > g.. Thus, rewriting (C.2.11), we obtain

E(|Z (X, x0)]) = g, -2 I
(l E( )|) 8 (N,1 (12]:11)

Since both terms in the above sum are positive, we can upper bound by taking ay = b, to obtain

<’fﬁ> B [@) ) @V ) ) ((1 _KC)N)] @ﬁ) |

By summing over £, the expectation of ¥ yc /(¢ — 1)?| Ey(X, XC)\ satisfies

ze-v|()-(D)- ()|

E (|Zx,x5)) < f.

Y (0—1)% (mxx“) Y (-

—_

<2NY (1—c"—(1—¢)")(¢—1)a, < 8LeNd,
lel

where the last line holds when ¢ € (0,2!/% — 1], since

[(1—c)+c]£—cé—(1—c)£

(f)(l—c)“c+(§>(l )2 - +<€f1)(1—0)10“

(o Qer s (i e
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where the last inequality holds by the following Claim.

Claim 1. Let { > 2 be some finite integer. Then for 0 < ¢ <=2/ —1, it follows that (14¢)’ —1 <

2lc.

Proof of the Claim. We finish the proof by induction. First, the argument (1 +c¢)/ —1 < 2jc
holds true for the base cases j = 1,2 . Suppose that the argument holds for the case j > 2. For

the case j+ 1 </, it follows that
(1+c)/M M —1=04c) +c(l+c) —1<2jc4c(1+c) <2(j+1)c,

where the last inequality holds true if ¢(1 4 ¢)/ < 2¢, and it holds since ¢ < 21/ —1 <21// —1

forall j < /. 0

Similarly, we apply Bernstein Lemma D.3.4 again with K = L2, 6> < 8L?cNd and obtain

P <Z (0= 1) Eo(Xx, X%)| > 16LcNd)

lel

<P <): (0= D*(|E(X, XY - E|Eo (X, XB)|) > 8LcNd> <exp(—6¢Nd/L). (C.2.14)
lel

By the binomial coefficient upper bound (§) < (<)X for 1 < K < N, there are at most

(c];[\/) = (S)W = exp(—c(log(c) = 1)N) (C.2.15)

many subsets X of size |X| = cN. Let d be sufficiently large so that d 3 < ¢(. Substituting

¢ =d 3 in (C.2.15), we have

( dZZN> < exp [3dlog(d)N].
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Taking ¢ = d—3 in (C.2.8) and (C.2.14), we obtain

P (Z (0= 1)) E ()] + (€= 1)|Eo(x, XTY]) > 20Ld—2N> <2exp(—2d>N/L).
leL

Taking a union bound over all possible X with |X| = d >N, we obtain with probability at
least 1 —2exp(3d—>log(d)N —2d 2N /L) < 1 —2exp(—d~2N/L), no more than d 3N many
vertices have total row sum greater than 20Ld. Note that we have imposed the condition that
c=d 3 e (0,2 —1] in (C.2.13), thus d > (2//% — 1)~1/3, producing the lower bound in

Assumption 4.1.5. O

Proof of Lemma 4.5.10. Throughout the proof, let 7t(i) denote the membership of vertex i € V.
Let u;(j) denote the j-th entry of the vector u; € RV, Let (u;,e;) denote the inner product of two
vectors.

Note that U is spanned by first K singular vectors of (A;) . Let {u;}X | be an orthonor-
mal basis of the U. For each fixed i € V};;) N 92N {i1,- - ,is}, the projection Py := Y& (ug,

is defined via

K

K
Puei= Y (ue)u, |Puells= Y (ue)’
k=1 k=1

As a consequence of independence between entries in A and entries in Ay, defined in (4.5.7), it is
known that {uk}f:1 and e; are independent of each other, since e; are columns of E; := A, — Xz.

If the expectation is taken over {4}, conditioning on {u}X_, then

I
M=

{Uk}le} w(j) E ([(Az)ﬁ - (EAz)ﬁ]) =0,

E 0y, |0 €)

\H.‘
—

By, | (e {wd ]

[l
M=

E oy, |IPoeil3[{ucdE]

~
I
—_
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where L is obtained from Algorithm 4.4.1. We expand each (uy,e;)? and rewrite it into 2 parts,

(uy,e;)> = u(j1)ei(J)uc(2)ei(j2)

T\'Mw

—_
~

il aole

~
—

I
M=

we(NPle(N+ Y w(j)e()w(j)ei(j2), VkeK]. (C.2.16)
J1#J2

(@) ()

(W‘
—_

Part (a) is the contribution from graph, i.e., 2-uniform hypergraph, while part (b) is the contribu-
tion from /-uniform hypergraph with ¢ > 3, which only occurs in hypergraph clustering. The
expectation of part (a) in (C.2.16) in is upper bounded by a as defined in (4.2.5), since for any
k € [K],

N . ” ap— bg by
< J;[uk(J)] (EAz)ji < o= EeL [( ) (5 2) (]Z_11>]
2d
N

where |Ju|3 = Z]Jy [ux(j)]? = 1. For part (b) in (C.2.16),

E a0y, [ Z w(j1)ei(j1)uk(j2)ei(j2) {uk}kK_1]

J1#J2

= Y w(w(p)E [((Az)jli—(EA2)Jli) <(A2)12"_(EA2)12">}

J1#J2

- T utuos(f F a0-m)(L 3 @0-san)
jl#]Z lel eEfE;[%UZ} =y €€'£[[%UZ]
{iihce {i.j2}ce

According to Definition 1.1.3 of the adjacency tensor, /’Zle(f) and lee(f ) are independent if hyperedge

e1 # ey, then only the terms with hyperedge e D {i, ji, j2} have nonzero contribution. Then the
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expectation of part (b) can be rewritten as

{“k}kK—1]

Egq0y,., Y, w(jr)ei(j)u(j2)ei(j2)
h#i2

- Y winw(n) Y Y E@A-ra")

J1#i2 leL ecy[95UZ)
{i.j1,j2}Ce
. . 14
< Y u(winy Y Ea
J1#i2 leL ecy[95UZ)
{i.j1,j2}Ce
) ) a
=Y w(wm(in)), Y N_Zl . (C.2.18)
J1#j2 EeLeefg[%uZ]( 1)
{i1j17j2}ce

Note that |95 U Z| < N, then the number of possible hyperedges e, while e € £/[95 U Z] and

e D {i,j1,j2}, is at most (,",). Thus (C.2.18) is upper bounded by

E wimin E (7)ot

J1#j2 tel ! 1)
(L—1)(£-2) dL

< j;jzuk(jl)uk(jz)gz R < mj;jzuk(j])uk(jz)
_ N
< 261_]\1;‘21';]'2 ([uk(jl)]z—l— [Uk(j2)]2> < %]\/21) (jlzzll uk ]1 ‘I-JZZ:l[uk ]2 >
dL
_W7

where ||ug||2 =1, d = Yyc (£ — 1)ay. With the upper bounds for part (a) and (b) in (C.2.16),

the conditional expectation of || Pye;||3 is then bounded by

E o, [IPueil] {w ] = f oy, [ ] < S wr2),
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Let X; be the Bernoulli random variable defined by

i€ {i1,...,is}.

Xi= IL{|\PUei\|2>2 Kd(L+2)/N}

By Markov’s inequality,

E 700 [HI UeiHZ‘{uk} = ]
Yoer 2 k=1 1
EXZ‘——P(PE' 2+/Kd(L+2 N>< < -—.
H v le > ( )/ - 4Kd(L+2)/N —4

Letd:=s[2)"_, IEXij]_l — 1 where s = 2K log?(N). By Hoeffding Lemma D.3.2,

Ex>

S s S S
P(;Xij2§> (ZX —EX;)) Z
Jj=1 Jj=1 J=

282 (T3 EX;,)’ 1
Sexp(— p =0 m .

Therefore, with probability 1 — O(N~K102)) at least s/2 of the vectors e;,, ...,

e; satisfy

HPUein S 2\/Kd(L+2)/N.

Meanwhile, for any ¢ € (0,2), there exists some large enough constant C; > 24+, /(L +2) /K /c

such that if Yyc (¢ — 1)(ag — by) > CoK*"11/d, then

ey (3 2t

e > A\ )1
_M i -2 D — L e
NG Z§2<4I{> (6—1)(ar—be) > (2K)L1\/N€§L(£ 1)(ar — by),

CZKL\/E >2L+l /(L+2)KL\/E
QK)1VN — (2K 'Wkn

2 Kd
>— 2 L—’_Z)
N

> —||Pueil|>.
C

o
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Proof of Lemma 4.5.12. Split the vertex set ¥ into ¥, = {i|v; > 0} and 7 = {i|v; < 0}. With-
out loss of generality, assume that the first %’ entries of V are positive. We can write v in terms of
its orthogonal projection onto V. Choose € such that € | v and ||€||>» < ¢ with ¢; > /1 —¢2, then

we can write

.
e+l ey =L ey SL (C.2.20)

\/N’H.’ v \/]T]7 E+1_ﬁ7

V=c|V+&€= [81 +

The number of entries in € smaller than —/1 —c2/+/N is at most ¢?(1 —c?)~!N. Note that

2L e ) .
c1 > V1 —c2, thus at least % — lfczN indices i with v; = \/Lﬁ will have v; > 0. Then the ratio

we are seeking is at least

]

Proof of Lemma 4.5.13. We start with the following simple claim: for any ¢ > 2 and any v €

[1/2,1),

l
Vit (1-v)f < (1#) . (C.2.21)

Indeed, one quick way to see this is by induction on ¢; we will induct from ¢ to ¢+ 2. Assume
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the inequality is true for ¢; then

V€+2_’_(1_v)f+2 _ V2V€—|—<1—V)2(1—V)€
= vV (1 -2v+v)(1—=Vv)" < vV 4v3(1—v)
= VV+(1-v)) < V+1-v)HV +(1-v)H

1+v\2/1+v g_ 1+v\ 2
2 2 2 ’

where we have used the induction hypothesis together with 1 —2v < 0 and (1 —Vv)? > 0. After

easily checking that the inequality works for ¢ = 2,3, the induction is complete.
We shall now check that the quantities defined in Lemma 4.5.13 obey the relationship
> uy and pp — up = Q(N), for N large enough. First, note that the only thing we need to check

is that, for sufficiently large N,

VN (1-v)N (1+V)N (I(V)N)
2K K )\ < 4K [ 3&kE=D ) .
(£)+ ()= () ren(*5)s

in fact, we will show the stronger statement that for any ¢ > 2 and N large enough,

N (1—V)N (I4V)N
2K 2K 4K
<£>+( ) )<< | ) (C.2.22)

and this will suffice to see that the second part of the assertion, ty —u; = Q(N), is also true.

(1+v)N 1+v

v —v / ¢
Asympuoticatly, (F) ~ % (8), () ~ S5 () and () ~ 55 (35) Then the

inequality (C.2.22) follows from the claim (C.2.21).

Let {,..., Vk} be the true partition of V. Recall that hyperedges in H = Uy H; are
colored red and blue with equal probability in Algorithm 4.1.2. Let Ey(X) denote the set of blue
(-uniform hyperedges with all vertices located in the vertex set X. Assume |.X N V| = Ng|X|

with ):le N« = 1. For each ¢ € L, the presence of hyperedge e € Ey(X) can be represented by
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independent Bernoulli random variables

b
TE“” ~ Bernoulli (%) 5 Te(zbZ) ~ Bernoulli ( Ng—l > ’
2(%71) 2(51)

depending on whether e is a hyperedge with all vertices in the same community. Denote by

Ey(X,ar) = UL E(ViN X)

the union of all /-uniform sets of hyperedges with all vertices in the same ;N X for some i € [K],

and by
Ei(X,by) = Eg(X) \ Eo(X,ar) = Eo(X) \ (U{( fé(%“ﬁ)

the set of -uniform hyperedges with vertices across different blocks ;N X. Then the cardinality

|E¢(X)| can be written as the

Ezx)= Y T4+ Y 1,

eCEy(X,ay) e€Ey(X,by)

and by summing over /, the weighted cardinality |£(.X)| is written as

|vs<x>\:zze<e—1>|vsz<x>\=Zw—l){ y 1+ Y TE,P”},

leL lel ecEy (X ap) e€Ey(X,by)

with its expectation

lel

K /n. NN g4, — N
E|E(X)| =) (¢—1) {; (n’g") —2@_]3 + (Zg ) 5 éj‘_ 7 } : (C.2.23)
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since

K s Niz ZK . T]"Zﬂ
E(X ) = Y | (VN X)) z( K), !fe(xabzﬂ:(f)—Z(f)’

i=1 =1 i=1

Next, we prove the two Statements in Lemma 4.5.13 separately. First, assume that

XNV} <v|X]| (ie.,m; <V)foreachi€ [K]. Then

sz e [(5)CF)] e+ (g

To justify the above inequality, note that since Z ni =1, the sum Y | (" 7% ) is maximized when
i=1

all but 2 of the n); are 0, and since all n; < v, this means that

K /0N YN (1=v)N
y Mok \ « (2K 4 (2K ).
i=1 ( £ ) B ( ¢ ) ( ¢ )

Note that £(£—1) (Tﬁ“f ) _ET{™ )) and £(£—1) (Tgb‘ ) g )) are independent mean-zero random

variables bounded by £(¢ — 1) for all £ € L, and Var(|E(X)|) < L?(¢ —1)*E|E(X)| = Q(N).

Recall that uy := (u; +up) /2. Define t = ur — E|E(X)],

(42 —p1)/2 <t < pr, hence

t = Q(N). By Bernstein’s Lemma D.3.4, we have

2
P<|£(X)\ ZHT) = IP’(|£(X)] —E[E(X)| = t) < exp <_Var(|‘£()(;\)/+2£(f71)t/3) =0(e~ ),

where ¢ > 0 is some constant. On the other hand, if X N 9} > 1Y |X| for some i € [K], then

Z {[ —(]ZV)N 4(1;(12/)1) ar—by  (9%\ b
EIZ00|> 2 ¥ oe—1) < 3 )+(1<_1>( )] - +(f<) Z }::yz.
éeL ¢ ¢ (szll) ¢ (12’711)

The above can be justified by noting that at least one [X N ;| > Y| X[, and that the rest of the

vertices will yield a minimal binomial sum when they are evenly split between the remaining
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V;. Similarly, define t = ur — E|E(X)

, then 0 < (up —p1)/2 < —t = Q(N), and Bernstein’s

Lemma D.3.4 gives

P(1Z(X)| < ur) =P(|Z(X)| - E|E(X)| < )

exp | — /2 =0(e N
< p( Var<|vs<x>\>+e<£—1><—r>/3>‘O( )

where ¢’ > 0 is some other constant. O]

Proof of Lemma 4.5.15. If vertex i is uniformly chosen from 95, the probability that i ¢ 1 for

some k € [K] is

Pi¢Yic%) | |UN%Al_,  &-N—N ke [K]

PUi¢ Wli€22) = =55 % TN (VR

where N; and ]A\?,, defined in (4.5.1) and (4.5.2), denote the cardinality of ZN %, and 9 N ¥,
respectively. As proved in Lemma 4.5.5, with probability at least 1 — 2exp(—Klog?(N)), we

have
IN: —N/(2K)| < VNlog(N), |N;—N/(4K)| < VNlog(N).

ThenP(i ¢ Ufi€ %) =1—+ <1 +o(1)> . After Klog?(N) samples from 95, the probability

that there exists at least one node which belongs to 7/ is at least

Klog?(N)
1— (1 B l-l-I?(l)) ¢ — 1 — Ny (I+o(1)Klog(g%5 ) logN

The proof is completed by a union bound over k € [K]. O
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C.2.3 Proofs of Lemmas in Section 4.5.2

(0)

A ~(0
Proof of Lemma 4.5.16. We calculate P(S;; ©

(u) < uc) first. Define t1c = uc —ES;; (u), then

by Bernstein Lemma D.3.4,

P81 ) <pc) =P (51 () B8 () < 1ic)
sexp| ——q fic/2 > <exp (‘ 3t12C/£I(:))_ ) )
Var[Sy (u)] +(L—1)-11¢/3 6(L—1)-ES;; (u) +2nc
ey R
Yoer(€—1) <% +b£>

where L is obtained from Algorithm 4.4.1 with L denoting the maximum value in £, and the last

~(0 ~(0
two inequalities hold since Var[S(l 1) (w)] <(L-— 1)2ES§ 1) (u), and for sufficiently large N,
fic SZ,UC_ESH :——Z —1

(#)- <“;,?N>] @by
ﬁeL 1 t—1 2(]2]—_11)

< Ly OIS UEVTpeb o)

2 = 14 Ké 1
v)ET— (1 —v)E-l —b
W e b
2L+2 =~ K1
as well as the following bound on the expectation
<(0) _ <(0)

— g‘z(ﬁ— 1) { [(6L— 7) <£§f1¥1> n <(;2_Iv()1N>

ag—by ~ by
2T T >(€—1)2<%>}

6L—7)- (V) '+(1-v)! a—b,  (6L—6)b
:Ee_l)[( ) (V)zf - b <W>1 z}<1+0(1))
_7). /-1 )1
ng (6L 7) (V) > ‘|‘(1 V) .(5_1)( - lfﬁ_'_bé) (1+0<1>)
ceL
3(L-1 —b
<3 5 )e§(€_1)< T K+bp)
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<(0)

~(0
Similarly, for P(S, ; (u) > uc), define fjc := pc — ESE]) (u) for j # 1, by Bernstein’s Lemma D.3.4,

(S0 2 1) =2 (81055002
2
<exp | ———; fic/2 ) <exp( ) —1) )
Var[S;; (u)] + (L — 1) -tic/3 ESU( =
<ex IR (A ¢ 2 [ZZGL ( ]
= C-22s v (,? b)
5V (0

The last two inequalities holds since Var[S; ; (u)] < (L — 1)?ES, / (u), and for sufficiently large

1j
N,

<) 1 w UINNT ap—b
fic i=pe = B8y () =5 . (=1): [(/51) - ( 20) 5

lel

(V- — (1 —v)t! ag—by
2 L+2 Z(ﬁ—l)- —1
2 leL K

as well as the following bound on the expectation

<(0)

6ES, ) s\

(u) + 2tjC =2uc+ (6L — S)ESU (u)

&Y {[(ewl) o2 M; foono( ) )

Ly (6L—7)-(1-v)"! ay—b, (6L—6)-b
:Ee_l).((v) Ly 1) V)’ '2ef+(ze,<e)1 f)mo(l))
=14 (6L—7)- (1 —v)! ar—b
SXE(V) H 213)( 2 '(5—1)([@ lé"‘bé)(l-i—O(l))
3(L—-1 ar—b
= (2 )fg(f—l)(%erz).
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C.3 Algorithm correctness for the binary case

We will show the correctness of Algorithm 4.1.1 and prove Theorem 4.1.6 in this section.
Without loss of generality, we assume N is even to guarantee the existence of a binary partition of
size N/2. The method to deal with the odd N case was discussed in Lemma 4.2.4. The analysis
will mainly follow from the analysis in Section 4.5. We only detail the differences.

First, with o and B defined in (4.2.5), (4.2.4) becomes

_ oJy PBIy
A—FA=| 2 3| _aly, (C3.1)
BJ% OCJ%

Second, let the index set be I = {i € ¥ : row(i) < 20Ld}, as shown in (4.3.3). Let u,
(resp. ;) denote the eigenvector associated to A;(A;) (resp. A;(A)) for i = 1,2. Define two
linear subspaces U := Span{u;,u,} and U := Span{u;,u,}, then the angle between U and U is
defined as sin Z(U, U) := ||Py — Pg|, where Py and Py are the orthogonal projections onto U

and U, respectively.

C.3.1 Proof of Lemma 4.4.4

Bound the angle between U and U

The strategy to bound the angle is similar to Section 4.5.1, except that we apply Davis-
Kahan Theorem (Lemma D.2.5) here.
Define E := A — A and its restriction on I, namely E; := (A —A); = A; — Ay, as well

as 8 := A; — A. Then the deviation A; — A is decomposed as

A]—K: (A[—K1)+(K1—K) :E[—|—8.

Theorem 4.3.4 indicates ||E;|| < C3v/d with probability at least 1 — N~ when taking

T=20L, 0 = 3, where Cj3 is a constant depending only on L. Moreover, Lemma 4.5.6 shows that
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the number of vertices with high degrees is relatively small. Consequently, an argument similar
to Corollary 4.5.7 leads to the conclusion ||8|| < v/d with high probability. Together with upper
bounds for |E;|| and ||8||, Lemma C.3.1 shows that the angle between U and U is relatively

small with high probability.

Lemma C.3.1. For any c € (0,1), there exists a constant C, depending on L and c such that if

Y (6—1)(ag—be) > Cp-2""2V4,

le L

then sin / (U, U) < ¢ with probability 1 — N2,

Proof of Lemma C.3.1. First, with probability 1 — N~2, we have
|A;— Al < |Ef]|+[I8]| < (C3+1)Vd.

According to the definitions in (4.2.5), a > 3 and o = O(1/N), B = O(1/N). Meanwhile,
Lemma 4.2.3 shows that [Ay(A)| = [0+ (o« — B)N/2] and |A3(A)| = . Then

@)~ o) = Jo- By -20 3 Sa-p) =3 T} L)y
Z% (g_lggfi_bg)22%2(5—1)(06—195)24@\/3-

lel

Then for some large enough C,, the following condition for Davis-Kahan Theorem (Lemma D.2.5)

1s satisfied
1A =A< (1-1/v2) (A2(A)| - [A3(A)])

Then for any ¢ € (0,1), we can choose C, = (C3 + 1)/c such that

PPy < AAL_ 2AC IV
)~ Ta®) 4V

<c.

N o
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Now, we focus on the accuracy of Algorithm 4.4.5, once the conditions in Lemma C.3.1

are satisfied.

Lemma C.3.2 ([64, Lemma 23]). IfsinZ(U,U) < ¢ < %, there exists a unit vector v € U such

that the angle between y and v satisfies sin /(up,v) < 2,/c.

Proof of Lemma C.3.2. Recall that U := Span{uy,u,}, U := Span{u;,u,}, where

d = LT
ul_[\/ﬁ’ "\/IV]’
by [ 1 1 Lr

- \/N’ ’\/N’_\/N’m ’_W
By assumption, the angle between U and U is bounded by
. — 1
sinZ(U,U) == |Pg—Py|| <c < 7

Define v; := Pyuy and X; = Uy — v, for k = 1,2. Note that v; € U and u; € U, then

[Xkl[2 = [[ox = vil[2 < [|Pg —Pul| - [[u2 < c.
Meanwhile, v; = u — X, then it implies ||vg||2 > 1 —c. Since ﬁlTﬁz =0, we have

Vil| = [0 — X | < [u] W] +[X[ W] <c.

Together with the fact that ]v-lri2| <c, \Vgill < ¢, we have

Iviva| =[a] i — X[ vy — v % + X[ %

<|KTva| 4 |V %o | + [X] %o | < 2¢+ 2.

257



Note that [X] 0| < ||%|2 < ¢ for k = 1,2, then

Vi U] = [0 — X | > [0 ] — R0 > 1—c.

Letv, =vp— V1

H2 € U, using the estimates above, we then have

.
Vi V2 _
vim| =V, — L =vim|
Iv1]3
T
T_ VvV V2 T_
22t i
2
(2¢+c¢)
(1—e) g 212

Define the unit vector v := , then we have

HV T

sinZ(v,i) = /1 - [W] v < /1 - (1-2¢ =2/e,

which is the desired result. L]

The vector v constructed by Algorithm 4.4.5 is the unit vector perpendicular to Pyly,
where Pyly is the projection of all-ones vector onto U. Lemma C.3.1 and Lemma C.3.2 together

give the following corollary.

Corollary C.3.3. For any ¢ € (0,1), there exists a unit vector v € U such that the angle between

W, and v satisfies sin Z (W, v) < ¢ < 1 with probability 1 — O(e™™).

Proof. Forany c € (0, 1), we could choose constants Cp, C3 in Lemma C.3.1 such that sin (U, U) <

% < 1. Then by Lemma C.3.2, we construct v such that sin Z(u,v) < c. O

The proof of Lemma 4.4.4 is then completed by choosing C,, C3 in Lemma C.3.1 such

that ¢ < 411’ and applying Lemma 4.5.12 with K = 2.
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C.3.2 Proof of Lemma 4.4.5

The proof strategy is similar to Section 4.5.2 and Section 4.5.3. In Algorithm 4.1.1, we
first color the hyperedges with red and blue with equal probability. By running Algorithm 4.4.6 on
the red graph, we obtain a v-correct partition ’IA/I, ‘IA/Q of ¥V =1UM,ie., |VN ‘/I>k] > VN /2 for
k = 1,2. We condition on this event in the rest of the proof. Meanwhile, we shall also condition
the event that the maximum red degree of a vertex is at most log? (N) with high probability,
which is a simple consequence of concetration by Bernstein’s inequality (Lemma D.3.4).

Similarly, we consider the probability of a hyperedge e = {ij,...,is} being blue con-
ditioning on the event that e is not a red hyperedge in each underlying ¢-uniform hypergraph
separately. If vertices ij,...,i; are all from the same true cluster, then the probability is yy,
otherwise ¢y, where Y, and ¢, are defined in (4.5.28) and (4.5.29), and the presence of those
hyperedges are represented by random variables ci"‘) ~ Bernoulli (yy), aﬁ‘”) ~ Bernoulli (¢;),
respectively.

Following a similar argument in Section 4.5.2, the row sum of u can be written as

SPW=Y -1 ¥ ey et e,

el (ag) (bg)
ec {Ek,j ec {Ek,j

where f,gajé) = E (U], [N ‘IA/J-(O)]K_I) denotes the set of /-hyperedges with 1 vertex from
[7%]" and the other £ — 1 vertices from [7} N ‘IA/j(O)]g_l, while
b ~(0)10— ~5(0)70—
Zk(,j[) — ‘Zg([’Vk]l, [‘V( )]Z 1\[%ﬂ (Vj( )]é 1)

J

denotes the set of /-hyperedges with 1 vertex in [%}]! while the remaining ¢ — 1 vertices in
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[‘/I%(O)]K*l \ [V ‘YA/J-(O)]Z*I, with their cardinalities

(0 (0 00
|£(a()|< |’Vkﬂ‘Vj()| |Z(b(f)|< |{Vj()| _ |‘Vkﬂ‘Vj()| .
kg 1= (-1 I A AN | (-1

According to the facts \‘Vkﬂ‘IA/k(O)\ >VN/2,|V|=N/2, ‘IA/k(O)| = N/2 for k= 1,2, we have

@< [ 2 @), _ (22
2012 (). 1= (2, ) ik

To simplify the calculation, we take the lower and upper bound of ]%,Eak[)| and m}%{) |(j #k)

respectively. Taking expectation with respect to cé“‘) and F,E”f), for any u € 1, we have

55500 = X[ (.7, Jo-oo+ (.2, o,

lel

=N (1-v)N N
ESI(S')(”) =) ((-1) [( Eil )(W—W)Jr (Eil)q)é] , JF k.

leL

~(0 ~(0
By assumptions in Theorem 4.1.7, ES,Ek) (u) — ES,(CJ) (u) = Q(1). We define

e = %%‘2(6—1).{ [(ZV?NJ + ((;g)iv)] (We—¢z)+2(£1)¢e} :

After Algorithm 4.4.6, if a vertex u € 7V, is mislabelled, one of the following events must happen

~(0 ~
. S,((k) (1) < uc, meaning that u fails to have enough neighbors in ‘Vk(o) to be correctly labeled

as k;

<(0)

* Sy; (u) > uc, for some j # k, meaing that u survived Algorithm 4.4.6 without being

corrected.
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By an argument similar to Lemma 4.5.16, we can prove that
~0) (30 ~0) (30
Py —P<Skk(”)§.uC>§P, P2 —P<Skj(u)ZHC>§P,

where p = exp (—C.(2,v)-SNR,(2)) and

[
8(L—1)2 ’

SNR,(2) == [ZKEL(K— 1) (ay _b€)2—€+1:|2

C(2,v) = T e (=1 ((ar—bo2 T by)

As a result, the probability that either of those events happened is bounded by p. The number of

mislabeled vertices in 1] after Algorithm 4.4.3 is at most

~(0)
R, = Y L+ Y A,
veV\ ve N,

where I'), (resp. A,) are i.i.d indicator random variables with mean 650) (resp. ﬁéo)). Then

o) _N
ER\ < e

where Vv is the correctness after Algorithm 4.4.2. Let #; := (1 4+ Vv/2)Np, then by Chernoff

Lemma D.3.3,

P (ﬁ/(co) > NP) =P [ﬁ;(co) —(1=v/2)Np > tk] <P <ﬁ,((0) —Eﬁ,(co) > ,k> < e = O(e NP,

which means that with probability 1 — O(e~VP), the fraction of mislabeled vertices in ¥} is

smaller than 2p, i.e., the correctness is at least Y := max{v, | —2p}.
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Appendix D

Technical Lemmas

D.1 Calculus

Lemma D.1.1. For a,b > 0, define the function g(a,b) := max,c( 1) f(t), where
ft)=ta+(1—1)b—db' .

When a < b but a/b # 1, g(a,b) < a. Otherwise when a>> b, g(a,b) =a-(1—o(1)).

Proof of Lemma D.1.1. By basic calculus, the maximizer t* is unique, and it satisfies

df . 1 a/b—1

Y1 —a—b—bla/b) log(a/b) =0 — 1* = I ( )

dr =~ ¢ (a/b)" log(a/b) log(a/b) ¢ \log(a/b)
Consequently,

gla,b) = f(t*) = (a—b)r* +b(1— (a/b)")

a—b a—>b
= o) (10g(a/b—1)—loglog(a/b)) +b— o(a/b)
B log(a/b—1) loglog(a/b)—1
=a-(1-b/a)( log(a/b)  log(a/b) )+o

The first part follows obviously. When a > b, then b/a = o(1), log(a/b —1)/log(a/b) =

1 —o(1), (loglog(a/b) —1)/log(a/b) = o(1), thus g(a,b) = a(1 —o(1)). O
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Lemma D.1.2. The function f : N* — N, defined by f(N) = (ZZ), is convex for any { > 2. In

particular, if Ny + Ny + -+ -+ Nk = N for some K € N, then f(N1)+ f(N2)+---+ f(Ni) < f(N).

Proof. By induction, it suffices to check when K = 2, which can be verified by direction

calculation (1\2‘) + (1\22) < (N‘ “ZNz).

Lemma D.1.3. For integers n,k > 1, we have

1
log(n!) =nlog(n) —n+ 5 log(2mn) + O(n™ 1)

n 1 n I 1
1 =—log——~+nl —klog(k) —(n—k)1 —k)+0( -+~

n n 1 . k
log (k) =klog (% — 1) — Elog(an) +o(k "), fork= (1) and o= o(1).

Moreover, for any 1 <k < \/ﬁ, we have

4-k! k k 2 12k

Proof of Lemma D.1.3. According to Stirling’s series [80], for any n > 1,

n\n 1 n\”" _1
\V21n (—) entin!y/27n (—) e,
e

e
Then the following asymptotic expansion holds:

1

1
‘log(n!) - <§log(2ﬂ:n) +nlog(n) —n)‘ < T
n

Thus for any k > 1, we have log (}) = log(n!) —log(k!) —log((n —k)!), as well as

)log (Z) - (%logm +nlog(n) —klog(k) — (n—k) 10g(n—k)>‘ < %(% +
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1 1
n_ < (n> < %, log (Z) > klog <@> — —log(k) — — —log(4v2m).

1

)

k-l-

1
n—=k
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When k£ = o(1) but % =o0(1), we have log(1 — %) = —% +O(N7?), and

n 1 1 k
log (k) =— 510g(2nk) — Elog (1 - r_z> +nlog(n) — klog(k)

— (n—k)log(n) — (n—k)log (1- S) +o(1)

=klog(n) —klog(k) +k+o(k).

At the same time, we write

(1) <ok ) o () (2] (1) ey

The upper bound is trivial. For the lower bound, let f(x) = (1 —x/n)* denote the function. It is

easy to see that f(x) is decreasing with respect to x, and

Let g(r) = (1 —1/t)" and we know that g(¢) is increasing when ¢ > 1, hence g(¢) > g(2) = 1/4

for any 7 > 2 and the desired lower bound follows. Then for any k < \/n, we have

lo n > lo n*
E\k) =% a1k

> log

nk
B <4~m <§>'<e1‘zk>

D.2 Matrix inequalities

Lemma D.2.1 (Weyl’s inequality, [203]). Let A,E € R™*" be two real m X n matrices, then
|ci(A+E)—0;(A)| < ||[E|| forevery 1 <i<min{m,n}. Furthermore, if m=n and A,E € R"*"

are real symmetric, then |N;(A+E) — A (A)| < ||E|| forall 1 <i<n.
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Lemma D.2.2 (Eckart—Young—Mirsky Theorem [90]). Suppose that the matrix A € R™*"
(m < n) adapts the singular value decomposition A = UEV', where U = [uy, ..., u,] € R"™™",
V =|vi,...,Vy| € R and £ € R™*" contains diagonal elements G| > ... > Gy, Let AK) =
YK owwv] be the rank-K approximation of A. Then ||A —AX) ||, = 6x11 < ||A —B||2 for any

matrix B with rank(B) = K.

Lemma D.2.3 (Davis-Kahan Theorem, [74, 208]). Let A and A* be n X n symmetric matrices
with eigenpairs {(ki,ui)}ll/ll and {(kf,uf)}lzl‘ respectively, where eigenvalues are sorted in
the decreasing order. We take Ay ‘= +o and A, 1 = —o. For fixed j € V, assume that
& =min{A;_1 —Aj,Aj —Aj11} > 0. Then for eigenpairs of (Aj,u;) of A and (N}, w}) of A*, if

(uj,uj) >0, one has

V8JA - A*|
Juy s < A
Lemma D.2.4 (Generalized Davis-Kahan Theorem, [91, 78]). Consider the generalized eigen-
value problem Au = ADu where A € R"™" being symmetric and D € R"*" being diagonal.
Let D~ € R"™" denote the Moore-Penrose inverse of D, that is (D'),, = (D,)~! if D, # 0,
otherwise (D™1),, = 0. Then the matrix D~'A € R™" is diagonalizable, which admits the

decomposition

|7/ A 0] |UT
D 'A= Z?\,,'ll,'ll;r = |:U UL}
=1 0 A | |UT

1

LetP=1U LUI =1—UUT denote the projection onto the subspace orthogonal to the space
spanned by columns of U. Let & = min;|(A_); —1\ denote the absolute separation of some A

from A |, then for any vector u,

|(>'A 0|

Pu|| <
|| < s
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Proof of Lemma D.2.4. First, note that

- A=A 0 UTa
D 'A-ADu= [U UJ_} .
0 A, —M| |UTq,

thus
UTa= (A, —AD'UT(D'A-2ADu
Note that columns of U are pairwise orthogonal, therefore

PG| = |[ULUTa]| = [[UL (AL —AD)'UT (DA - AD)d|

_ o, uTjl-[(0~'A—ADa]| _ [|(D-'A - ADd]
- ) - ) '

]

Lemma D.2.5 (Davis-Kahan’s sin® Theorem, [58, Theorem 2.7], [74, 208] ). Let M and

M = M +E be two real symmetric N x N matrices, with eigenvalue decompositions given

respectively by
— =T

— Y_ A O U
M= ZklﬁlﬁlT = |:U UJ_:| _ B

i=1 A UL

N A 0] |UT
M=)} Auu = {U UL]

i=1 0 A | |U]

Here, {7_»,}5\]: \(resp. {kg}ﬁ \) stand for the eigenvalues of M(resp. M), and Uj(resp. u;) denotes
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the eigenvector associated il resp. A;). Additionally, for some fixed integer r € [N|, we denote

A =diag{Ai,..., A}, AL =diag{A41,..., v},

U=[u,...0] €RV, UL =[O, 0y € RNV,

The matrices A, A, U, U | are defined analogously. Assume that

eigenvalues(A) C [a,B], eigenvalues(A ) C (—eo,aa—AJU[B+A,0), o,peR,A>0,
and the projection matrices are given by Py := UUT, Py = ﬁUT, then one has ||Py —Pgl| <
(2||E||/A). In particular, suppose that |hi| > [Ra| > -+ > M| = [Ari1| > - |Aw] (resp. M| >
w2 D). I Bl < (1= 1/V2)([Mr = [Aly41), then one has

2||E]

A = A ]

Lemma D.2.6 (Wedin’s sin ® Theorem, [58, Theorem 2.9], [201, 208]). Let M and M =M +E

be two N1 X Nj real matrices and N1 > N;, with SVDs given respectively by

oM 1T 0 of [V
M= ouyv;, = |:U UL} - T
i=1 O ZJ_ 0 VJ_

N ¥ 0 0] |VT
M=Y cuv| = {U UL]
i=1 0 £, of |Vl

Here, G| > --- > Gy, (resp. 61 > --- > O, ) stand for the singular values of M(resp. M), u(resp.
u;) denotes the left singular vector associated with the singular value Gi(resp. G;), and Vi(resp.

v;) denotes the right singular vector associated with the singular value G;(resp. ;). In addition,
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for any fixed integer r € [Ny], we denote

¥ =diag{oy,...,0,}, X, :=diag{Gry1,...,0n,},
U = [ul,...,ur] e RNIX"7 UJ_ — [ur+17"'7uN1] 6 RN]X(Nl—I‘)’

V = [Vl?-..,Vr] S RNZXV, VJ_ = [Vr+l7---,VN2:| c RNZX(NZ_V)‘

The matrices ¥, ¥, U, U, V, V| are defined analogously. If E =M — M satisfies ||E|| <
G, — 6,1, then with the projection matrices Py := UUT, one has

v2max {[|[ETU||, |[EV]|}

max < ||Py—Pgl|l, [|Pv — Pyl ; < —
{H U|| || V“} Gr_cr—l—l_HE”

In particular, if |E|| < (1 —=1/v/2)(G, —G,41), then one has

V2|E|

P P\, ||P Pyl < =——
max { [Py —Pg, [Py — Py } < S, 61

D.3 Concentration inequalities

Lemma D.3.1 (Markov’s inequality, [195, Proposition 1.2.4]). For any non-negative random

variable X and t > 0, we have
P(X >1) <E(X)/t.

Lemma D.3.2 (Hoeffding’s inequality, [195, Theorem 2.2.6]). Let X1,...,Xy be independent

random variables with X; € [a;,b;], then for any, t > 0, we have

22
( ) SZeXp(——Zé\,Zl(bti_aiV).

Lemma D.3.3 (Chernoff’s inequality, [195, Theorem 2.3.1]). Let X; be independent Bernoulli

N
ZX —EX;)
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random variables with parameters p;. Consider their sum Sy = Zﬁil X; and denote its mean by

u=IESy. Then for anyt > yu,
t
P(Swzr) e (%)

Lemma D.3.4 (Bernstein’s inequality, [195, Theorem 2.8.4]). Let X, ...,Xy be independent

mean-zero random variables such that |X;| < K for all i. Let o’ = Zﬁi 1 EXZZ Then for every

N 2
t°/2
P ‘ | >r] <2 -——.
(i_l 1= )‘ exP( (52+Kt/3>

Lemma D.3.5 (Bennett’s inequality, [195, Theorem 2.9.2] ). Let X1,...,Xy be independent

t >0,

random variables. Assume that |X; — EX;| < K almost surely for every i. Then for any t > 0, we

N o’ (Kt
2

where 6> = YN | Var(X;) is the variance of the sum and h(u) := (1 +u)log(1 +u) — u.

have

Lemma D.3.6 (Variants of Chernoff). Let X; be independent Bernoulli random variable with

mean p;. Consider their sum Sy = Z?/: 1 X; and denote its mean by p .= ESy.

1. Let u=vy-qy for somey> 0 and qy > 1, then for any { > v, we have

P(Sy > Ggn) <exp (—qn - [(v—C) +Llog(C/7)])

g
Specifically, P(Sy > t) < N Blog =01 ey gn = log(N).

2. If u="yn-qn for some vanishing sequence {yy }n>1 with Yy = o(1), then for any vanishing
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sequence {Cy}n>1 with {y = o(yn), we have
P(Sw = G- an) < exp(—ay - [Gvlog 2 (1 +o(1))]).

Proof of Lemma D.3.6. Chernoff Lemma D.3.3 gives

P(Sy > 1) < e—ﬂ(%’“’)l =exp (— (u—1)—tlog <£>>

u

Let f(1) = tlog(ﬁ) +(u—1), where f(u) =0and f (1) = log(fl) > 0 fort > u, thus f(¢) > 0 for

all t > u.

1. By taking t = gy, we have
P(Sy >1) <exp(— (Y= 8)gn —Glog(L/7) - gn)-

— — v _ WOy _
2. Note that yy = o(1), {y = o(1) but Y—l’\vl = o(1), then m = o(1), hence follows.

]
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