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EPIGRAPH

History teaches the continuity of the development of science. We know that every age has its own

problems, which the following age either solves or casts aside as profitless and replaces by new ones. If

we would obtain an idea of the probable development of mathematical knowledge in the immediate

future, we must let the unsettled questions pass before our minds and look over the problems which

the science of today sets and whose solution we expect from the future. To such a review of problems

the present day, lying at the meeting of the centuries, seems to me well adapted. For the close of a great

epoch not only invites us to look back into the past, but also directs our thoughts to the unknown future.

The deep significance of certain problems for the advance of mathematical science in general

and the important role which they play in the work of individual investigator are not to be denied. As

long as a branch of science offers an abundance of problems, so long is it alive; a lack of problems

foreshadows extinction or the cessation of independent development. Just as every human undertaking

pursues certain objects, so also mathematical research requires its problems. It is by the solution of

problems that the investigator tests the temper of his steel; he finds new methods and new outlooks, and

gains a wider and freer horizon.

It is difficult and often impossible to judge the value of a problem correctly in advance; for the final

award depends upon the gain which science obtains from the problem. Nevertheless we can ask whether

there are general criteria which mark a good mathematical problem. An old French mathematician said:

“A mathematical theory is not to be considered complete until you have made it so clear that you can

explain it to the first man whom you meet on the street.” This clearness and ease of comprehension,

here insisted on for a mathematical theory, I should still more demand for a mathematical problem if it is

to be perfect; for what is clear and easily comprehended attracts, the complicated repels us.

Moreover, a mathematical problem should be difficult in order to entice us, yet not completely

inaccessible, lest it mock at our efforts. It should be to us a guide post on the mazy paths to hidden

truths, and ultimately a reminder of our pleasure in the successful solution.

— David Hilbert, Mathematical Problems [125, 126, 124]1

— Lecture delivered before the International Congress of Mathematicians at Paris in 1900

1Originally delivered in German as “Mathematische Probleme”. Translated by Mary Winston Newson.
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This dissertation concerns the community detection problems under the Hypergraph

Stochastic Block Model (HSBM), where the sizes of edges may vary, and each edge appears

independently with some given probability, purely determined by the labels of its vertices.

For regimes where the expected degrees grow with the number of vertices, for the first

time in the literature, we prove a wide-ranging, Information-Theoretic (IT) lower bound on the

number of misclassified vertices for any algorithm, where the bound is characterized by the
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generalized Chernoff-Hellinger divergence involving model parameters. Besides that, when the

expected degrees grow logarithmically, we establish a sharp threshold for exact recovery for

the non-uniform, multiple-community setting, subject to only minor constraints. A key insight

reveals that aggregating information across uniform layers enables exact recovery even in cases

where this is impossible if each layer were considered alone. We present two efficient algorithms,

for minimal and full information scenarios, which successfully achieve exact recovery when

above the threshold, and attain the lowest possible mismatch ratio when below the threshold

where exact recovery is impossible, confirming their optimality.

In the regime with bounded expected degrees, we develop a spectral algorithm that

achieves partial recovery, correctly classifying a constant fraction of vertices. This fraction is

determined by the Signal-to-Noise Ratio (SNR) of the model, and approaches 1 as the SNR

grows slowly with the number of vertices. Our algorithm employs a three-stage approach: first,

preprocessing the hypergraph to maximize SNR; second, applying spectral methods to obtain

an initial partition; and finally, implementing tensor-based refinement to enhance classification

accuracy.

Additionally, we provide novel concentration results for adjacency matrices of sparse

random hypergraphs, serving as the foundations of the theoretical analysis of our algorithms,

which could be of independent interest. We also address several open problems concerning

incomplete model information and parameter estimations.
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Chapter 1

Introduction

1.1 Random graphs models and sparse random matrices

Random graph models are powerful tools for studying complex systems with inherent

randomness and underlying structure [39]. By capturing the probabilistic nature of connections

between entities, these models enable rigorous analysis of emergent properties in large networks,

including connectivity patterns and community structures. They serve as both mathematical

objects for rigorous study, and practical tools for developing algorithms being able to extract

valuable insights from intricate networked datasets.

The study of random graphs has a long history, dating back to the 1950s when Erdős

and Rényi introduced the Erdős-Rényi graph [98]. Initially, it was introduced to demonstrate

the existence of graphs with specific properties. Since then, its simple but mathematically rich

structure made it an ideal starting point for exploring more complex random graph models. In

terms of applications, it has provided a bevy of theoretical uses in computer science, physics,

and engineering: as the stepping stone or building block model in the study of networks, as an

expander, as a basic paradigm for studying random matrices.

Meanwhile, in real-world applications, large matrices encountered in science, engineering,

and mathematics are often predominantly zero, or sparse. The study of sparse matrices resides

at the intersection of numerical linear algebra, graph theory and probability theory, which

are bridged together by the Erdős-Rényi graph model. Sparse matrices has gained significant
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attention in recent years due to their applications in various fields, including and network

science [170, 185, 186], machine learning [144, 24] and sparse Transformers [62]. Theoretical

techniques that were developed for studying sparse random matrices have been widely used to

analyze the structure of random graphs and provide the theoretical foundation for applications

in theoretical computer science, statistics and data science, including community detection [1],

matrix completion [145, 184], matrix sketching [205], error-correcting codes [129], etc. Many

efficient algorithms that achieve the information-theoretical limits are spectral methods [92, 4,

3], and their analysis is based on random matrix theory [163, 44].

1.1.1 Random graph models

Erdős and Rényi graph and its bipartite variant

Let G(N, p) denote the Erdős-Rényi graph with N vertices, where each edge {i, j} ⊂ [N]

with i ̸= j is included independently with probability p. Let A ∈ {0,1}N×N denote the adjacency

matrix of G(N, p), which is symmetric by construction and the upper half entries are independent

and identically distributed Bernoulli random variables with expectation p, i.e., P(Ai j = 1) = p

for 1≤ i < j ≤ N. It becomes sparse when p vanishes as N grows. The spectral properties of

the adjacency matrix A (as well as its Laplacian operator, both scaled and combinatorial) are

particularly important, since they provide insights into the structure and behavior of the graph,

which can be used to identify communities and clusters within the graph.

Let H := (A−EA)/
√

pN be the centered and scaled1 adjacency matrix, with λ1(H)≥

. . . ≥ λN(H) denoting its eigenvalues. It has long been known that the Empirical Spectral

Distribution (ESD) of H, defined as µN(H) = N−1
∑

N
j=1 δλ j(H), converges to the semicircle law

µSC[204] if N p(1− p)→∞2[81, Corollary 1.2] as shown in Figure 1.1 (a), where the probability

1The bulk of the eigenvalues lies in an interval of order 1 after this scaling.
2This condition can’t be relaxed to N p→ ∞. For example, when p = 1, the adjacency matrix has an eigenvalue

N−1 with multiplicity 1, and another eigenvalue −1 with multiplicity N−1.
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measure µSC is given by

dµSC(x) =
1

2π

√
4− x21{x∈[−2,2]} dx (1.1.1)

Besides the global convergence of the ESD, other spectral properties of H (as well as its Laplacian

operators [50, 81, 139, 131]) have also been studied in the literature, including the local law

[189, 188, 95, 94, 194, 121], edge statistics [32, 33, 133, 19, 192, 18, 123], universality [96, 189,

189, 132, 134] and localization-delocalization transition of eigenvectors [194, 87, 16, 20, 35, 17].

Readers may refer to [21, 26, 187, 34, 97, 117] for a more detailed review of the methods and

results in random matrix theory and random graphs.

(a) ESD of H under G(N, p). (b) ESD of H under G(n,m, p).

Figure 1.1. The left plot (a) shows the semicircle law (1.1.1), while the right plot (b) shows a
symmetrized version of the MP law.

Another frequently studied model is the bipartite variant of the Erdős-Rényi graph,

denoted as G(n,m, p), where the vertex set V = [N] is a disjoint union of V1 = {1, . . . ,n}= [n]

and V2 = {n+ 1, . . . ,n+m} = [N] \ [n] with N = n+m. Each edge of G(n,m, p), containing

one vertex in V1 and the other one in V2, is sampled with probability p, independently of

all other edges. Let Ã ∈ {0,1}n×m denote the bi-adjacency matrix of the G(n,m, p), where

Ã jk ∼ Bernoulli(p) independently for each j ∈V1 and k ∈V2, then the adjacency matrix admits

3



the following block structure

A :=

 000 Ã

ÃT 000

 . (1.1.2)

We denote X = (Ã−EÃ)/
√

pn. The centered and scaled adjacency matrix admits a block

structure as well:

H :=
1√
d
(A−EA) =

 000 X

XT 000

 . (1.1.3)

One can verify that H has a zero eigenvalue of multiplicity at least n−m, and that the rest of

the eigenvalues of H come in pairs ±λ, with λ being a singular value of X. Let µm(XTX) =

m−1
∑

m
j=1 δλ j(XTX) denote the ESD of the Wishart matrix XTX∈Rm×m, where λ1(XTX)≥ . . .≥

λm(XTX) are the eigenvalues. Suppose that n/m = γ for some γ≥ 1 as n,m→ ∞, the ESD of H

will converge weakly to the Marčenko-Pastur (MP) law µMP [162, 193, 172], where

dµMP(x) =
γ
√
(λ+− x)(x−λ−)

2πx
1{x∈[λ−,λ+]} dx, (1.1.4)

and λ+ = (1+ γ−1/2)2 and λ− = (1− γ−1/2)2 denote the right and left edges of the support,

respectively. It is a quick linear algebra / calculus exercise to check that the ESD of H converges

to a symmetrized version of the MP law as shown in Figure 1.1 (b). Notably, The singular values

of X are the square roots of the eigenvalues of the positive semi-definite matrix XTX and the

nonnegative paired eigenvalues of H.

An intriguing feature of the Wishart matrix, setting it apart from the Wigner matrix, is the

behavior of its least singular values when the aspect ratio γ ̸= 1. It is worth noting that both ESDs

in Figure 1.1 exhibit symmetry about the origin. In essence, analyzing the right edge behavior of

the MP law (1.1.4) bears similarities to examining the edge behavior of the semicircle law (1.1.1).
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However, the left edge λ− = (1− γ−1/2)2 of the MP law (1.1.4) is bounded away from the origin

when γ ̸= 1. The gap between 0 and λ−, introduced by the rectangular structure of Wishart

matrices, is absent when analyzing the edge behavior of the Wigner matrices. Besides that, the

least singular value plays an important role in many applications, including numerical linear

algebra, machine learning, and statistics. It can be used to assess the stability and robustness

of algorithms, as well as to identify potential issues with data quality and structure. A line of

reseaerch [48, 86, 84] concerns the emergence of the left outliers (smaller than the left edge λ−)

of bipartite Erdős-Rényi graphs at different regimes of sparsity, which is phenomena that is not

present in the Wigner matrices.

Stochastic block model

The Stochastic Block Model (SBM) is a natural generalization of the Erdős-Rényi graph,

where vertices are densely connected within each community but sparsely connected across

different communities (assortative case). We introduce the formal definition below.

Definition 1.1.1 (Stochastic Block Model). Let N and K be the number of vertices and com-

munities respectively, where the vertex V = V1∪·· ·∪VK is a union of disjoint sets of vertices.

There is a symmetric matrix Q ∈ [0,1]K×K containing the probabilities of sampling edges, that

is, P(Auv = 1) = Q jk for any pair of distinct vertices u ∈ V j and v ∈ Vk with ( j,k) ∈ [K]× [K].

SBM was first introduced in the pioneering work [128] for sociology research. Over the

past several decades, it has been extensively studied in [52, 42, 89, 182, 70, 164, 37, 68, 38, 178,

66, 23, 196], driven by exploring the phase transition behaviors in various connectivity regimes.

In the regime where the expected degrees grow logarithmically with respect to the number of

vertices, a major breakthrough was the establishment of the exact recovery thresholds for binary

[2, 169] and multi-block case [5, 212, 9], where both necessary and sufficient conditions were

provided. For the case where the expected degrees are of constant order, phase transition behavior

for detection was discovered in [76, 75, 73], and later it was connected to the Kesten-Stigum
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(KS) threshold, with the necessity [170] and sufficiency [163, 167] rigorously proved for the

binary block case. For the multi-block case, it was shown that a spectral clustering algorithm

based on the non-backtracking operator [44], and the acyclic belief propagation method [6],

succeed all the way down to the KS threshold, proving a conjecture in [147]. The necessity for

K = 3,4 was partly established in [171]. However, the threshold is not known when the number

of communities is more than 4, although it is known to be below the KS threshold [28, 6, 171].

The literature abounds with different methods of approach, like spectral methods [164,

68, 206, 211, 212, 64, 153, 197, 154, 4], sphere comparison [5, 8], as well as semidefinite

programming (SDP) [116, 118, 136, 137, 166, 9, 177, 27]. Recently, some more general variants

of SBM have been introduced, such as degree-corrected SBM [142, 105, 10, 141], contextual

SBM [79, 159, 3], labeled SBM [122, 206, 211, 212], and multilayer SBM [57, 10, 161]. Readers

may refer to [1] for a more detailed review.

Inhomogeneous Erdős-Rényi random graphs

The inhomogeneous Erdős and Rényi random graph G(N, [Pi j]i, j∈[N]), where edges are

sampled independently with given probabilities Pi j ∈ [0,1] for each pair of vertices i ̸= j, is a

more flexible model that allows for varying connection probabilities among vertices, making it

suitable for modeling real-world networks with heterogeneous structures. Many popular graph

models arise as special cases of the inhomogeneous Erdős-Rényi random graph G(N, [Pi j]i, j∈[N]).

These include the Stochastic Block Model [128], random graphs with given expected degrees

[67], and W-random graphs [158, 55].

The study of inhomogeneous random graphs has attracted attention across multiple

disciplines. In random matrix theory, researchers have investigated the limiting spectral dis-

tribution and extensions of universality phenomena beyond the classical Wigner matrices [14,

54, 220]. In random graph theory, these models have been central to developing the theory of

graph limits and generalizing results beyond the homogeneous Erdős-Rényi case [40, 157, 46,

45]. Furthermore, in statistics and machine learning, these models have provided theoretical
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foundations for community detection algorithms and network analysis techniques [1, 103].

1.1.2 Random hypergraph models

Hypergraph and tensors

Graphs are usually used to depict pairwise relationships among data. Hypergraphs, as

a generalization of graphs, have gained increasing attention in recent years due to their ability

to capture higher-order interactions among vertices [36, 31]. They are particularly useful in

modeling complex systems where relationships involve more than two entities, including but not

limited to biological networks [165, 190] with multi-way interactions, as well as recommendation

systems [51, 155] with multiple users and items. Empirically, they have been shown to be better

than graph models [218]. Besides that, hypergraphs and their spectral theory found applications

in data science [135, 219, 120], combinatorics [102, 183, 88] and statistical physics [53, 180].

The study of random hypergraphs has led to new insights into the structure and dynamics of

complex systems, as well as the development of novel algorithms for community detection and

clustering.

Definition 1.1.2 (Hypergraph). A hypergraph H is a pair H = (V ,E), where E denotes the set

of non-empty subsets of vertex set V . We say that H is ℓ-uniform if every e ∈ E is an ℓ-subset of

V . The degree of a vertex v ∈ V is the number of hyperedges in E containing v.

A faithful representation of an ℓ-uniform hypergraph is to associate it to a tensor.

Definition 1.1.3 (Adjacency tensor). One can associate an ℓ-uniform hypergraph Hℓ = (V ,Eℓ)

to an order-ℓ symmetric tensor A(ℓ), where the tensor entry A(ℓ)
e denotes the presence of some

ℓ-hyperedge e, i.e., A(ℓ)
e := A(ℓ)

i1,...,iℓ = 1{e∈Eℓ} for i1, . . . , iℓ ∈ V , and A(ℓ)
i1,...,iℓ = A(ℓ)

iπ(1),...,iπ(ℓ)
for

any permutation π on [ℓ].

Hypergraph stochastic block model

The Hypergraph Stochastic Block Model (HSBM), as a generalization of graph SBM,

was first introduced in [109], where each edge of the uniform hypergraph appears independently
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with some given probability. The non-uniform HSBM was first studied in [108], which can be

treated as a superposition of several uniform HSBMs with different model parameters. It is a

more realistic model to study higher-order interaction on networks. We introduce the rigorous

definition of uniform HSBM first, and extend it to non-uniform hypergraphs.

Let N,K ∈ N+ denote the number of vertices and communities, respectively. Let the

random variable Yv denote the membership assignment of v. The vertex set V is partitioned

into classes V1, . . . ,VK probabilistically according to a probability vector ααα = (α1, . . . ,αK) with

∥ααα∥1 = 1, i.e., P(v ∈ Vk) = P(Yv = k) = αk with Vk := {v ∈ V | Yv = k} for each k ∈ [K]. We

focus on the scenario where the sizes of different communities are comparable.

Assumption 1.1.4 (Comparable sizes). Assume that α1 ≥ . . . ≥ αK ≥ C for some universal

constant C ∈ (0,1), i.e., no entry of ααα vanishes.

Assumption 1.1.4 is adopted throughout the dissertation. We first intorduce the uniform

HSBM, which is characterized by a partition of vertices into different classes, such that all

vertices in a given class are interchangeable.

Definition 1.1.5 (Uniform HSBM). Let N,K,ααα be defined as above, and let each entry in the

membership vector y be sampled independently under ααα. Let Q (ℓ) ∈ (RK)⊗ℓ be an order-ℓ sym-

metric tensor such that Q (ℓ)
y1,...,yℓ = Q (ℓ)

yπ(1),...,yπ(ℓ)
for any permutation π on [ℓ]. Each possible edge

e = {i1, . . . , iℓ} is generated with probability P(A(ℓ)
e = 1) = Q (ℓ)

y(e), where y(e) = {yi1 , . . . ,yiℓ}

represents the membership sequence of edge e. We denote this distribution on the set of ℓ-uniform

hypergraphs by

(y,Hℓ)∼ HSBMℓ(N,ααα,Q (ℓ)) , ℓ ∈ L . (1.1.5)

Due to the symmetry of Q (ℓ) shown in Figure 1.2, the probability of an edge e ∈ E being

present will depend only on the membership counts of y(e), denoted by w=w(e) = (w1, . . . ,wK),

i.e., wk nodes belong to Vk, making w a weak composition of ℓ.
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(a) Q (2) is a symmetric matrix.
(b) Q (3)

124 = Q (3)
142 = Q (3)

214 = Q (3)
241 = Q (3)

412 = Q (3)
421

(orange); Q (3)
344 = Q (3)

434 = Q (3)
443 (red).

Figure 1.2. Symmetry of the two probability tensors Q (2) and Q (3).

Definition 1.1.6 (Weak composition [41]). A sequence of non-negative integers w :=(w1, . . . ,wK),

fulfilling ∑
K
k=1 wk = ℓ, is called a weak composition of ℓ. Let W C (ℓ)

K denote the set of weak

compositions of ℓ into K parts, then the cardinality is |W C (ℓ)
K |=

(ℓ+K−1
K−1

)
.

One can build Q (ℓ) from the set of probabilities {Q (ℓ)
w }w∈W C (ℓ)

K
for each ℓ ∈ L , since

the probability of an edge, by symmetry, depends only on its weak composition formed by

membership counts. We will use Q (ℓ) and Q (ℓ)
w alternately to facilitate presentation.

Remark 1.1.7. For an ℓ-hyperedge e = {i1, . . . , iℓ}, let wk denote the number of vertices in e

with Yv = k, i.e., wk = |{v ∈ e|Yv = k}|, then the sequence w(e) := (w1, . . . ,wK) constitutes a

weak composition of ℓ. Due to the symmetry of the probability tensor, i.e., Q (ℓ)
y1,...,yℓ = Q (ℓ)

yπ(1),...,yπ(ℓ)

for any π ∈ Sℓ, there exists a bijection, proved by counting, between w(e) and y(e). Recall that

ℓ-hyperedges e1 and e2 share the same generating probability if y(e1) = y(e2), then the argument

holds as well if w(e1) = w(e2). Therefore, the set of ℓ-hyperedges can be classified into different

categories according to the weak compositions constituted from nodes in each edge.

The non-uniform HSBM can be built from uniform ones as illustrated in [108].

Definition 1.1.8 (Non-uniform HSBM). Let L = {ℓ | ℓ ≥ 2, ℓ ∈ N} be a set of integers with

finite cardinality. The membership vector y is first sampled under ααα, then for each ℓ ∈ L , Hℓ is

independently drawn from HSBMℓ(N,ααα,Q (ℓ)). The non-uniform hypergraph H is a collection

of ℓ-uniform hypergraphs, i.e., H = ∪ℓ∈LHℓ.
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Examples of 2-uniform and 3-uniform HSBM, and an example of non-uniform HSBM

with L = {2,3} and K = 4 can be seen in Figure 1.3 (a), Figure 1.3 (b) and Figure 1.3 (c)

respectively.

(a) 2-uniform HSBM (b) 3-uniform HSBM (c) Non-uniform HSBM

Figure 1.3. Uniform HSBM and non-uniform HSBM.

Most of the computations involving tensors are NP-hard [127]. Instead, our analysis is

based on the following key concept, the adjacency matrix.

Definition 1.1.9 (Adjacency matrix). For the non-uniform hypergraph H , let A(ℓ) be the order-

ℓ adjacency tensor corresponding to each underlying ℓ-uniform hypergraph for ℓ ∈ L . The

adjacency matrix A := [Ai j]N×N of H is defined by

Ai j := 1{i ̸= j} ·∑
ℓ∈L

∑
e∈Eℓ, e⊃{i, j}

A(ℓ)
e , (1.1.6)

where Aii = 0 for i ∈ V since in our model each edge of size ℓ contains ℓ distinct vertices.

Inhomogeneous Erdős-Rényi random hypergraph

The inhomogeneous Erdős and Rényi random hypergraph is a natural generalization of

standard random hypergraph models, where each hyperedge is included independently with

probabilities that can vary across different vertex subsets. This flexibility enables more accurate

modeling of complex networks with heterogeneous interaction patterns among vertices.
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Definition 1.1.10 (Inhomogeneous Erdős-Rènyi hypergraph). Let Q (ℓ) ∈ ([0,1]N)⊗ℓ be a sym-

metric probability tensor, i.e., Qi1,...,iℓ = Qiπ(1),...,iπ(ℓ) for any permutation π on [ℓ], where ℓ≥ 2

is some finite integer. Let Hℓ = (V ,Eℓ) denote inhomogeneous ℓ-uniform Erdős-Rényi hyper-

graph associated with the probability tensor Q (ℓ). Let A(ℓ) denote the adjacency tensor of Hℓ,

where each ℓ-hyperedge e = {i1, . . . , iℓ} ⊂ V appears with probability P(A(ℓ)
e = 1) = Q (ℓ)

i1,...,iℓ .

Let L = {ℓ | ℓ ≥ 2, ℓ ∈ N} be a finite set of integers, where L denotes its maximum element.

An inhomogeneous non-uniform Erdős-Rényi hypergraph is the union of uniform ones, i.e.,

H = ∪ℓ∈LHℓ.

Concentration inequalities of the adjacency matrices of inhomogeneous Erdős-Rényi

hypergraphs are established in Chapter 3 and Chapter 4, which could be of independent interest.

1.1.3 Chanllenges of sparse random matrices and tensors

Concentration results for the spectral norm of adjacency matrices serve as the foundation

of the theoretical analysis of our algorithms. However, the convergence of ESDs does not say

anything about the convergence of extremal eigenvalues to the edges of the limiting distributions,

both semicircle (1.1.1) and MP law (1.1.4), especially in the sparse regime. The analysis of

sparse random matrices presents several challenges, primarily due to the inherent randomness

and sparsity of the data.

Slower decay of moments

We first review the classical results on the convergence of extremal spectral statistics.

Consider X = Y/
√

n, where the entries of Y ∈ Rn×m are independent and identically distributed

with mean 0 and variance 1. In [207, 25, 26], the Bai-Yin Theorem states that the largest

eigenvalue λ1(XTX) converges to the right edge λ+ of the MP law when the matrix entries of Y

have finite fourth moments. In [191], Tikhomirov proved that the smallest eigenvalue λm(XTX)

converges to the left edge λ− when the entries of Y have finite second moments.

Consider the bipartite Erdős-Rényi random graph Ã ∼ G(n,m, p) and let X = (Ã−
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EÃ)/
√

pn where the k-th moment (k ≥ 2) of a matrix entry decays as n−1(pn)−(k−2)/2. In the

dense regime where p is a constant in (0,1), the moments decay as n−k/2, matching the rate

observed in the previous case. This behavior aligns with that of Wishart (or Wigner, in the

case of G(N, p)) random matrices with similar properties. However, in the sparse regime where

p≪ 1, the decay in k becomes significantly slower, causing all moments higher than 2 to diverge.

Consequently, classical results such as the Bai-Yin Theorem and the Tikhomirov Theorem are

not directly applicable to sparse bipartite Erdős-Rényi model, presenting a key challenge in

their analysis. Further work is needed to extend the outlier picture to sparse matrices (including

adjacency matrices of Erdős-Rényi graphs), and the last few years have seen a flurry of results

which, taken together, paint an almost complete picture.

Dependence on the matrix entries

The indeppence assumption palys a crucial role in many classical random matrix theory

results. However, one of the key challenges in analyzing the spectral properties of A (1.1.6) is

that its upper half entries are not independent. The entries of A are determined by the presence or

absence of hyperedges, which are themselves dependent on the underlying hypergraph structure.

This dependence complicates the analysis and requires new techniques to establish concentration

inequalities and limit theorems for the spectral norm of A.

To that end, we follow the Kahn-Szemerédi approach [101, 153] and leverage the Bennett-

type tail estimates developed in [71] for the study of the second largest eigenvalue (in absolute

value) of random d-regular graphs [101, 43], which allows us to get rid of the dependence on the

matrix entries.

1.2 Community detection problems

1.2.1 Various regimes of recovery

The task of community detection, or clustering, consists in partitioning the vertices of a

graph into groups that are similarly connected [1]. It has become one of the central problems
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in network analysis and machine learning [181, 173, 174, 23]. Random graph models, which

generate community structure with a specified ground truth, have been frequently employed in

many clustering algorithms, for benchmarking and proving theoretical guarantees. Mathemati-

cally, let G = (V ,E) be a graph, where the vertex set V = [N] is composed of K disjoint blocks,

i.e., V = ∪K
k=1Vk. The proportion of each block is denoted by αk = |Vk|/|V | and we define

the vector ααα = (α1, . . . ,αK) with ∥ααα∥1 = 1. Let y ∈ [K]N denote the membership vector of the

vertices, i.e., y(v) = yv = k if the vertex v belongs to block Vk. Let ŷ denote some estimation

of y. To evaluate the accuracy of ŷ, we define the mismatch ratio, counting the proportion of

incorrectly clustered nodes:

ηN := ηN(y, ŷ) = N−1 inf
π∈SK

DHD(π◦y, ŷ), (1.2.1)

where the Hamming distance DHD(y, ŷ) counts the number of entries having different values

in y and ŷ. Here, π◦y, defined by (π◦y)(v) = π(y(v)) entrywisely, is the same assignment as

y up to some permutation π, and SK denotes the group of all permutations on [K]. Note that

a random guess estimator has expected3 accuracy ∥ααα∥2
2, thus the output ŷ is meaningful only

if ηN ≤ 1−∥ααα∥2
2. Then, the recovery problem can be divided into several different regimes

according to ηN [1].

1. Exact recovery (strong consistency): P(ηN = 0)≥ 1−o(1).

2. Almost exact recovery (weak consistency): P(ηN = o(1))≥ 1−o(1).

3. Partial recovery: P(ηN ≤ 1− γ)≥ 1−o(1) for γ ∈ (∥ααα∥2
2,1).

4. Weak recovery (detection): P(ηN ≤ 1−∥ααα∥2
2−Ω(1))≥ 1−o(1)4.

3By Cauchy-Schwarz inequality, ∥ααα∥2
2 ≥ 1/K, which is the accuracy lower bound without knowing ααα.

4The difference between partial and weak is that, the algorithm does better than random guess in weak recovery,
but cannot quantify how much better as in partial recovery.
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1.2.2 Information-Theoretic limits on clustering accuracy

We start with a simple example to illustrate the concept of the Information-Theoretic

(IT) limits on clustering accuracy. Consider the binary symmetric stochastic block model

SBM(N,2,α,β), where the vertex set V = [N] is partitioned into two equi-sized disjoint com-

munities V1 and V2. The edges are drawn independently with probability α if both endpoints

belong to the same community, and with probability β if they belong to different communities.

Consider the following two extreme scenarios. First, α = 1 and β = 0 as in Figure 1.4 (a),

then two disjoint cliques are drawn and it is trivial to achieve strong consistency. Second, when

α= β= 0.5, no algorithm could outperform random guess, since the communities themselves are

indistinguishable as in Figure 1.4 (b). From this point of view, once the probabilitiy parameters

α and β are determined, for any algorithm, there exists certain mathematical limit on clustering

accuracy. On the way around, to achieve certain accuracy, the parameters of the underlying

model have to satisfy certain conditions.

(a) α = 1, β = 0. (b) α = β = 0.5.

Figure 1.4. Two extreme scenarios of the binary symmetric SBM(N,2,α,β).

We will study the IT limits on clustering accuracy for the binary symmetric HSBM in

Chapter 2 and the multi-block HSBM in Chapter 3 respectively.
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1.2.3 Related literature

Graphs

For the binary symmetric SBM(N,2,a log(N)
N ,b log(N)

N ), the threshold is DH(a,b) := (
√

a−
√

b)2/2, which can be obtained from (3.1.1) by taking L = {2} and K = 2. Exact recovery

can be achieved efficiently if DH(a,b)≥ 1, but is impossible when DH(a,b)< 1 [2, 169]. For

multi-block SBM(N,ααα,P log(N)
N ), exact recovery can be achieved efficiently when DCH(ααα,P)≥ 1,

but is impossible when DCH(ααα,P)< 1 [5, 8, 212], where

DCH(ααα,P) = min
i, j∈[K], j ̸=k

DCH(i, j),

DCH(i, j) := max
t∈[0,1]

K

∑
k=1

αk ·
[
tPik +(1− t)P jk− (Pik)

t(P jk)
1−t]

denotes the Chernoff-Hellinger (CH) divergence, which can be deduced from (3.2.5) by taking

L = {2}. Table 1.1 reviews the related literature where exact recovery was achieved above

the threshold. For simplicity, the time complexity of singular value decomposition in our case

Table 1.1. Relevant literature for exact recovery in graph SBM

Graph K = 2 K ≥ 3 First stage Second
stage

Exact
recovery

Time
complexity

No
prior

[2]
✓ ✗ Spectral Majority ✓ 2N2 +N ✓

✓ ✗ MLE ✗ ✓ NP-hard ✗

[118] ✓ ✗ SDP ✗ ✓ N3.5[138] ✓

[5] ✓ ✓ Sphere Degree ✓ N1+1/ log(c) ✗

[8] ✓ ✓ Comparison Profiling ✓ N1+1/ log(c) ✓

[169] ✓ ✗ Spectral Majority ✓ 2N2 +N ✓

[212] ✓ ✓ Spectral KL ✓ KN2 +
KN log(N)

✓

[104] ✓ ✓ Spectral MLE ✓ KN2 +KN3 ✓

[4] ✓ ✗ Spectral ✗ ✓ 2N2 ✓

is O(N3). When referring to the complexity of SDP, a factor of logO(1)(N/ε) is hidden, with

ε being the accuracy of the output. If the algorithm has two stages, the entry (e.g., N3 +N)

represents the sum of the complexities for the first (O(N3)) and second (O(N)) stages. If K is
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needed as input but {Q (ℓ)}ℓ∈L are not, the entry in column ’No prior’ is marked as ✓. The

second stage algorithms in [2, 169] are based on the ”Majority vote” principle. In [212], the

estimator in second stage is aiming at minimizing Kullback-Leibler (KL) divergence between

estimated and true distribution.

Hypergraphs

Our results in Chapter 2 and Chapter 3 are most general to date, covering non-uniform

hypergraphs with multiple communities. We now illustrate how they fit into existing literature.

So far, all thresholds obtained in existing literature apply only to uniform hypergraphs. Our

results establish, for the first time, the threshold for the non-uniform case, in the sense of showing

both achievability above and impossibility below. See Table 1.2 for related literature.

For the binary symmetric uniform model HSBM(N,2,aℓ
log(N)

(N−1
ℓ−1)

,bℓ
log(N)

(N−1
ℓ−1)

), the threshold

for exact recovery is given by D(ℓ)
GH := 2−(ℓ−1)(

√
aℓ−
√

bℓ)2 [146], which is a special case of

(3.1.1) by taking L = {ℓ}, K = 2 and symmetries among edges crossing two communities. Exact

recovery is impossible if D(ℓ)
GH < 1 [146], but can be achieved efficiently if DGH > 1 [146, 106].

For the multi-block case, the model formulation of [216] is a bit different from our model 1.1.5,

since multisets are allowed as edges there. Our proofs work for their case as well if some steps

are skipped. After proper scaling, their threshold for uniform HSBM(N,ααα,P (ℓ) log(N)/
(N−1
ℓ−1

)
)

can be written as D(ℓ)
GCH = min

j,k∈[K], j ̸=k
D(ℓ)

GCH( j,k), with

D(ℓ)
GCH( j,k) := max

t∈[0,1]
∑

w∈W C (ℓ−1)
K

Nw(N−1
ℓ−1

)[tP (ℓ)
j⊕w +(1− t)P (ℓ)

k⊕w−
(
P (ℓ)

j⊕w
)t ·
(
P (ℓ)

k⊕w
)1−t]

,

which agrees with (3.2.5) by taking L = {ℓ}. Exact recovery is impossible when DGCH < 1, but

can be achieved with the full knowledge of tensor P (ℓ) and number of communities K when

DGCH > 1 [216].
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Table 1.2. Relevant literature for exact recovery in HSBM

Hyper-
graph

Uni-
form

Non-
uni-
form

K =
2

K ≥
3

First
stage

Second
stage

Exact
recov-

ery

Time
complexity

No
prior

[108] ✓ ✓ ✓ ✓ Spectral ✗ ✗ KN2 ✓

[146] ✓ ✗ ✓ ✗ SDP ✗ ✓ N3.5 ✓

[61] ✓ ✗ ✓ ✓ Spectral MLE ✓ KN2+KN3 ✓

[106]
✓ ✗ ✓ ✗ Spectral ✗ ✓ 2N2 ✓

✓ ✗ ✓ ✗ SDP ✗ ✓ N3.5 ✓

[216] ✓ ✗ ✓ ✓ Spectral MAP ✓ KN2 +N ✗

[198] ✓ ✓ ✓ ✗ Spectral ✗ ✓ 2N2 ✓

Alg 3.2.1 ✓ ✓ ✓ ✓ Spectral KL ✓ KN2 +
KN log(N)

✓

Alg 3.2.4 ✓ ✓ ✓ ✓ Spectral MAP ✓ KN3 ✗

1.3 Summary of Contributions

The main results in each chapter are summarized as follows.

1.3.1 Chapter 2

Consider the unsupervised classification problem in random hypergraphs under the non-

uniform Hypergraph Stochastic Block Model (HSBM) with two equal-sized communities, where

each edge appears independently with some probability depending only on the labels of its

vertices. In this paper, we establish the threshold for strong consistency and the Information-

Theoretic (IT) limits on the clustering accuracy, which are expressed in terms of the generalized

Hellinger distance. Below the threshold, it is impossible to assign all vertices to their own

communities, and the lower bound of the expected mismatch ratio is derived. Above the

threshold, the problem space is (often) divided into two disjoint subspaces. When only the

adjacency matrix is given, we prove that with high probability, one-stage spectral algorithms

succeed in assigning every vertex correctly in the subspace far away from the threshold but fail in

the one closer to the threshold. We propose two refinement algorithms to improve the clustering

accuracy based on the initial partition, which attain the lowest possible mismatch ratio previously
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derived from the IT perspective. Moreover, for non-uniform hypergraphs, strong consistency

is achievable by aggregating information from all uniform layers, even if it is impossible when

each layer is considered alone.

1.3.2 Chapter 3

We consider the community detection problem in random hypergraphs under the non-

uniform hypergraph stochastic block model (HSBM), where each hyperedge appears indepen-

dently with some given probability depending only on the labels of its vertices. We establish,

for the first time in the literature, a sharp threshold for exact recovery for the non-uniform,

multiple-community case, subject to only minor constraints. One crucial point here is that, by

aggregating information from all the uniform layers, we may obtain exact recovery even in cases

when this is impossible if each layer were considered alone. In addition, for the almost exact

recovery regime, we prove a wide-ranging, information-theoretic lower bound on the number of

misclassified vertices for any algorithm. The bound depends on a generalized Chernoff-Hellinger

divergence involving model parameters. We provide two efficient algorithms (one for the mini-

mal information case, another for the full information case) which successfully achieve exact

recovery when above the threshold, and attain the lowest possible mismatch ratio when the exact

recovery is impossible. The theoretical analysis of our algorithms relies on the concentration and

regularization of the adjacency matrix for non-uniform random hypergraphs, which could be of

independent interest. We also address some open problems regarding parameter knowledge and

estimation.

1.3.3 Chapter 4

We consider the community detection problem in sparse random hypergraphs under the

non-uniform hypergraph stochastic block model (HSBM), a general model of random networks

with community structure and higher-order interactions. When the random hypergraph has

bounded expected degrees, we provide a spectral algorithm that outputs a partition with at least a

18



γ fraction of the vertices classified correctly, where γ ∈ (0.5,1) depends on the signal-to-noise

ratio (SNR) of the model. When the SNR grows slowly as the number of vertices goes to

infinity, our algorithm achieves weak consistency, which improves the previous results in [108]

for non-uniform HSBMs.

Our spectral algorithm consists of three major steps: (1) Hyperedge selection: select

hyperedges of certain sizes to provide the maximal signal-to-noise ratio for the induced sub-

hypergraph; (2) Spectral partition: construct a regularized adjacency matrix and obtain an

approximate partition based on singular vectors; (3) Correction and merging: incorporate the

hyperedge information from adjacency tensors to upgrade the error rate guarantee. The theoretical

analysis of our algorithm relies on the concentration and regularization of the adjacency matrix

for sparse non-uniform random hypergraphs, which can be of independent interest.

1.4 Notations

In this section, we summarize the notations used throughout the dissertation. We will

further specify the notations used in each chapter.

1.4.1 General notations

Let N+ = {1,2, . . .} denote the set of positive integers. For any N ∈ N+, let [N] =

{1,2, . . . ,N}. Let R denote the set of real numbers. For any k ∈ N+, let Rk denote the k-

dimensional Euclidean space.

For any a ∈ R, let sign(a) = 1 if a > 0, sign(a) = −1 if a < 0, and sign(0) = 0, and

denote a+ = max{0,a}. For any a ∈ R, let ⌊a⌋ and ⌈a⌉ denote the largest integer less than or

equal to a and the smallest integer greater than or equal to a respectively. For any a,b ∈ R,

denote a∧ b = min{a,b} and a∨ b = max{a,b}, and denote [a,b] = {x ∈ R | a ≤ x ≤ b} and

(a,b) = {x ∈ R | a < x < b}.

For any two sequences of numbers {aN}, {bN}, denote aN = O(bN) or aN ≲ bN (resp.

aN = Ω(bN) or aN ≳ bN) if there exists some constants C and N0 such that aN ≤ CbN (resp.
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aN ≥CbN) for all N ≥N0. Denote aN =Θ(bN) or aN ≍ bN if both aN ≲ bN and aN ≳ bN . Denote

aN = o(bN) or aN ≪ bN (resp. aN = ω(bN) or aN ≫ bN) if for any ε > 0, there exists N0 ∈ N+

s.t. aN < εbN (resp. aN > εbN) for all N ≥ N0. For any two sequences of numbers {aN} and

{bN}, we write aN ∼ bN if limN→∞ aN/bN = 1.

Let 1{A} denote the indicator function, and 1{A} = 1 when event A is true.

1.4.2 Matrices and tensors

The lowercase letters (e.g., a,b), lowercase boldface letters (e.g., a,w), uppercase bold-

face letters (e.g., A,W), and boldface calligraphic letters (e.g., A ,Q ) are used to denote scalars,

vectors, matrices, and tensors respectively. Let 1N denote the all one column vector of length

N. For vector a ∈ RN , let ∥a∥p = (
N
∑

i=1
|ai|p)1/p denote the ℓp norm of a for p ≥ 1. For matrix

A ∈ Rm×n, let Ai j, Ai: and A: j denote its (i, j)th entry, i-th row and j-th column respectively.

Let ∥A∥ := max∥x∥2=1 ∥Ax∥2 and ∥A∥F :=
√

∑
i, j

A2
i j denote the operator and Frobenius norm

respectively.
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Chapter 2

Information-Theoretic limits and strong
consistency on the binary non-uniform
hypergraph stochastic block model

2.1 Introduction

Community detection refers to the task of partitioning the vertices of a graph into groups

with similar connectivity patterns. It has attracted significant attention due to its applications

in data science, social networks, and biological studies. A classic example is the Zachary’s

karate club problem [213]. Community detection is now a central topic in network analysis and

machine learning [173, 174, 23]. Random graph models are widely used for analyzing clustering

algorithms, benchmarking, and establishing theoretical guarantees. In this work, we focus on the

equi-sized two-community model. Formally, let G = (V ,E) be a graph with N vertices. The

label vector y ∈ {±1}|V | assigns each vertex to a community, where V+ = {v ∈ V |yv = 1} and

V− = {v ∈ V |yv =−1}, with |V+|= |V−|= N/2. Given ŷ,y ∈ {±1}|V |, define the Hamming

distance as

DHD(y, ŷ) = ∑
v∈V

1{yv ̸=ŷv}, (2.1.1)
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which counts the number of entries having different values. We further define the mismatch ratio

as

ηN := ηN(y, ŷ) =
1
N

min
s∈{±1}

DHD(sy, ŷ), (2.1.2)

which is often used for quantifying the accuracy of the estimator ŷ. Note that a random guess

estimator has expected accuracy (1/2)2 +(1/2)2 = 1/2, thus the estimator ŷ is meaningful only

if ηN ≤ 1/2. A natural question arises here: when is it possible to correctly classify all vertices?

An estimator ŷ is said to achieve strong consistency (exact recovery) if

lim
N→∞

P(ηN = 0) = lim
N→∞

P(ŷ =±y) = 1. (2.1.3)

At the same time, ŷ is said to achieve weak consistency (almost exact recovery) if ηN = o(1).

In the pioneering work by [128], Stochastic Block Model (SBM) was first introduced

for sociology studies. Motivated by exploring the phase transition behaviors in various regimes,

many insightful problems were brought out. It has been successively studied in [52, 42, 89, 182,

70, 164, 37, 68, 178, 66, 10, 57, 161] over the past several decades. A major breakthrough was

the establishment of the exact recovery thresholds for the binary case by [2, 169] and multi-

block case by [5, 212, 9]. Readers may refer to [1] for a more detailed review. The literature

abounds with different methods of approach, like spectral algorithms [109, 12, 108, 60, 69, 216],

semidefinite programming (SDP) [146, 151, 106] and Graph Neural Networks (GNN) [59, 29,

30, 199]

The Hypergraph Stochastic Block Model (HSBM), first introduced in [109], is a general-

ization of SBM to hypergraphs, which models the real life social networks better since it captures

higher order interactions among three or more individuals. It has been studied successively in [22,

12, 108, 146, 60, 61, 69, 176, 85, 216, 115, 82, 200] over the last decade. For strong consistency

of uniform HSBMs, the exact thresholds were given in [146, 106, 216] by generalizing techniques
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in [2, 4, 5]. So far, most results concern community detection on uniform hypergraphs, which

require the same number of vertices in each edge. However, the assumption on uniformity

between edges is constraining and somewhat impractical, and the non-uniform HSBM was less

explored in the literature, with notable results in [108, 85, 15, 82].

In this paper, we establish the Information-Theoretic threshold for strong consistency

of the binary non-uniform HSBM. Analysis concerning efficiency and optimality of different

algorithms will be presented. In addition, we will discuss how aggregating information from

different layers benefits the clustering result.

2.1.1 The model

Definition 2.1.1 (Hypergraph). A hypergraph H is a pair H = (V ,E), where V is the vertex

set and E denotes the set of non-empty subsets of V . If every hyperedge e is an ℓ-subset of V ,

then H is called ℓ-uniform. The degree Dv of a vertex v ∈ V is the number of hyperedges in E

containing v.

Definition 2.1.2 (Symmetric binary uniform HSBM). Let y ∈ {±1}|V | denote the label vector

on V , where y is chosen uniformly at random among all the vectors satisfying 1Ty = 0. The

ℓ-uniform hypergraph Hℓ = (V ,Eℓ) (ℓ≥ 2 some fixed integer) is drawn in the following manner:

each ℓ-hyperedge e := {i1, . . . , iℓ} ⊂ V is sampled independently with probability αℓ if yi1 =

. . .= yiℓ , otherwise with probability βℓ.

Definition 2.1.3 (Non-uniform HSBM). Let y ∈ {±1}|V | denote the label vector, sampled

uniformly at random among all the vectors satisfying 1Ty = 0. Let L = {ℓ|ℓ ≥ 2} be a set

of finitely many integers with L denoting its largest element. The non-uniform hypergraph

H = (V ,E) is a collection of independent uniform ones, i.e., H = ∪ℓ∈LHℓ with E := ∪ℓ∈LEℓ,

where each Hℓ = (V ,Eℓ) is sampled from the ℓ-uniform HSBM 2.1.2 independently given the

same y.
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Remark 2.1.4. Unlike the model in [82], where each vertex is assigned to some community

independently and the community sizes might fluctuate, our model 2.1.3 imposes a strict half-half

constraint 1Ty = 0, ensuring exactly equal-sized communities. The proof strategies for the main

results differ from those in [82], which are tailored to our model.

One can associate an ℓ-uniform hypergraph Hℓ to an order-ℓ symmetric tensor A(ℓ), where

the entry A(ℓ)
e denotes the presence of the ℓ-hyperedge e = {i1, . . . , iℓ}, i.e., A(ℓ)

i1,...,iℓ = 1{e∈Eℓ}.

However, it is impossible to aggregate information of each uniform hypergraph directly since

tensors are of different orders. Meanwhile, most computations involving tensors are NP-hard

[127]. To that end, we introduce the following adjacency matrix for hypergraphs, which is

obtained by aggregating information from different tensors entrywisely.

Definition 2.1.5 (Aggregated adjacency matrix). For the non-uniform hypergraph H = (V ,E),

let A(ℓ) be the order-ℓ adjacency tensor corresponding to underlying ℓ-uniform hypergraph for

each ℓ ∈ L . Let

Ai j := 1{i̸= j} ·∑
ℓ∈L

∑
e∈Eℓ, e⊃{i, j}

A(ℓ)
e , (2.1.4)

denote the number of hyperedges containing both vertices i and j in the non-uniform hypergraph

H . The diagonal entries are defined as Aii := 0 for each i ∈ V since each ℓ-hyperedge contains

ℓ distinct vertices.

For the discussion of strong consistency, it typically requires that the expected degree of

each vertex grows to infinity with respect to the number of vertices. To simplify the presentation,

we adapt the following assumption on the model parameters.

Assumption 2.1.6. For each ℓ ∈ L , assume that αℓ ≥ βℓ. We write αℓ = aℓ · qN/
(N−1
ℓ−1

)
and

βℓ = bℓ · qN/
(N−1
ℓ−1

)
, where qN denotes the magnitude parameter with 1≪ qN ≲ log(N) and

aℓ ≥ bℓ ≳ 1.
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(a) L = {4} (b) L = {3} (c) L = {2,3}

Figure 2.1. Plots for areas DGH < 1 (red), DAM > 1 > DGH (green) and DAM > 1 (blue)

2.1.2 Formulation of the problems

We first define the following Generalized Hellinger divergence DGH

DGH := ∑
ℓ∈L

1
2ℓ−1

(√
aℓ−

√
bℓ
)2
, (2.1.5)

which quantifies the fundamental Information-Theoretic (IT) limits for the non-uniform HSBM

model 2.1.3, when the full set of adjacency tensors {A(ℓ)}ℓ∈L is accessible. In contrast, we

introduce the following function of the model parameters:

DAM := sup
t≥0

∑
ℓ∈L

1
2ℓ−1

[
aℓ
(
1− e−(ℓ−1)t)+bℓ

ℓ−1

∑
j=1

(
ℓ−1

j

)(
1− e−(ℓ−1−2 j)t)], (2.1.6)

which characterizes the algorithmic limits when only the Adjacency Matrix (AM) serves as

input. Except for special cases L = {2} and L = {3} illustrated in Figure 2.1 (b), a gap emerges

between DGH and DAM, as demonstrated for L = {4} in Figure 2.1 (a) and L = {2,3} in

Figure 2.1 (c).

Phase transition threshold for exact recovery

For the uniform hypergraphs, the problem is reduced to the graph case when L = {2},

where the two quantities are DGH = DAM = (
√

a2−
√

b2)
2/2. It is impossible to achieve strong

consistency when DGH < 1 [2], while one-stage algorithms, such as spectral clustering [4, 78]
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and semidefinite programming (SDP) [118], achieve strong consistency when DGH > 1. However,

when L = {ℓ} for some fixed ℓ≥ 4, the gap between DGH and DAM appears, and the story is not

as elegant as before. According to [146], for any algorithm, it is impossible to accomplish exact

recovery when DGH < 1 (red area). On the other hand, when DAM > 1 (blue area), both spectral

method and SDP achieve strong consistency using the aggregated adjacency matrix A (2.1.4), as

proved in [106]. When DAM < 1 < DGH (green area), strong consistency can be accomplished

via some two-stage algorithms, e.g. [61, 216], where in the second stage, the adjacency tensor

A(ℓ) is required for refinement. In terms of the efficiency of information usage, we raise the

following question.

1. Is it possible to achieve strong consistency when DGH > 1 using purely the
adjacency matrix A?

For the non-uniform case, the literature is less explored. [15] proved that exact recovery

can be accomplished by SDP when DAM > 1 (blue in Figure 2.1 (c)) with time complexity

O(N3.5) [138]. The phase transition phenomena was presented in [82], where the authors proved

that strong consistency can be accomplished if and only if DGH > 1. The authors presented some

two-stage algorithms, where the requirements for tensors {A(ℓ)}ℓ∈L are essential. However, as

in the uniform case, the regime DAM < 1 < DGH (green area) is less explored. The algorithms in

[82] are bit redundant under our binary model, since their methods were not specialized to the

current setting. In terms of algorithm efficiency, several questions arise here.

2. Is there any one-stage algorithm faster than SDP such that the strong consis-
tency can be achieved when DGH > 1?

3. When using the information from all uniform layers, is it possible to yield
better results than considering each layer alone?

Information-Theoretic lower bound

We start with a simple example to illustrate the concept of the Information-Theoretic (IT)

lower bound. The model 2.1.3 is reduced to the graph case with binary symmetric communities

when taking L = {2}. Consider the following two extreme scenarios. First, α2 = 1 and β2 = 0,
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then two disjoint cliques are drawn and it is trivial to achieve strong consistency. Second, when

α2 = β2, no algorithm could outperform random guess, since the communities themselves are

indistinguishable. From this point of view, once the parameters {αℓ}ℓ∈L ,{βℓ}ℓ∈L in model

2.1.3 are determined, for any algorithm, there exists a certain mathematical limit on clustering

accuracy. In addition, to achieve certain accuracy, the parameters of the underlying model 2.1.3

have to satisfy certain conditions.

The IT limits are less explored in the literature. For graphs, it was studied by [5, 214, 4, 3]

for the binary case and [104, 212, 215] for the multi-community case. For uniform hypergraphs,

[61] proved that when restricting the model parameters on some (potential) subset (Eq.(1) therein)

of the red in Figure 2.1 (a)-(c), some minimax lower bound on the expected mismatch ratio

(Theorem 7.1) can be obtained. However, the question was not answered for the non-uniform

hypergraphs. Concerning the IT lower bound, two questions arise here.

4. Is it possible to characterize the accuracy limit explicitly in terms of model
parameters? If so, can optimal recovery be efficiently achieved ?

2.1.3 Contributions and organization of the paper

Our contribution to the non-uniform HSBM problem can be summarized as follows.

(1) We establish the threshold DGH = 1 for strong consistency in Theorems 2.2.1 and 2.2.5.

(2) We present the IT lower bound on expected mismatch ratio for any algorithm in Theorem

2.2.3, informally stating that EηN ≥ N−DGH .

(3) When only the adjacency matrix A is used as an input, Algorithm 2.2.1 achieves strong

consistency when DAM > 1.

(4) We provide two refinement methods, Algorithm 2.2.2 and Algorithm 2.2.3, achieving

strong consistency when DAM < 1 < DGH. Both achieve IT lower bound when DGH < 1.
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2.2 Main Results

2.2.1 Information-Theoretic limits

We first present the necessary condition to achieve strong consistency.

Theorem 2.2.1 (Impossibility of exact recovery). For model 2.1.3 under Assumption 2.1.6,

suppose

limsup
N→∞

DGH ·qN/ log(N)< 1, (2.2.1)

then with probability tending to 1, every algorithm will misclassify at least two vertices.

Remark 2.2.2. Here, DGH is the rate function derived from the Large Deviation Principle (LDP)

analysis using the adjacency tensors {A(ℓ)}ℓ∈L . The detailed arguments are deferred to Lemmas

A.1.1 and A.1.2.

The condition (2.2.1) also covers the scenario when DGH≫ 1 (aℓ≫ bℓ) and 1≪ qN ≪

log(N), which was ignored in previous literature. In addition, when qN = log(N) and L = {ℓ} for

some fixed integer ℓ≥ 2, (2.2.1) can be simplified as DGH < 1, which is the necessary condition

of strong consistency for ℓ-uniform hypergraphs derived in [146]. By taking L = {2}, (2.2.1)

becomes (
√

a2−
√

b2)
2 < 1, as derived in [2] for graphs.

As noted in Remark 2.1.4, model 2.1.3 differs from that in [82], leading to distinct proof

techniques. Interestingly, when the model in [82] is specialized to the symmetric binary case

considered here, their threshold DGCH coincides with our DGH. This serves as a mutual validation

of both thresholds.

Furthermore, we establish a lower bound on the reconstruction error rate for any estimator,

explicitly characterized by the model parameters.

Theorem 2.2.3 (Lower bound on the expected mismatch ratio). Under Assumption 2.1.6, for
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any sequence of estimators ŷ, the following holds:

liminf
N→∞

q−1
N logEηN(y, ŷ)≥−DGH. (2.2.2)

Informally, Theorem 2.2.3 can be interpreted as EηN ≥ e−DGH·qN , which can be further

simplified as EηN ≥ N−DGH when qN = log(N).

2.2.2 Algorithm performance using purely the adjacency matrix

Theorem 2.2.4. Under Assumption 2.1.6, for some absolute ε > 0, suppose

liminf
N→∞

DAM ·qN/ log(N)≥ 1+ ε, (2.2.3)

then with probability tending to 1, Algorithm 2.2.1 accomplishes strong consistency.

Algorithm 2.2.1: Spectral partition via the second eigenvector
Data: The N×N matrix X, either X = A or X = L := D−1/2AD−1/2.

1 Compute the eigenvector u2 corresponding to the second largest eigenvalue λ2 of X.

2 Construct V̂ (0)
+ = {v | ŷ(0)v > 0} and V̂ (0)

− = {v | ŷ(0)v < 0}, where ŷ(0) = sign(u2).

Result: V̂ (0)
+ and V̂ (0)

− .

When qN = log(N), (2.2.3) can be simplified as DAM ≥ 1+ ε, which can be reduced

to the result in [106] for the uniform hypergraph case, where only the adjacency matrix is

taken as input. In addition, we show that the second eigenvector of the normalized Laplacian

L = D−1/2AD−1/2 can be used for clustering. Furthermore, the case qN ≪ log(N) but aℓ≫ bℓ

is also covered by Theorem 2.2.4, since (2.2.3) could still hold.

2.2.3 Refinement algorithms

We present two refinement algorithms below, both requiring an initial estimation ŷ(0) and

the adjacency tensors {A(ℓ)}ℓ∈L . It is worth noting that for uniform hypergraphs, the requirement

of adjacency tensors is not essential, as one can exactly reconstruct the tensor A(ℓ) with high
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probabilitiy from the adjacency matrix A in (2.1.4) using the reconstruction method from [49].

However, for non-uniform hypergraphs, the adjacency tensors {A(ℓ)}ℓ∈L (|L | ≥ 2) are essential

for the refinement process, since it remains unclear whether reconstruction of {A(ℓ)}ℓ∈L for each

uniform layer is possible using only the aggregated matrix A.

Majority voting

We first introduce several important quantities. After iteration t ≥ 0, let ŷ(t) denote the

estimate of y and V̂ (t)
+ , V̂ (t)

− be the corresponding partition of vertices. Let Ê (t)
αℓ

denote the set

of ℓ-hyperedges with all nodes in either V̂ (t)
+ or V̂ (t)

− , and define Ê (t)
βℓ

:= Eℓ \ Ê (t)
αℓ

. For each

v ∈ V , let Ê (t)
αℓ
(v) (resp. Ê (t)

βℓ
(v)) denote the subset of Ê (t)

αℓ
(resp. Ê (t)

βℓ
) with v contained in each

l-hyperedge. Formally, we define

Ê (t)
αℓ

:=
{
{i1, . . . , iℓ} ∈ Eℓ : ŷ(t)i1 = · · ·= ŷ(t)iℓ

}
, Ê (t)

αℓ
(v) :=

{
e ∈ Ê (t)

αℓ
: v ∈ e

}
, (2.2.4a)

Ê (t)
βℓ

:= Eℓ \ Ê (t)
αℓ
, Ê (t)

βℓ
(v) :=

{
e ∈ Ê (t)

βℓ
: v ∈ e

}
. (2.2.4b)

Let N̂(t)
αℓ

and N̂(t)
αℓ
(v) denote the capacity of Ê (t)

αℓ
and Ê (t)

αℓ
(v) respectively, formally defined as

N̂(t)
αℓ

:=
(
|V̂ (t)

+ |
ℓ

)
+

(
|V̂ (t)
− |
ℓ

)
, N̂(t)

αℓ
(v) :=

(
|V̂ (t)

+ |−1
ℓ−1

)
+

(
|V̂ (t)
− |−1
ℓ−1

)
. (2.2.5)

Similarly, after iteration t ≥ 0, let

N̂(t)
βℓ

:=
(

N
ℓ

)
− N̂(t)

αℓ
and N̂(t)

βℓ
(v) :=

(
N−1
ℓ−1

)
− N̂(t)

αℓ
(v) , (2.2.6)

denote the capacity of Ê (t)
βℓ

and Ê (t)
βℓ
(v) respectively.

For each ℓ ∈ L , we first compute the following two quantities

α̂ℓ = |Ê
(0)
αℓ
|/N̂(0)

αℓ
, β̂ℓ = |Ê

(0)
βℓ
|/N̂(0)

βℓ
. (2.2.7)
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which are the estimates of probabilities αℓ and βℓ using all the in-cluster and cross-cluster edges,

respectively. Alternatively, at each iteration t ≥ 0, αℓ and βℓ can be estimated via the following

two quantities purely using edges containing v,

α̂
(t)
ℓ (v) = |Ê (t)

αℓ
(v)|/N̂(t)

αℓ
(v), β̂

(t)
ℓ (v) = |Ê (t)

βℓ
(v)|/N̂(t)

βℓ
(v) , (2.2.8)

where N̂(t)
αℓ
(v) and N̂(t)

βℓ
(v) are defined in (2.2.5). Denote the cross-entropy by

HCE(y, ŷ) :=−y log ŷ− (1− y) log(1− ŷ), y, ŷ ∈ [0,1]. (2.2.9)

Then for each v ∈ V , its alignment with the estimated partition at iteration t is characterized by

the following weighted cross-entropy terms:

f̂ (t)in (v) = ∑
ℓ∈L

N̂(t)
αℓ
(v) ·HCE(α̂

(t)
ℓ (v), α̂ℓ)+ N̂(t)

βℓ
(v) ·HCE(β̂

(t)
ℓ (v), β̂ℓ) (2.2.10a)

f̂ (t)cross(v) = ∑
ℓ∈L

N̂(t)
αℓ
(v) ·HCE(α̂

(t)
ℓ (v), β̂ℓ)+ N̂(t)

βℓ
(v) ·HCE(β̂

(t)
ℓ (v), α̂ℓ) (2.2.10b)

With all the quantities defined above, we can now present the Algorithm 2.2.2, inspired

by [212, 82]. The algorithm iteratively refines the initial partition V̂ (0)
+ and V̂ (0)

− by flipping the

sign of vertices based on the majority voting principle, and finally achieves strong consistency

after ⌈log(N)⌉ iterations. Algorithm 2.2.2 can be initialized with any weak consistent partition.

The mechanism of Algorithm 2.2.2 can be intuitively understood as follows. When

estimating α̂ℓ and β̂ℓ in (2.2.7), all the hyperedges (at least N log(N) many each type) are utilized.

Subsequently, α̂ℓ and β̂ℓ enjoy sufficient concentrations around their expectations, and serve as

“ground truth” in the cross-entropy term HCE(y, ŷ) in (2.2.9). However, the estimates α̂
(t)
ℓ (v) and

β̂
(t)
ℓ (v) in (2.2.8) only involve hyperedges containing v (roughly log(N) many), which would

be close to their expectations αℓ and βℓ only when v is classified to its true partition. Note that

HCE(y, ŷ) decreases as ŷ approaches y. The smaller f̂ (t)in (v) (resp. f̂ (t)cross(v)) is, the more neighbors
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Algorithm 2.2.2: Majority voting
Data: The tensors {A(ℓ)}ℓ∈L and an initial estimation ŷ(0).

1 Compute α̂ℓ and β̂ℓ defined in (2.2.7).
2 for t = 1, . . . ,⌈log(N)⌉ do
3 Initialize V̂ (t)

+ ← V̂ (t−1)
+ , V̂ (t)

− ← V̂ (t−1)
− .

4 for v ∈ V do
5 Compute f̂ (t)in and f̂ (t)cross defined in (2.2.10a) and (2.2.10b) respectively.

6 Flip the sign of v if f̂ (t)in > f̂ (t)cross, otherwise keep the sign unchanged.
7 end
8 end

Result: The final partition V̂+ = V̂ (⌈log(N)⌉)
+ , V̂− = V̂ (⌈log(N)⌉)

− .

that v contains in the current (resp. opposite) community.

Refinement via spectral method

To facilitate the analysis, for each vertex v ∈ V and each layer ℓ ∈ L , we categorize the

associated edges based on the community membership of their vertices. For each 0≤ r ≤ ℓ−1,

let E (r)
ℓ (v) denote the set of ℓ-uniform hyperedges containing v such that exactly r vertices in the

edge have different community membership from v. Formally, we define

E (r)
ℓ (v) := {e ∈ [V ]ℓ | v ∈ e, |{u ∈ e\{v} : yu ̸= yv}|= r}. (2.2.11)

After the first stage, we can approximate E (r)
ℓ (v) by constructing the ℓ-hyperedge set Ê (r)

ℓ (v)

based on the initial partition ŷ(0). For each e ∈ Ê (r)
ℓ (v), we consider its vertex j ̸= v, and let

Â(ℓ)
e,v, j = A(ℓ)

e /(ℓ−1) when r = 0, ℓ−1; when 1≤ r ≤ ℓ−2, we let

Â(ℓ)
e,v, j = A(ℓ)

e /r, if ŷ(0)v = ŷ(0)j ; Â(ℓ)
e,v, j = A(ℓ)

e /(ℓ−1− r), if ŷ(0)v ̸= ŷ(0)j . (2.2.12)
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Furthermore, for each ℓ ∈ L , we compute the parameter estimate

ψ̂ℓ = (ℓ−2) log(2)+ log

(
1TNA(ℓ)1N +(ŷ(0))TA(ℓ)ŷ(0)

1TNA(ℓ)1N− (ŷ(0))TA(ℓ)ŷ(0)
−1+2−ℓ+2

)
. (2.2.13)

We then construct the weighted adjacency matrix Â by

Âv j := 1{v̸= j} ·∑
ℓ∈L

ψ̂ℓ

ℓ−1

∑
r=0

∑
e∈Ê (r)

ℓ (v)

Â(ℓ)
e,v, j . (2.2.14)

This construction enables us to design the following new refinement algorithm, inspired

by [3], that uses the spectral method to improve the initial partition ŷ(0).

Algorithm 2.2.3: Refinement via spectral method
Data: The tensors {A(ℓ)}ℓ∈L and initial estimation ŷ(0).

1 Construct the weighted adjacency matrix Â via (2.2.12) and (2.2.14).
2 Compute the second eigenpair (̂λ2, û2) of Â.

3 Construct ŷ = sign(û2) with V̂+ = {v | ŷv > 0} and V̂− = {v | ŷv < 0}.
Result: The refined partition V̂+ and V̂−.

2.2.4 Strong consistency after second-stage refinement

In this section, we present a two-stage algorithm to achieve strong consistency when

DAM < 1 <DGH (green area in Figure 2.1 (a) (c)). The first stage is the same as Algorithm 2.2.1,

which provides an initial partition of vertices. The second stage refines the initial partition using

the information from all uniform layers.

Theorem 2.2.5 (Achievability). Under Assumption 2.1.6, for some absolute ε > 0, suppose

liminf
N→∞

DGH ·qN/ log(N)≥ 1+ ε. (2.2.15)

Then with probability tending to 1, Algorithm 2.2.2 attains strong consistency.
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When qN = log(N), (2.2.15) can be reduced to DGH > 1+ε for any absolute small ε > 0.

Theorem 2.2.1 and Theorem 2.2.5 establish the sharp phase transition for the achievability of

exact recovery. The same threshold was established for the graph case L = {2} in [2]. For the

ℓ-uniform hypergraph, the necessity was proved by [146], and the regime DAM > 1 (blue) was

solved by [106]. We fill the gap when DAM < 1 < DGH (green) and establish the threshold for a

more general case.

Benefits of aggregation

Consider the model 2.1.3 with L = {2,3}, where a2 = 4, b2 = 1, and the divergence

for the graph layer ℓ= 2 can be calculated as D(2)(a2,b2) = (
√

a2−
√

b2)
2/2 = 1/2. When the

divergence for the layer ℓ= 3 satisfies D(3)(a3,b3)> 1/2, the entire non-uniform hypergraph

satisfies DGH > 1 according to (2.1.5), and the strong consistency can be efficiently achieved.

Compared with the 3-uniform HSBM, where the strong consistency can be achieved if and only

if D(3)(a3,b3)> 1, the difficulty of the task is reduced when aggregating the different layers.

2.2.5 Accomplishment of optimal accuracy

Theorem 2.2.6 (Optimality). Suppose Assumption 2.1.6 and the condition (2.2.1).

(1) Take qN = log(N). After running Algorithm 2.2.1, the following holds with high probability

limsup
N→∞

q−1
N logEηN(y, ŷ(0))≤−DAM. (2.2.16)

(2) After applying Algorithm 2.2.2, the following holds with high probability

limsup
N→∞

q−1
N E logηN(y, ŷ)≤−DGH. (2.2.17)

Theorem 2.2.6 (1) only gives the upper bound for the expected mismatch ratio EηN ,

while Theorem 2.2.6 (2) indicates that the mismatch ratio ηN can be decreased after Algorithm

2.2.2 since DAM < DGH as in Figure 2.1. At the same time, the so obtained accuracy matches
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the lower bound in Theorem 2.2.3, attaining the lowest possible mismatch ratio. Regarding the

input requirements, as long as ηN(y, ŷ(0)) = o(1), Algorithm 2.2.2 could improve the accuracy

to the best possible.

2.3 Proof outline of Information-Theoretic limits

We present the proof outlines of Theorems 2.2.1 and 2.2.3. The proofs of Lemmas are

deferred to Appendix A.1.

2.3.1 Impossibility of the exact recovery

Let ŷ denote an estimation of y based on the observed hypergraph H where H denotes

its law. The probability of failing exact recovery is given by

Pfail := P(ŷ ̸=±y) = ∑
H
[1−P(ŷ =±y |H= H )] ·P(H= H ) . (2.3.1)

The Maximum A Posteriori (MAP) estimator is the best possible estimator in the sense that it

minimizes the failure probability Pfail in (2.3.1) among all estimators, which is defined as

ŷMAP := argmax
z∈{±1}|V |,1Tz=0

P(y = z |H= H ) . (2.3.2)

Note that ŷMAP is the most likely assignment of y given the observed hypergraph H . Con-

sequently, no other estimator could succeed exact recovery if ŷMAP fails. Furthermore, ŷMAP
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corresponds to the Maximum Likelihood Estimation (MLE) since by Bayes’ Theorem,

ŷMLE = argmax
z∈{±1}|V |,1Tz=0

P(H= H | y = z) (2.3.3)

= argmax
z∈{±1}|V |,1Tz=0

P(H= H | y = z)P(y = z)
∑

x∈{±1}|V |, 1Tx=0
P(H= H | y = x)P(y = x)

= argmax
z∈{±1}|V |,1Tz=0

P(y = z |H= H ) = ŷMAP

where the second equality holds since the denominator in the second line is a constant irrelevant

to any specific assignment z which can be factored out, and the prior distribution of y is uniform

with P(y = z) = 1/
( |V |
|V |/2

)
.

While the MLE provides the optimal estimator in theory, it remains computationally

intractable in practice. To make the objective function of the MLE more explicit, we introduce

the notion of an in-cluster edge.

Definition 2.3.1 (In-cluster edge). The edge e = {i1, . . . , iℓ} is in-cluster with respect to y if

yi1 = . . .= yiℓ .

Lemma 2.3.2. Let H be a hypergraph sampled from model 2.1.3. For each ℓ ∈ L , let [V ]ℓ :=

{S |S ⊆ V , |S |= ℓ} denote the set of ℓ-subsets of V , and suppose αℓ > βℓ. Then, among all the

vectors z ∈ {±1}|V | with 1Tz = 0, ŷMLE maximizes the following quantity

f (z|H ) := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈[V ]ℓ
1{e is in-cluster w.r.t. z} ·A

(ℓ)
e (2.3.4)

Alternatively, ŷMLE minimizes f (z|H ) when αℓ < βℓ (disassortative) for each ℓ ∈ L .

According to the discussions in (2.3.2), (2.3.3) and (2.3.4), MLE fails exact recovery

when ŷMLE returns some ỹ, such that f (ỹ|H )≥ f (y|H ) but ỹ ̸=±y. Formally,

Pfail := P(ŷMLE ̸=±y) = P(∃ỹ ̸= y, s.t. f (ỹ|H )≥ f (y|H )). (2.3.5)
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The desired ỹ can be constructed from the true label vector y by flipping the signs of two vertces

a ∈ V+ and b ∈ V−, but keeping remaining signs unchanged. For any a ∈ V+, b ∈ V−, define

the vector ỹ ∈ {±1}|V | via

ỹv =


yv, v ∈ V \{a,b},

−yv, v ∈ {a,b}
(2.3.6)

We will show that, under condition (2.2.1), ŷMLE returns ỹ rather than y with probability tending

to 1.

Remark 2.3.3. In contrast, the approach in [82] does not directly analyze the failure of the

optimal estimator. Instead, it establishes the existence of 2qN pairwise disconnected ambiguous

vertices (half from V+ and half from V−) under condition (2.2.1). These vertices have identical

degree profiles, making them indistinguishable; thus, no algorithm can outperform random

guessing, resulting in the failure of exact recovery.

Proof of Theorem 2.2.1. Recall the definition of E (s)
ℓ in (2.2.11). According to (2.3.4) and

(2.3.6), the following holds:

f (y|H )− f (ỹ|H )

= ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
·
[

∑
e∈Eℓ

1{e is in-cluster w.r.t. y}− ∑
e∈Eℓ

1{e is in-cluster w.r.t. ỹ}

]
= ∑

ℓ∈L
log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
·
[
(|E (0)

ℓ (a)|+ |E (0)
ℓ (b)|)− (|E (ℓ−1)

ℓ (a)|+ |E (ℓ−1)
ℓ (b)|)

]
=Wa +Wb , (2.3.7)

where for each v ∈ V , the random variable Wv is defined as

Wv := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
·
(

∑
e∈E (0)

ℓ (v)

A(ℓ)
e − ∑

e∈E (ℓ−1)
ℓ (v)

A(ℓ)
e

)
. (2.3.8)

37



Note that the event {Wa ≤ 0} ∩ {Wb ≤ 0} guarantees f (ỹ|H ) ≥ f (y|H ), which yields the

following lower bound on the failure probability Pfail in (2.3.5):

Pfail ≥P(∃a ∈ V+,b ∈ V−, s.t.{Wa ≤ 0}∩{Wb ≤ 0})

=P
(
∪

a∈V+

{Wa ≤ 0}
⋂
∪

b∈V−
{Wb ≤ 0}

)
. (2.3.9)

However, directly analysis on (2.3.9) is challenging because Wa and Wb are dependent, as there

may exist hyperedges containing both a ∈V+ and b ∈V−. Similarly, Wa and Wa′ are dependent

for a,a′ ∈ V+.

To address this dependency, we further partition the hyperedges involved in Wv and

introduce pairwise independent random variables. This allows us to lower bound the failure

probability using combinations of these new variables. Specifically, let U ⊂ V be a subset of

vertices of size γN |V |, with |U ∩V+|= |U ∩V−|= γN |V |/2 and γN = o(1). For a ∈ V+∩U

and b ∈ V−∩U, define

Wa[U] (2.3.10a)

:= ∑
ℓ∈L

log
αℓ(1−βℓ)

βℓ(1−αℓ)
·
(

∑
e∈E (0)

ℓ (a)

A(ℓ)
e 1{ e∩U={a}

e\{a}⊂[V+\U]

}− ∑
e∈E (ℓ−1)

ℓ (a)

A(ℓ)
e 1{ e∩U={a}

e\{a}⊂[V−\U]

}),
Wb[U] (2.3.10b)

:= ∑
ℓ∈L

log
αℓ(1−βℓ)

βℓ(1−αℓ)
·
(

∑
e∈E (0)

ℓ (b)

A(ℓ)
e 1{ e∩U={b}

e\{b}⊂[V−\U]

}− ∑
e∈E (ℓ−1)

ℓ (b)

A(ℓ)
e 1{ e∩U={b}

e\{a}⊂[V+\U]

}).
Clearly, after introducing U, the edge sets involved in Wa[U] and Wb[U] are disjoint, thus

independent. Furthermore, we define the edge set

W (≥2)
ℓ := {e ∈ Eℓ | e contains at least 2 vertices in U} . (2.3.11)

38



It is clear that W (≥2)
ℓ ⊂ Eℓ. For each v ∈U, define the random variable Jv[U] by

Jv[U] := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈W (≥2)
ℓ

A(ℓ)
e 1{e∋v, v∈U} . (2.3.12)

Then for some ζN = o(1), we define the random variable J[U] as

J[U] :=
⋂

v∈U
1{Jv[U]≤ζNqN}. (2.3.13)

Lemma 2.3.4 proves that Wa[U], Wb[U] and J[U] are pairwise independent.

Lemma 2.3.4. For a ∈ V+ ∩U and b ∈ V− ∩U, the random variables Wa[U] and Wb[U],

defined in (2.3.10a) and (2.3.10b) respectively, are independent. Meanwhile, J[U], defined in

(2.3.13), is independent of Wa and Wb. For distinct a,a′ ∈V+∩U, Wa and Wa′ are independent.

Furthermore, the following holds

{Wa[U]≤−ζNqN}∩{J[U] = 1} =⇒ {Wa ≤ 0},

{Wb[U]≤−ζNqN}∩{J[U] = 1} =⇒ {Wb ≤ 0},

where the random variables Wv for v ∈ V is defined in (2.3.8).
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Combining the discussion in (2.3.9) and Lemma 2.3.4, Pfail can be further bounded by

Pfail ≥P
(
∪

a∈V+

{Wa ≤ 0}
⋂
∪

b∈V−
{Wb ≤ 0}

)
≥P
(
∪

a∈V+∩U
{Wa ≤ 0}

⋂
∪

b∈V−∩U
{Wb ≤ 0}

)
≥P
(
∪

a∈V+∩U
{Wa ≤ 0}

⋂
∪

b∈V−∩U
{Wb ≤ 0} | J[U] = 1

)
·P(J[U] = 1)

≥P
(
∪

a∈V+∩U
{Wa[U]≤−ζNqN}

⋂
∪

b∈V−∩U
{Wb[U]≤−ζNqN} | J[U] = 1

)
·P(J[U] = 1)

≥P
(
∪

a∈V+∩U
{Wa[U]≤−ζNqN}

)
·P
(
∪

b∈V−∩U
{Wb[U]≤−ζNqN}

)
·P(J[U] = 1)

=
(

1− ∏
a∈V+∩U

P(Wa[U]>−ζNqN)
)
·

(
1− ∏

b∈V−∩U
P(Wb[U]>−ζNqN)

)
·
(

1−P(J[U] = 0)
)
. (2.3.14)

Below, Lemma 2.3.5 provides the upper bounds for the desired probabilities, which allows us to

continue the analysis.

Lemma 2.3.5. Recall DGH in (2.1.5) and Wa[U],J[U] in (2.3.10a), (2.3.13) respectively. The

following holds

∏
a∈V+∩U

P(Wa[U]>−ζNqN)≤ exp
(
− γN · |V |

2
· e−DGH·qN

)
, (2.3.15)

P(J[U] = 0)≤ exp
(

log(γNN)−qN ·
[
ζN log(ζN/γN)− (ζN− γN)

])
. (2.3.16)

The probabilitiy ∏b∈V−∩U P(Wb[U]>−ζNqN) admits the same upper bound as in (2.3.15).

Under the condition (2.2.1), there exists some absolute small ε > 0 such that DGH ·

qN/ log(N)≤ 1− ε, thus Ne−DGH·qN ≥ Nε. Then by choosing ζN = 1/ log(qN), γN = N−ε/2 and
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substituting (2.3.15) and (2.3.16) into (2.3.14), we obtain

Pfail

≥1−2 ∏
a∈V+∩U

P(Wa[U]>−ζNqN)

−P(J[U] = 0)−P(J[U] = 0) · ∏
a∈V+∩U

[P(Wa[U]>−ζNqN)]
2

≥1−2exp
(
− γN ·N

2
· e−DGH·qN

)
− exp

(
log(γNN)−qN ·

[
ζN log(ζN/γN)− (ζN− γN)

])
− exp

(
log(γNN)−qN ·

[
ζN log(ζN/γN)− (ζN− γN)

]
− γNN · e−DGH·qN

)
≥1−2exp(−Nε/2/2)

−2exp
(
−qN ·

[
−
(
1− ε

2
) log(N)

qN
+

ε log(N)

2log(qN)
− log log(qN)+1

log(qN)
+N−ε/2

])
=1−2exp(−Nε/2/2)

−2exp
(
−qN ·

[
εqN− (2− ε) log(qN)

2qN log(qN)
log(N)− log log(qN)+1

log(qN)
+N−ε/2

])

where the last term vanishes since εqN− (2− ε) log(qN)> 0 for large N and 1≪ qN ≲ log(N)

by Assumption 2.1.6. Consequently, Pfail→ 1 as N→ ∞, implying that ŷMLE in (2.3.3) fails to

recover the true assignment y exactly. Therefore, with probability tending to 1, it is impossible

to finish exact recovery, since no other estimator could outperform ŷMLE.

2.3.2 Information-Theoretic lower bound on mismatch ratio

The proof of Theorem 2.2.1 analyzes the optimal estimator ŷMLE for the full label vector y.

In contrast, the proof of Theorem 2.2.3 considers the optimal estimator for each individual label

yv, and derives the expected number of misclassified vertices by estimating the corresponding

error probability. For each vertex v ∈ V , let y−v ∈ {±1}|V |−1 denote the label vector of nodes

other than v. Following the approach in [3], we consider the genie-aided estimator, defined as

ŷ genie
v = argmax

s=±1
P
(
yv = s|{A(ℓ)}ℓ∈L ,y−v

)
, (2.3.17)
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where P
(
yv = s|{A(ℓ)}ℓ∈L ,y−v

)
denotes the posterior probability conditioned on {A(ℓ)}ℓ∈L and

y−v. However, the estimator in (2.3.17) is not directly computable or analyzable, since evaluating

the posterior probabilities requires access to the true label vector y in order to compute the

likelihood P({A(ℓ)}ℓ∈L |yv = s,y−v), which is unavailable in practice. To address this challenge,

Lemma 2.3.6 reformulates the problem in terms of the log-odds ratio, which is more tractable

for analysis.

Lemma 2.3.6. Under Assumption 2.1.6, the following holds for each v ∈ V

log
(

P
(
yv = s|{A(ℓ)}ℓ∈L ,y−v

)
P
(
yv =−s|{A(ℓ)}ℓ∈L ,y−v

))= Wv , s ∈ {±1}, (2.3.18)

where the variable Wv is defined in (2.3.8).

Lemma 2.3.7 (Fundamental limit via genie-aided approach, [3, Lemma F.3]). Let X be a Borel

space and (y,X) be a random element in {±1}|V |×X . Let F be a family of Borel mappings

from X to {±1}|V |. Recall the mismatch ratio ηN defined in (2.1.2) for any two y, ŷ ∈ {±1}|V |.

For each v∈ [N], let P
(
yv = s|X,y−v

)
with s∈ {±1} denote the posterior probability conditioned

on X ∈ X and y−v ∈ {±1}N−1. Then for any estimator ŷ ∈ F , the following holds

EηN(ŷ,y)≥
N−1

3N−1
· 1

N ∑
v∈[N]

P
( P(yv = s|X,y−v)

P(yv =−s|X,y−v)
< 1
)
. (2.3.19)

Proof of Theorem 2.2.3. According to Lemmas 2.3.6, 2.3.7, and the fact that vertices are inter-

changeable, for any estimator ŷ, the following holds

EηN(ŷ,y)≥
N−1
3N−1

· 1
N ∑

v∈[N]

P
( P(yv = s|X,y−v)

P(yv =−s|X,y−v)
< 1
)
=

N−1
3N−1

·P(Wv < 0). (2.3.20)

We now consider the probability of the event {Wv≤−ζNqN}, where ζN = 1/ log(qN). Following
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the same LDP analysis as in Lemma A.1.1 and Lemma A.1.2, we have

liminf
N→∞

q−1
N log

(
EηN(ŷ,y)

)
≥ liminf

N→∞
q−1

N log
(
P(Wv < 0)

)
(2.3.21)

≥ liminf
N→∞

q−1
N log

(
P(Wv <−ζNqN)

)
=−DGH, (2.3.22)

which completes the proof.

2.4 Performance analysis of the spectral method

This section is devoted to the proof outlines of Theorems 2.2.4 and 2.2.6 (1) with details

deferred to Appendix A.2. We present some preliminaries first.

2.4.1 Preliminary results

For each ℓ ∈ L , let A(ℓ) denote the adjacency matrix obtained from tensor A(ℓ). For

u,v ∈ V , the expected number of ℓ-edges containing u and v can be expressed as

• yu = yv: EA(ℓ)
uv = αℓ

(N/2−2
ℓ−2

)
+βℓ[

(N−2
ℓ−2

)
−
(N/2−2

ℓ−2

)
].

• yu ̸= yv: EA(ℓ)
uv = βℓ

(N/2−2
ℓ−2

)
.

For convenience, we denote

α = ∑
ℓ∈L

[
αℓ

(
N/2−2
ℓ−2

)
+βℓ

[(N−2
ℓ−2

)
−
(

N/2−2
ℓ−2

)]]
, β = ∑

ℓ∈L
βℓ

(
N−2
ℓ−2

)
. (2.4.1)

Let A⋆ denote the expected adjacency matrix, which can be expressed as

A⋆ :=E[A] = ∑
ℓ∈L

E[A(ℓ)] =

α β

β α

⊗ (1N/21TN/2)−αIN , (2.4.2)

Let u2 and u⋆
2 denote the second eigenpair of A and A⋆ respectively. For the proof of Theo-

rem 2.2.4, the central idea is to show that
√

Nu2 is bounded below from zero by some absolute
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constant ε > 0 entrywisely, i.e.,
√

Nyvu2,v > ε for each v ∈ V . Similar ideas appeared in [93, 4,

106]. Note that u⋆
2 = N−1/2[1TN/2,−1TN/2]

T and sign(u⋆2,v) = sign(yv) for each v ∈ V . However,

u⋆
2 is not the ideal candidate for direct comparison, due to the possibility that

√
N∥u2−u⋆

2∥∞ > 1

as shown in [4, Theorem 3.3]. Instead, Proposition 2.4.1 shows that the ideal pivot vector is

Au⋆
2/λ⋆

2, which is a key step in the proof of Theorem 2.2.4.

Proposition 2.4.1. Let (λ2,u2) (resp. (λ⋆
2,u

⋆
2)) be the second eigenpair of A (resp A⋆). For some

absolute constant C > 0, the following holds with probability at least 1−O(N−2)

√
N · min

s∈{±1}
∥su2−Au⋆

2/λ
⋆
2∥∞ ≤ C/ log(ρN). (2.4.3)

Here, ρN is the maximum expected degree of the model 2.1.3, formally,

ρN := max
v∈V

E[Dv]. (2.4.4)

where Dv := ∑ j∈V , j ̸=v Av j denotes the degree of vertex v ∈ V .

Lemma 2.4.2 presents a Large Deviation Principle (LDP) analysis of the
√

Nyv(Au⋆
2)v,

where DAM in (2.1.6) serves as the rate function. The LDP analysis is crucial for proving the

effectiveness of the spectral method when only the adjacency matrix A is available.

Lemma 2.4.2. Define the following function

DAM(t) := ∑
ℓ∈L

1
2ℓ−1

[
aℓ(1− e−(ℓ−1)t)+bℓ

ℓ−1

∑
r=1

(
ℓ−1

r

)(
1− e−(ℓ−1−2r)t)] (2.4.5)

For any δ̃ > 0, there exists a large N0 such that when N ≥ N0, εN < ε,

P
(√

Nyv(Au⋆
2)v ≤ λ

⋆
2(εN +C/ log(ρN))

)
≤ exp

(
−qN ·

(
sup
t≥0

[δt +DAM(t)]− δ̃

))
. (2.4.6)
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Proof of Lemma 2.4.2. For each v ∈ V , recall Av j in (2.1.4), then

√
Nyv(Au⋆

2)v =yv ∑
j ̸=v, y j=+1

Av j−yv ∑
j ̸=v, y j=−1

Av j

= ∑
j ̸=v, y j=yv

Av j− ∑
j ̸=v, y j ̸=yv

Av j

= ∑
j ̸=v, y j=yv

∑
ℓ∈L

∑
e∈Eℓ, e⊃{v, j}

A(ℓ)
e − ∑

j ̸=v, y j ̸=yv

∑
ℓ∈L

∑
e∈Eℓ, e⊃{v, j}

A(ℓ)
e

= ∑
ℓ∈L

ℓ−1

∑
r=0

∑
e∈E (r)

ℓ (v)

(
(ℓ−1− r) ·A(ℓ)

e − r ·A(ℓ)
e

)

= ∑
ℓ∈L

(
∑

e∈E (0)
ℓ (v)

(ℓ−1) ·A(ℓ)
e +

ℓ−1

∑
r=1

∑
e∈E (r)

ℓ (v)

(ℓ−1−2r) ·A(ℓ)
e

)
,

= ∑
ℓ∈L

(
(ℓ−1) · ∑

e∈E (0)
ℓ (v)

A(ℓ)
e +

ℓ−1

∑
r=1

(ℓ−1−2r) · ∑
e∈E (r)

ℓ (v)

A(ℓ)
e

)
, (2.4.7)

where the third to last equality follows from the edge classification in (2.2.11), since for each

edge e ∈ E (r)
ℓ (v), it contains r vertices of the opposite label as v with each contributing −1, and

ℓ−1− r vertices of the same label with each contributing +1.

We then apply Lemma A.1.2 on (2.4.7) to control (2.4.6). Note that EA(ℓ)
e = αℓ for

e ∈ E (0)
ℓ (v) and EA(ℓ)

e = βℓ for e ∈ E (r)
ℓ (v) with 1≤ r ≤ ℓ−1. Meanwhile, according to (2.4.2)

and Assumption 2.1.6, we write

λ
⋆
2 =

(α−β)N
2

−α≍ qN . (2.4.8)

We choose gN = 1, ρ
(ℓ)
i = 2−ℓ+1 and values of αℓ

i , cℓi as in (2.4.7). According to Lemma A.1.2,

for any 0 < δ < ∑ℓ∈L 2−ℓ+1((ℓ−1)aℓ+∑
ℓ−1
r=1(ℓ−1−2r)bℓ

)
and δ̃ > 0, there exists some N0 > 0

such that the following holds for all N ≥ N0, δN < δ

P
(√

N yv(Au⋆
2)v ≤ δN qN

)
= exp

(
−qN

[
sup
t≥0

(
− tδ+DAM(t)

)
− δ̃
])

.
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Here, DAM(t) is defined in (2.4.5) and we choose δ = λ⋆
2ε/qN for some absolute small constant

ε > 0.

2.4.2 Proof of Theorem 2.2.4

Let ŝ= arg mins∈{±1} ∥su2−Au⋆
2/λ⋆

2∥∞. Define the indicator function FN =1{(2.4.3) holds}.

Then we have

P(ηN(y,sign(ŝu2)) = 0) = P(sign(ŝu2) = y)

≥P(
√

N min
v∈V

(ŝu2,v ·yv)≥ ε | FN = 1) ·P(FN = 1)

≥P(
√

N min
v∈V

(ŝu2,v ·yv)≥ ε)−P(FN = 0)

≥P(
√

N min
v∈V

(Au⋆
2)v/λ

⋆
2−C/ log(ρN)≥ ε)−P(FN = 0)

≥1− ∑
v∈V

P
(√

N(Au⋆
2)v ≤ λ

⋆
2(ε+C/ log(ρN))

)
−P(FN = 0)

According to Proposition 2.4.1, P(FN = 0) ≲ O(N−2). We take δ = ε · λ⋆
2/qN from now on.

Combining the conclusion from Lemma 2.4.2 where we take qN = log(N), for any δ̃ > 0, there

exists some large N0 > 0 such that the following holds for all N ≥ N0,

P(ηN(y,sign(ŝu2)) = 0)≥ 1−N1−supt≥0[−δt+DAM(t)]+δ̃−N−2 , (2.4.9)

where DAM(t) is defined in (2.4.5). By choosing ε small enough, one can ensure that 1−

supt≥0[−δt +DAM(t)]+ δ̃≤−δ̃. Therefore, it follows that P(ηN(y,sign(ŝu2)) = 0)→ 1.
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2.4.3 Proof of Theorem 2.2.6 (1)

Let ŝ = arg mins∈{±1} ∥su2−Au⋆
2/λ⋆

2∥∞. By definition,

EηN(y,sign(ŝu2))≤
1
N ∑

v∈V
P(yv · ŝu2,v < 0)

Define FN = 1{(2.4.3) holds}. Similarly, according to Proposition 2.4.1, we have

P(yv · ŝu2,v < 0) =P(yv · ŝu2,v < 0 | FN = 1) ·P(FN = 1)+P(yv · ŝu2,v < 0 | FN = 0) ·P(FN = 0)

≤P
(√

N(Au⋆
2)v ≤ λ

⋆
2(ε+C/ log(ρN))

)
+O(N−2)

Again, we choose δ = ε ·λ⋆
2/qN . Then by Lemma 2.4.2 where we take qN = log(N), for any

δ̃ > 0, there exists some large N0 > 0 such that the following holds for all N ≥ N0,

P
(√

N(Au⋆
2)v ≤ λ

⋆
2(ε+C/ log(ρN))

)
≤ N−supt≥0[−δt+DAM(t)]+δ̃ ,

where DAM(t) is defined in (2.4.5). Combining the above results, we have

EηN(y,sign(ŝu2))≤ N−supt≥0[−δt+DAM(t)]+δ̃ +O(N−2) .

By letting ε, δ̃ go to zero, the desired result follows since DAM = supt≥0DAM(t).

2.5 Refinement algorithms

2.5.1 Majority voting refinement Algorithm 2.2.2

Proof of Theorem 2.2.5. According to Section 4 in [82], the entire vertex set V can be split into

two disjoint subsets S and V \S . The vertices in S enjoy three good properties, such that they

can be corrected to their own communities in each step. After log(N) many iterations, there will

be no wrongly classified vertex in S . As for the other subset V \S , it is proved that |V \S |< 1
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with probability tending to 1 when (2.2.15) holds, thus completing the proof.

Proof of Theorem 2.2.6 (2). Suppose (2.2.1). The vertices in S can be corrected by Algorithm

2.2.2 as well. However the upper bound on the size of V \S is not as tight as before, bounded

by N1−DGH . Therefore the upper bound on the mismatch ratio ηN(y, ŷ) becomes N−DGH , where

in the worst scenario all nodes in V \S were wrongly classified.
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Chapter 3

Optimal and exact recovery on the general
non-uniform hypergraph stochastic block
model

3.1 Introduction

3.1.1 Formulation of the problems

The Hypergraph Stochastic Block Model (HSBM), as a generalization of the SBM, was

first introduced in [109], where each edge of the uniform hypergraph appears independently

with some given probability. In recent years, many efforts have been made to study community

detection problems on random hypergraphs. For exact recovery of uniform HSBMs, the phase

transition was shown to occur when the expected degree for each vertex is at least log(N), and

the thresholds were given in [146, 106, 216] by generalizing techniques in [2, 4, 5]. Meanwhile,

results on almost exact and partial recovery were shown in [108, 61, 143, 85]. For detection

of uniform HSBM, it is conjectured in [22] that the phase transition occurs in the regime of

constant expected degrees. [176] and [186] provided algorithms that output a partition better

than a random guess when above the Kesten-Stigum threshold. [115, 114] proved that detection

is impossible and the Kesten-Stigum threshold is tight for ℓ-uniform hypergraphs with binary

communities when ℓ= 3,4, while the KS threshold is not tight when ℓ≥ 7, and some regimes

remain unknown.
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It should be noted that most of the results concern community detection on uniform

hypergraphs, which require the same number of vertices per edge. This is a constraining and

somewhat impractical assumption. As will be demonstrated after Theorem 3.2.9, the thresholds

for the non-uniform case show that using the information from all uniform layers yields strictly

better results than considering each layer alone. However, the non-uniform HSBM was less

explored in the literature, with notable results in [108, 85, 15, 65, 198]. Generally, the results

here only considered sufficiency and did not establish fundamental thresholds.

3.1.2 Notation and preliminaries

Let H = (H ,E) denote the hypergraph, where V and E denote the set of vertices and

(hyper-)edges respectively. For vertex v ∈ V , let dv denote the observed number of hyperedges

containing v, with Dv denoting its law. Note that each ℓ-hyperedge e ∋ v can be classified into

different categories according to the distribution of the other ℓ− 1 nodes among V1, . . . ,VK ,

then Dv can be written as a summation of independent random variables due to edge-wise

independence,

Dv := ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

D(ℓ)
v,w, (3.1.1)

where D(ℓ)
v,w denotes the law of d(ℓ)

v,w, counting the number of ℓ-hyperedges containing v with the

other ℓ−1 nodes distributed as w among V1, . . . ,VK . Assume that v belongs to the community Vk,

that is, Yv = k, then the distribution of membership among the blocks in e is denoted by k⊕w :=

(w1, . . . ,wk−1,wk +1,wk+1, . . . ,wK). According to model 1.1.8 , D(ℓ)
v,w|Yv=k ∼ Bin(Nw,Q

(ℓ)
k⊕w),

where for each w = (w1, . . . ,wK) ∈W C (ℓ−1)
K , and the capacity of such ℓ-hyperedges is denoted

by

Nw :=
K

∏
k=1

(
|Vk|
wk

)
(3.1.2)
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Lemma 3.1.1 indicates that Nw in (3.2.4) is a good approximation of Nw.

Lemma 3.1.1. With probability at least 1−N− log(N), ||V j|−α jN| ≤
√

N log(N) for each j ∈ [K].

Recall Nw from (3.1.2) and Nw from (3.2.4). Then for each for w ∈W C (ℓ−1)
K , it follows

(1− log(N)/
√

N)ℓ−1 ≤ Nw/Nw ≤ (1+ log(N)/
√

N)ℓ−1. (3.1.3)

3.1.3 Organization

We present our main results in Section 3.2. Section 3.3 contains the proof of Theo-

rem 3.2.4. The proofs of Theorems 3.2.6, 3.2.12, Theorems 3.2.6, 3.2.10 and Theorems 3.2.13,

3.2.14 are in Sections 3.4, 3.5 and 3.6 respectively. Some open problems will be addressed in

Section 3.8.

3.2 Main results

Our results are multi-fold, and work for the general, non-uniform HSBM case. All these

results are new and optimal for non-uniform HSBM.

1. We prove a wide-ranging, Information-Theoretic lower bound on the number of misclassi-

fied vertices for any algorithm, depending on a generalized Chernoff-Hellinger distance

involving model parameters (Theorem 3.2.4 (2)).

2. The necessary condition and threshold for exact recovery are derived in Theorem 3.2.4 (1).

3. We present an efficient Algorithm 3.2.4 which, above this threshold, with full information

about the model, achieves exact recovery for all but a negligible subset of the space of

problems (Theorem 3.2.13).

4. We present an efficient Algorithm 3.2.1 which, also above the threshold, achieves ex-

act recovery when only the number of communities is known, provided that the edge

probabilities are proportional (Theorem 3.2.9).
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5. Below this threshold, we prove that the provided algorithms are optimal in Theorems

3.2.10 and 3.2.14, meaning that the number of vertices they mislabeled reaches is at most

the lower bound determined by the Information-Theoretical limits.

3.2.1 Regime of interests

For ease of presentation, we rewrite the notations to accommodate different regimes.

Define a finite family F of growth rates q : N 7→ R+ with lim
N→∞

q(N) = ∞, such that

∀q1,q2 ∈ F , lim
N→∞

q1(N)/q2(N) ∈ {0,+∞} . (3.2.1)

This means that F is a family of growth rates of different magnitudes.

Definition 3.2.1 (Edge density). For model 1.1.8 , we write the probability of sampling edge

e = {i1, . . . , iℓ} as P(A(ℓ)
e = 1) = Q (ℓ)

y(e) = Q (ℓ)
w , where y(e) := [yi1, . . . ,yiℓ] is the membership

vector of the vertices in e, and w ∈W C (ℓ)
K denotes the weak composition formulated by y(e).

Furthermore, Q (ℓ)
w can be factorized as

P(A(ℓ)
e = 1) = Q (ℓ)

w = P (ℓ)
w ·q

(ℓ)
w /

(
N−1
ℓ−1

)
, (3.2.2)

where P (ℓ)
w is some constant independent of N, and q(ℓ)w ∈ F . Let qN denote the slowest rate

function among all {q(ℓ)w }w∈W C (ℓ)
K ,ℓ∈L .

Assumption 3.2.2. There exists some absolute constant C(3.2.3) > 1 such that for every N, the

probability tensors {Q (ℓ)}ℓ∈L in model 1.1.8 satisfy

C(3.2.3) := max
ℓ∈L

max
w,w′∈W C (ℓ)

K

Q (ℓ)
w /Q (ℓ)

w′ , (3.2.3)

which further implies q(ℓ)w = qN for each w ∈W C (ℓ)
K and ℓ ∈ L .
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3.2.2 Information-Theoretic limits

We introduce the generalized Chernoff-Hellinger (GCH) divergence to establish the

Information-Theoretic limits.

Definition 3.2.3. For each w ∈W C (ℓ−1)
K , denote k⊕w := (w1, . . . ,wk−1,wk +1,wk+1, . . . ,wK)

and define the following quantity

Nw :=
K

∏
j=1

(
⌊α jN⌋

w j

)
. (3.2.4)

Under Assumption 3.2.2, define the Generalized Chernoff-Hellinger (GCH) divergence by

DGCH = min
1≤ j<k≤K

DGCH( j,k), (3.2.5)

DGCH( j,k) := max
t∈[0,1]

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw(N−1
ℓ−1

)[tP (ℓ)
j⊕w +(1− t)P (ℓ)

k⊕w−
(
P (ℓ)

j⊕w
)t ·
(
P (ℓ)

k⊕w
)1−t]

.

For the more general scenario, where Assumption 3.2.2 is no longer true, we define

DGCH = min
1≤ j<k≤K

DGCH( j,k) (3.2.6)

DGCH( j,k) :=q−1
N max

t∈[0,1]
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw
[
tQ (ℓ)

j⊕w +(1− t)Q (ℓ)
k⊕w−

(
Q (ℓ)

j⊕w
)t ·
(
Q (ℓ)

k⊕w
)1−t]

.

Note that DGCH in (3.2.5) is a special case of (3.2.6) under Assumption 3.2.2. When C(3.2.3) = 1,

leading to DGCH = 0, HSBM is indistinguishable from a non-uniform Erdős-Rényi hypergraph.

Therefore, the partition is undetectable.

The success of exact recovery is hindered by isolated vertices, which appear when

qN = O(log(N)), as no algorithm could outperform random guess in the presence of isolated

vertices in multiple communities. The necessary condition for exact recovery and Information-

Theoretic lower bound for any algorithm are presented below.
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Theorem 3.2.4. Let {κN}N be a sequence such that κN ∈ (0,1] for each N, and suppose

lim
N→∞

DGCH ·qN/(κN · log(N))< 1. (3.2.7)

Then, given any community detection algorithm A, the following holds.

(1) With probability at least 1−2−qN , A will misclassify at least one vertex.

(2) When κN log(N)→ ∞ as N→ ∞, it follows that lim
N→∞

(NκN ·E[ηN ])≥ 1.

Remark 3.2.5. Informally, (2) states that any algorithm A is expected to misclassify at least

N1−κN nodes, with expectation over the sample hypergraph.

The necessary condition for exact recovery becomes DGCH < 1 by taking qN = log(N)

and κN = 1 in (3.2.7). For SBM (graph) and uniform HSBM, it was shown that exact recovery

is impossible when DGCH < 1 in [5] and [216], respectively, both under Assumption 3.2.2. By

contrast, Theorem 3.2.4 (1) is broader and its proof does not rely on Assumption 3.2.2.

Theorem 3.2.4 (2) represents a real breakthrough in the literature of HSBM. It states the

lower bound on the expected mismatch ratio in regimes where exact recovery is impossible. Here

are two examples: first, when κN = 1, qN = log(N), E[ηN ] ≥ N−(1+o(1))DGCH; second, when

1≪DGCH ·qN≪ log(N) while κN→ 0 but κN log(N)→∞, a lower bound on weak consistency

is established. Similar results were previously shown for SBM in the binary [214, 4, 3] and

multi-community [212] cases. Note also that [104, 105] (SBM) and [61] (uniform HSBM)

established minimax rates for mismatch ratio when certain constraints on the probability tensors

{Q (ℓ)}ℓ∈L are satisfied, which describes a subset of the entire problem space. By contrast,

Theorem 3.2.4 (2) is free of such constraints.

3.2.3 Agnostic partition

Under Assumption 3.2.2, Algorithm 3.2.1 could achieve the exact recovery and reach

the lowest expected mismatch ratio possible without knowing the probability tensors {Q (ℓ)}ℓ∈L .

The number of communities K is currently required as input. However, as will be discussed
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in [83, Section 3.7], one could estimate K and turn Algorithm 3.2.1 into an algorithm entirely

agnostic.

There are two stages in Algorithm 3.2.1: first, Algorithm 3.2.2 assigns all but a vanishing

fraction of vertices correctly (weak consistency), then Algorithm 3.2.3 refines the partition

iteratively to reach the lowest possible mismatch ratio. We present Algorithms 3.2.2 and 3.2.3

here, while Algorithm 3.4.1 is deferred to Section 3.4.
Algorithm 3.2.1: Agnostic partition

Data: The adjacency tensors {A(ℓ)}ℓ∈L , number of communities K.
1 Run Algorithm 3.4.1 (Trimming) on H with J := J1 in Theorem 3.4.4 to obtain

AJ1 ;
2 Run Algorithm 3.2.2 (Initialization) with input AJ1,K,d to obtain the initial

estimate ŷ(0);
3 Run Algorithm 3.2.3 (Refinement) with input ŷ(0),K,{A(ℓ)}ℓ∈L and obtain the

output ŷ;
Result: ŷ

Stage I

Let dv denote the observed number of hyperedges containing v, and d denote the average

degree of H . Figure 3.1 is an intuitive explanation of Algorithm 3.2.2.

(a) Line 2-7 (b) Line 8-12

Figure 3.1. Illustration of Algorithm 3.2.2

Theorem 3.2.6 (Agnostic weak consistency). Let ρN denote the maximum expected degree

among all vertices, see (3.4.1). Suppose Assumptions 3.2.2, 3.2.7 and ρN ≳ log(N), then with

probability at least 1− 2(e/2)−N − 2N−c for some constant c > 0, Algorithm 3.2.2 achieves

weak consistency by applying regularization J1 in Theorem 3.4.4.
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Algorithm 3.2.2: Spectral initialization
Data: AJ , number of communities K, radius r = r, where r = [N log(d)]−1d 2 with

d =
N
∑

v=1
dv/N.

1 Compute the rank-K approximation A(K)
J =

K
∑

i=1
λiuT

i ui of AJ .

2 Let S be a set of ⌈2log2(N)⌉ nodes randomly sampled from J without replacement.
For each s ∈ S , construct the ball centered at s by
Br(s) = {w ∈ J : ∥(A(K)

J )s:− (A(K)
J )w:∥2

2 ≤ r}.
3 Take V̂ (0)

1 = Br(s1) to be the ball with most vertices, i.e., s1 = arg max
s∈S

|Br(s)|.

Break ties arbitrarily.
4 while 2≤ k ≤ K do
5 sk = arg maxs∈S |Br(s)\ (

⋃k−1
j=1 V̂ (0)

j )|;
6 V̂ (0)

k = Br(sk)\ (
⋃k−1

j=1 V̂ (0)
j )

7 end
8 while v ∈ J \ (

⋃K
k=1 V̂ (0)

k ) do
9 k = arg mink∈[K] ∥(A

(K)
J )sk:− (A(K)

J )v:∥2
2;

10 V̂ (0)
k ←− V̂ (0)

k ∪{v}
11 end
12 Randomly assign the remaining vertices v ∈ V \ J to one of the communities

V̂ (0)
1 , . . . , V̂ (0)

K ;

13 Obtain the initial estimate of the membership vector ŷ(0) based on V̂ (0)
1 , . . . , V̂ (0)

K .
Result: ŷ(0)
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Assumption 3.2.7. For each w ∈W C (ℓ−2)
K , let

j⊕ i⊕w := (w1, . . . ,w j +1, . . . ,wi +1, . . . ,wK) (3.2.8)

denote a weak composition in W C (ℓ)
K . For every distinct pair j,k ∈ [K], there exists some i ∈ [K]

such that {Q (ℓ)}ℓ∈L satisfies

lim
N→∞

N
ρN
·
∣∣∣∣∑
ℓ∈L

∑
w∈W C (ℓ−2)

K

Nw · (Q
(ℓ)
j⊕i⊕w−Q (ℓ)

k⊕i⊕w)

∣∣∣∣ ̸= 0. (3.2.9)

Remark 3.2.8. Denote αw := ∏
K
j=1(α j)

w j for w = (w1, . . . ,wK). Under Assumption 3.2.2, if

there exists some distinct pair j,k ∈ [K] such that for every i ∈ [K],

∑
ℓ∈L

(ℓ−1) ∑
w∈W C (ℓ−2)

K

(
ℓ−2

w

)
·αw · (P (ℓ)

j⊕i⊕w−P (ℓ)
k⊕i⊕w) = 0, (3.2.10)

where
(ℓ−2

w
)

:= (ℓ−2)!/∏
K
j=1 w j! with ∑

K
j=1 w j = ℓ−2 denotes the multinomial coefficient, then

Assumption 3.2.7 is violated. The set of tensors satisfying (3.2.10) is a linear proper subspace of

the entire parameter space. In the absence of Assumption 3.2.2, Assumption 3.2.7 says that the

expected degrees of each community, as well as the differences between communities, have to be

proportional to the highest expected degree (potentially with the exception of one community). It

remains true that, under HSBM, the set of problems that cannot be solved by Algorithm 3.2.2 is

asymptotically negligible in the entire problem space.

Assumption 3.2.7 is a natural extension of the condition in [5] for the graph case L =

{2}, and it also appears in [216] under Assumption 3.2.2. However, while in the graph case

this condition is truly necessary for achievability (since its absence creates two classes that

are indistinguishable from each other), it is not clear whether this is the hypergraph case for

Assumption 3.2.7. It is certainly needed for any method using the adjacency matrix to succeed,

but, as shown in [216], due to the many parameters involved, one may construct a model with
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distinguishable classes via probability tensors (Figure 1.2 (b)), but for which the expected K×K

adjacency matrix has identical rows (this uniform case is yet to be solved).

Stage II

Let {V̂ (t)
k }

K
k=1 denote the partitioned communities in iteration t with the initial partition

{V̂ (0)
k }

K
k=1 obtained from Algorithm 3.2.2. For each ℓ ∈ L and w ∈W C (ℓ)

K , let

Q̂ (ℓ)
w :=

1

N̂(0)
w

∑
ŷ(0)(e)=w

A(ℓ)
e , where N̂(t)

w =
K

∏
j=1

(
|V̂ (t)

j |
w j

)
, ∀t ≥ 0, (3.2.11)

be an estimation of Q (ℓ)
w in (3.2.2). Let D̂

(t)
v,w denote the number of ℓ-hyperedges containing v

with the rest nodes distributed as w ∈W C (ℓ−1)
K at iteration t ≥ 0, formally,

D̂
(t)
v,w :=

∣∣{e⊂ [V ]ℓ | e ∋ v, y(e\{v}) = w ∈W C (ℓ−1)
K , w j nodes in V̂ (t)

j }
∣∣. (3.2.12)

We provide an intuitive explanation of Algorithm 3.2.3 here. Suppose v ∈ Vk and define

µ̂(t)v,w := D̂
(t)
v,w/N̂(t)

w , which is an estimation of Q (ℓ)
k⊕w only using edges containing v. In contrast, all

edges of type ŷ(0)(e) = k⊕w are used when computing Q̂ (ℓ)
w , which is a good approximation

of Q (ℓ)
w by Lemma 3.5.1. Let HCE(y, ŷ) :=−y log ŷ− (1− y) log(1− ŷ) denote the cross entropy

between the two probability distributions with means y and ŷ, respectively. Then (3.2.15) can be

reformulated as

k⋆ =arg min
1≤k≤K

{
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

N̂(t)
w ·
[
− µ̂(t)v,w · log Q̂ (ℓ)

k⊕w− (1− µ̂(t)v,w) · log(1− Q̂ (ℓ)
k⊕w)

]}
(3.2.13)

=arg min
1≤k≤K

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

N̂(t)
w ·HCE(µ̂

(t)
v,w, Q̂

(ℓ)
k⊕w). (3.2.14)

Note that HCE(y, ŷ)= 0 if and only if y= ŷ, and it would be relatively large when v is misclassified.

Thus, the correct assignment of v can be found by minimizing the weighted cross-entropy terms.
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The theoretical guarantee is provided below.

Algorithm 3.2.3: Agnostic refinement
Data: {A(ℓ)}ℓ∈L , ŷ(0).

1 For each ℓ ∈ L , w ∈W C (ℓ)
K , calculate Q̂ (ℓ)

w in (3.2.11).
2 while 0≤ t ≤ ⌈log(N)⌉ do
3 V̂ (t+1)

k ← /0 for all k ∈ [K];
4 while v ∈ V do
5 For each w ∈W C (ℓ−1)

K , calculate D̂
(t)
v,w in (3.2.12). Find

k⋆ = arg max
1≤k≤K

{
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

D̂
(t)
v,w · log Q̂ (ℓ)

k⊕w +(N̂(t)
w − D̂

(t)
v,w) · log(1− Q̂ (ℓ)

k⊕w)

}
,

(3.2.15)6

7 Tie broken uniformly at random;

8 V̂ (t+1)
k⋆ ← V̂ (t+1)

k⋆ ∪{v}.
9 end

10 t← t +1
11 end
12 Take V̂k = V̂ (⌈log(N)⌉)

k for all k ∈ [K] and obtain ŷ.
Result: ŷ

Theorem 3.2.9 (Agnostic strong consistency). For some absolute ε > 0, suppose

lim
N→∞

DGCH ·qN/ log(N)≥ 1+ ε, (3.2.16)

together with Assumptions 3.2.2 and 3.2.7. Then with probability at least 1− 6N−ε, Algo-

rithm 3.2.1 achieves exact recovery without prior knowledge of {Q (ℓ)}ℓ∈L .

When qN = log(N), i.e. DGCH > 1, [8, 212] (SBM) achieved exact recovery agnostically.

By contrast, [216] completed exact recovery on uniform HSBM by requiring prior knowledge of

probability tensors. Therefore, our Theorem 3.2.9 is more general than any other result in the

current HSBM literature.

In addition, (3.2.16) indicates that the structural information of the non-uniform hyper-

graph is stronger than the uniform one. Exact recovery may be achievable when all uniform
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layers are aggregated, even if it is impossible when any of the uniform layers is used in isolation.

An example with numerical experiments is discussed in [198].

Optimality

When (3.2.16) does not hold, strong consistency is impossible as per Theorem 3.2.4 (1),

and one can only expect weak consistency where the lower bound for the expected mismatch

ratio was derived in Theorem 3.2.4 (2). A natural question arises here: can any algorithm achieve

this lower bound? The answer is yes: Algorithm 3.2.3 can refine the first stage result to reach the

lowest possible expected mismatch ratio.

Theorem 3.2.10 (Agnostic optimality). For the sequence κN ∈ (0,1] with κN log(N)→ ∞ as

N→ ∞ and some absolute (small) ε > 0, suppose Assumptions 3.2.2, 3.2.7 hold, ρN ≳ log(N)

and

lim
N→∞

DGCH ·qN/(κN · log(N))≥ 1+ ε. (3.2.17)

Then with probability at least 1−6e−ε·κN log(N), Algorithm 3.2.1 satisfies lim
N→∞

(NκN ·ηN)≤ 1.

3.2.4 Partition with prior knowledge

When the probability tensors {Q (ℓ)}ℓ∈L are known, the regime beyond Assumption 3.2.2

can be handled by Algorithm 3.2.4, where the optimal membership assignment for each v ∈V is

determined through a leave-one-out pipeline.

The essential idea of Algorithm 3.2.4 is to make full use of the Maximum A Posteriori

(MAP) estimation. We provide an intuitive explanation of the algorithm below. Let y−v ∈ [K]N−1

denote the membership vector of the vertices other than v and ŷ−v be an estimation of y−v. Let

H and Y−v denote the laws of H and y−v respectively. Conditioned on the events {H= H } and

{Y−v = ŷ−v}, one can prove (deferred to Section 3.6) that the probability of v being misclassified
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Algorithm 3.2.4: Partition with prior knowledge
Data: {A(ℓ)}ℓ∈L , K, probability tensors {Q (ℓ)}ℓ∈L , {αk}K

k=1.
1 while v ∈ V do
2 Obtain H−v by removing all edges containing v from H ;

3 Run Algorithm 3.2.2 (Initialization) on H−v to obtain the estimation ŷ(0)−v for
y−v;

4 ŷv = arg max
k∈[K]

P(Dv = dv|Yv = k, Y−v = ŷ(0)−v) ·αk.

5 end
Result: ŷ

is minimized when the following MAP estimation is applied

ŷMAP
v := arg max

k∈[K]

P(Yv = k |H= H , Y−v = ŷ−v) . (3.2.18)

Similar ideas appeared in [5, 1] for graph SBM, and [61, 216] for uniform HSBM. However,

the posterior probability in (3.2.18) cannot be directly computed from the definition. Recall

that dv is the observed number of hyperedges in H containing v with Dv denoting its law. We

propose (3.2.19), an estimator equivalent to (3.2.18) (as proved by Lemma 3.2.11), which can be

computed directly when knowing {Q (ℓ)}ℓ∈L and {αk}K
k=1.

Lemma 3.2.11. When the estimation ŷ−v is independent of the membership assignment yv, the

MAP in (3.2.18) can be reformulated as follows

ŷMAP
v =arg max

k∈[K]

P(Dv = dv | Yv = k, Y−v = ŷ−v) ·P(Yv = k) . (3.2.19)

In Line 3, the initial estimation ŷ(0)−v is obtained by running Algorithm 3.2.2 on H−v. It is

independent of the membership assignment for the vertex v since no edges containing v were

involved throughout the process. Therefore by Lemma 3.2.11, the ŷv in Line 4 is equivalent to

the best estimator MAP in (3.2.19).

In [5, 1], the authors presented a two-stage strategy, where the graph H is divided into
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H (0) and H (1). In the first stage, the sparser graph H (0) is used to obtain the initial estimation

ŷ(0), then ŷ(0)−v is obtained by removing ŷ(0)v . In the second stage, (3.2.18) is applied on the

denser graph H (1) for local refinement. We have found their proof difficult to duplicate for

the hypergraph case. In [216], the authors presented a similar strategy (complexity KN2) and

claimed (without proof) that it can be modified to work for the hypergraph. For simplicity and

completion, we have chosen instead to go with a slightly slower Algorithm 3.2.4 (complexity

KN3), which forgoes the splitting but ensures the independence between yv and ŷ−v.

Stage I

The agnostic result Theorem 3.2.6 requires ρN ≳ log(N). However, with prior knowledge,

Algorithm 3.2.2 can still achieve weak consistency as long as ρN = ω(1).

Theorem 3.2.12 (Weak consistency with prior knowledge). Suppose Assumption 3.2.7 and

ρN = ω(1). If we know {Q (ℓ)}ℓ∈L and apply J2 with r = [N log(ρN)]
−1ρ2

N in Theorem 3.4.4,

Algorithm 3.2.2 achieves weak consistency with probability 1−2(e/2)−N−N−10.

With knowledge of the probability tensors {Q (ℓ)}ℓ∈L , Assumption 3.2.7 can be weakened.

It is equivalent to saying that no two rows of the expected K×K adjacency matrix for the

communities, when scaled by the highest degree, are asymptotically equal, as in Remark 3.2.8.

In fact, this can be boiled down to an ”all the layers” condition, where (3.2.9) happens on a

uniform layer by uniform layer basis. The set satisfying (3.2.10) can be shrunk as follows.

When Assumption 3.2.7 fails for the non-uniform hypergraph but holds true for at least one

uniform layer, we can construct a weighted adjacency matrix Ã = ∑ℓ∈L wℓA(ℓ) as an input

for Algorithm 3.2.2 under some properly chosen weights {wℓ}ℓ∈L to meet Assumption 3.2.7,

and use it to obtain an almost exact labeling in the first stage. Importantly, the second stage

refinement, which gives the threshold, reverts to using tensors {A(ℓ)}ℓ∈L and does not rely

on Assumption 3.2.7. Therefore at the end of stage two, provided that the problem is above

the threshold, the algorithm will output an exact labeling with high probability despite the
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introduction of weights. Thus, the only cases not covered by Theorem 3.2.12 lie at the intersection

of these unsolvable (so far) uniform cases.

Stage II

Compared to Algorithm 3.2.3, ŷv in Line 4 is able to handle the regime beyond As-

sumption 3.2.2. For each ℓ ∈ L , denote Q (ℓ)
max := max

w∈W C (ℓ)
K

Q (ℓ)
w , Q (ℓ)

min := min
w∈W C (ℓ)

K
Q (ℓ)

w ,

and we write Q (ℓ)
max = P (ℓ)

max ·q
(ℓ)
max/

(N−1
ℓ−1

)
, Q (ℓ)

min = P (ℓ)
min ·q

(ℓ)
min/

(N−1
ℓ−1

)
. The theoretical guarantee of

Algorithm 3.2.4 is provided below.

Theorem 3.2.13 (Strong consistency with prior knowledge). Suppose Assumption 3.2.7,

log(q(ℓ)max/q(ℓ)min)/ log(q(ℓ)max)≪ 1, (3.2.20)

and (3.2.16) for some absolute ε > 0. When the tensors {Q (ℓ)}ℓ∈L are known, Algorithm 3.2.4

achieves exact recovery with probability at least 1−N−ε−N−10.

An example satisfying (3.2.20) but violating Assumption 3.2.2 is q(ℓ)w1 = N1/6 while

q(ℓ)w = N1/6/ log(N) for any w ̸= w1.

When qN = log(N), the condition (3.2.16) can be simplified as DGCH > 1. However,

(3.2.16) could still be true when 1≪ qN ≪ log(N) and DGCH ≫ 1 as in (3.2.6). Compared

with Theorem 3.2.9, the additional situation covered by Theorem 3.2.13 happens when one

of the communities has some sub-critical connectivity probabilities (o(log(N)/
(N−1
ℓ−1

)
) either

within itself or with respect to the other communities, while all the others are super-critically

connected to each other, which will means that DGCH ·qN = Ω(log(N)) satisfying (3.2.16) by

Lemma D.1.1. In graph SBM [5] and uniform HSBM [216], exact recovery was achieved only

under Assumption 3.2.2 when knowing the probability tensors. Theorem 3.2.13 removes this

constraint and proves that Algorithm 3.2.4 works well under a broader regime.
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Optimality

Suppose that we have the access to a weakly consistent community partition, the extra

knowledge on the probability tensors helps Algorithm 3.2.4 to achieve the lowest possible

expected mismatch ratio if ρN = ω(1). Compared with Theorem 3.2.10, Theorem 3.2.14 covers

a wider scenario including log−1(N)≪ κN ≪ 1 with a better convergence rate.

Theorem 3.2.14 (Optimality with prior knowledge). Suppose Assumption 3.2.7, ρN = ω(1),

(3.2.20) and (3.2.17), where the sequence κN ∈ (0,1] satisfies κN log(N)→ ∞ as N→ ∞. Then

with probability at least 1−N−10, Algorithm 3.2.4 satisfies lim
N→∞

(NκN ·E[ηN ])≤ 1.

3.2.5 Comparison with existing literature

The contribution of our results consists of the following aspects.

Information-Theoretic limits

Theorem 3.2.4 (1) is the first result in the literature establishing the necessary condition

for exact recovery under general non-uniform HSBM. Previously, the phase transition phe-

nomenon for exact recovery was only characterized for graphs [2, 5, 212, 4, 3] and uniform

hypergraphs [146, 216]. Different from [5, 216], our proof of necessity does not rely on the

additional Assumption 3.2.2. Furthermore, for the first time in the literature of hypergraphs,

Theorem 3.2.4 (2) establishes the lower bound on the expected mismatch ratio for non-uniform

HSBM. Previously, such results were obtained only in graph SBM for binary [4, 3] and multiple

[212] communities. Minimax rates for the mismatch ratio were established for [104, 105] (graph

SBM) and [61] (uniform HSBM), under specific constraints on the probability tensors {Q (ℓ)}ℓ∈L .

By contrast, Theorem 3.2.4 (2) is general.

Weak consistency

Theorem 3.2.12 is the first result showing that weak consistency can be achieved under

general non-uniform HSBM as long as ρN = ω(1). Previously, [85] achieved weak consistency
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when 1≪ ρN ≪ log(N), under a special case of model 1.1.8 . In [217], weak consistency was

achieved when ρN ≳ ω(logN), a regime covered by our results. In [143], the authors studied

the degree-corrected uniform HSBM by using a tensor power iteration method, and achieved

weak consistency when the average degree is ω(log2 n), again covered by our results. A way to

generalize their algorithm to non-uniform hypergraphs was discussed, but the theoretical analysis

remains open.

The setting in [108] is most similar to our model 1.1.8 , but it only achieved weak

consistency when the minimum expected degree is of at least the order Ω(log2(N)). Their

algorithm cannot be applied to the regime ρN ≲ log(N) due to the lack of concentration for the

normalized Laplacian because of the existence of isolated vertices. We were able to overcome

this issue by focusing on the adjacency matrix instead. Similar to [100, 150], we regularized

the adjacency matrix by zeroing out rows and columns corresponding to vertices with large

degree (Algorithm 3.4.1) and proved a concentration result for the regularized matrix down to

the bounded expected degree regime (Theorem 3.4.4).

Strong consistency

Theorems 3.2.9 and 3.2.13 are the first results to provide efficient algorithms for the

general non-uniform case. Previously, strong consistency was only achieved under uniform

HSBM for binary [146, 106], multi-community [61, 216] case, and non-uniform binary case

[198], under Assumption 3.2.2. The method in [119] was not specialized to HSBM, and it does

not contain any HSBM thresholds. The refinement stage is crucial for multi-block case, which

brings in the sharp threshold [5, 212, 61, 216]. In Algorithm 3.2.4 and [216], the second stage is

based on Maximum A Posteriori (MAP) estimation, where the MAP achieves the minimum error

and full knowledge of {Q (ℓ)}ℓ∈L required. In [61], the agnostic refinement is based on local

Maximum Likelihood Estimation (MLE), which works well for uniform hypergraphs. It remains

to be seen whether this method can be generalized for non-uniform hypergraphs. Additionally,

the time complexity of [61] is O(N4), since the spectral initialization is run N times during
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the refinement stage. So far, Algorithm 3.2.1 is the only one that achieves strong consistency

agnostically with the lowest time complexity.

Optimality

Although, as noted before, many works provided algorithms achieving weak consistency,

the optimality of the methods was less explored. For the first time in the literature, we are able to

provide Algorithms 3.2.1 and 3.2.4 which are provably optimal in achieving weak consistency

below the threshold for exact recovery, as in Theorems 3.2.10 and 3.2.14. In particular, it

provides the upper bound on the expected number of misclassified nodes for non-uniform HSBM,

covering the most general scenario so far. Previously, spectral methods were proved to be optimal

for binary-community clustering [214, 4, 3] with the optimal mismatch ratio being N−(
√

a−
√

b)2/2.

The optimal mismatch ratio was also explored under multi-community SBM[104, 105, 215],

labeled SBM [212] and uniform HSBM [61].

Comparison with existing tensor methods

Many tensor-based methods contain the assumption that the Kth smallest eigenvalue of a

ℓ-uniform tensor (perhaps resulting from Tucker decomposition) is bounded away from 0 (in fact,

the lower bounds tend to be more constraining); e.g., Assumption 1 in [11] and (4.7) in [143].

In general, Assumption 3.2.7 is strictly weaker than saying that the Kth smallest eigenvalue is

nonzero: in [83, Section 3.7], we provide an example satisfying the Assumption 3.2.7, but for

which the least eigenvalue for the K×K “reduced” expectation matrix is 0, thus violating the

conditions identified in [11] for tensor methods. In [119, Section 4.1], the authors involves the

parameter ∆2
i , which represents the minimum square 2-norm differences between different rows

of various matricizations of the expectation tensor. Their exact recovery condition, ∆2
min/σ2 ≥

C(p−d/2∨ p−(d−1) log p), is more restrictive than ours, since it imposes a lower bound, whereas

for us the lower bound is 0. Those tensor based methods cannot be generalized to the non-uniform

case directly, since an efficient method to incorporate tensors of different orders has not yet been
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devised. It remains to be seen if some other (non-spectral) method can be used to eliminate the

remaining edge cases violating Assumption 3.2.7.

3.3 Information-Theoretic limits

This section is devoted to the proof of Theorem 3.2.4 with the proofs of Lemmas deferred

to [83].

3.3.1 Impossibility of exact recovery

The proof of Theorem 3.2.4 (1) is presented in this section. Without loss of generality,

let j⋆,k⋆ ∈ [K] be the indices where DGCH · qN in (3.2.6) attains its minimum, i.e., ( j⋆,k⋆) =

argmin j,k∈[K]DGCH( j,k) · qN . The main idea is to confirm the existence of many pairwise

disconnected ambiguous vertices (deferred to Definition 3.3.1). With high probability, those

disconnected vertices maintain the same degree profile, but half from V j⋆ and half from Vk⋆ .

Consequently, no algorithm performs better than random guess, which leads to the failure of

exact recovery. Similar ideas appeared in [5]. By contrast, the central idea of [198] is to explicitly

construct some configuration where the optimal estimator Maximum A Posteriori (MAP) fails.

Note that DGCH in (3.2.5) can be reduced to DGH [198] when the general model is restricted to

the binary symmetric model. Therefore, those two distinct proofs can be viewed as a mutual

verification for the correctness of the thresholds.

Regime of interest

Before elaborating the proof sketch above, we establish the proof of impossibility for

some easier cases quickly, which would simplify our discussion for the more difficult case later.

First, it suffices to consider the case κN = 1, i.e., DGCH ·qN < log(N) when under (3.2.7).

Second, we restrict our attention to a sub-hypergraph described below. Denote

C(ℓ)
j⋆,k⋆,w = max{Q (ℓ)

j⋆⊕w/Q (ℓ)
k⋆⊕w, Q (ℓ)

k⋆⊕w/Q (ℓ)
j⋆⊕w} (3.3.1)

67



for each w ∈W C (ℓ−1)
K . When C(ℓ)

j⋆,k⋆,w = 1, it follows that Q (ℓ)
j⋆⊕w = Q (ℓ)

k⋆⊕w. The edges with the

membership counts j⋆⊕w or k⋆⊕w have zero contribution to DGCH in (3.2.6), and they can not

be used to distinguish vertices in V j⋆ from vertices in Vk⋆ . Consequently, we can exclude them

from consideration. For each ℓ ∈ L , define the following set

W (ℓ)
j⋆,k⋆ = {w ∈W C (ℓ−1)

K |C(ℓ)
j⋆,k⋆,w > 1}. (3.3.2)

Throughout the proof, we assume 1≪ DGCH ·qN < log(N), and we focus on the type of edges

with membership counts j⋆⊕w or k⋆⊕w, where w ∈W (ℓ)
j⋆,k⋆ for each ℓ ∈ L .

Proof of Necessity

Let t⋆ ∈ [0,1] be the point where the maximum of DGCH( j⋆,k⋆) ·qN is attained, then t⋆

should be the critical point for the function we maximize, i.e.,

∑
ℓ∈L

∑
w∈W (ℓ)

j⋆,k⋆

Nw
[
Q (ℓ)

j⋆⊕w−Q (ℓ)
k⋆⊕w− (Q (ℓ)

j⋆⊕w)
t⋆(Q (ℓ)

k⋆⊕w)
1−t⋆ log

Q (ℓ)
j⋆⊕w

Q (ℓ)
k⋆⊕w

]
= 0. (3.3.3)

The t⋆ is unique since the function to the left of the equal sign in (3.3.3) is strictly decreasing.

For each w ∈W (ℓ)
j⋆,k⋆ , define degree profile as

d⋆
j⋆,k⋆(w) :=

⌊(
Q (ℓ)

j⋆⊕w
)t⋆ ·

(
Q (ℓ)

k⋆⊕w
)1−t⋆ ·Nw

⌋
. (3.3.4)

Intuitively, V j⋆ and Vk⋆ are most similar among all communities. The degree profile d⋆
j⋆,k⋆(w)

interpolates between the expected degree profiles of the vertices in V j⋆ and Vk⋆ , and, if V j⋆

and Vk⋆ are similar enough, vertices with this degree profile are very likely to exist in both

communities. If they do exist in both, they are indistinguishable: there is no way to be sure

which community they belong to. We introduce the concept of ambiguity below.

Definition 3.3.1 (Ambiguity). For S ⊂ V , let D(ℓ)
v,w|S be the number of edges containing v, with
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the remaining ℓ− 1 vertices all in V \ S . A vertex v ∈ S is said to be ( j⋆,k⋆,S)-ambiguous

between V j⋆ \S and Vk⋆ \S if D(ℓ)
v,w|S = d⋆

j⋆,k⋆(w) for each w ∈W (ℓ)
j⋆,k⋆ , ℓ ∈ L .

For distinct vertices v,u ∈ S , the events {v is ( j⋆,k⋆,S)-ambiguous} and {u is ( j⋆,k⋆,S)

-ambiguous} are independent, since the random variables involved are distinct. Lemma 3.3.2

characterizes the probability of v being ambiguous.

Lemma 3.3.2. Assume that vertex v ∈ Vk⋆ , i.e., Yv = k⋆. Assume (3.2.7) with κN = 1 and let

j⋆,k⋆ ∈ [K] be the pair achieving DGCH in (3.2.6), then

∏
ℓ∈L

∏
w∈W (ℓ)

j⋆,k⋆

P(D(ℓ)
v,w = d⋆

j⋆,k⋆(w)) = exp(−(1+o(1)) ·DGCH ·qN). (3.3.5)

Proof of Theorem 3.2.4 (1). Let S ⊂ V be a set of vertices with size ⌊Nq−2
N log−1(N)⌋, where

each vertex is chosen randomly from V . By Lemma 3.1.1, with probability at least 1−O(N−3),

|S ∩Vl| = αlNq−2
N log−1(N) with deviation smaller than O(

√
N) for each l ∈ [K]. Let v⋆ ∈

S ∩Vk⋆ be a ( j⋆,k⋆,S)-ambiguous vertex. Since |S |/|V |= o(1), the extra condition of having

the other ℓ−1 vertices all in V \S will erase only a negligible number of edges. Assume (3.2.7)

for sufficiently large N with κN = 1, then DGCH · qN/ log(N) < 1− 2ε < 1 for some absolute

constant ε > 0. By following the proof of Lemma 3.3.2, it yields that

P(v⋆ is ( j⋆,k⋆,S)-ambiguous) = ∏
ℓ∈L

∏
w∈W (ℓ)

j⋆,k⋆

P(D(ℓ)
v⋆,w|S = d⋆

j⋆,k⋆(w)) (3.3.6)

= exp(−(1+o(1)) ·DGCH ·qN)≥ N−1+2ε+o(1) ≥ N−1+ε. (3.3.7)

By independence between ambiguous nodes and the fact 1≪ qN ≲ log(N), we have

E[# ( j⋆,k⋆,S)-ambiguous nodes in S ∩Vk⋆]≳αk⋆⌊Nq−2
N log−1(N)⌋ ·N−1+ε

≍Nεq−2
N log−1(N)≫ qN . (3.3.8)
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Then by Bernstein’s inequality, with probability at least 1−e−Nε log−3(N), the number of ( j⋆,k⋆,S)-

ambiguous nodes will concentrate around its expectation with deviation less than Nε log−3(N).

Therefore, there exists at least qN many ( j⋆,k⋆,S)-ambiguous vertices.

We will prove that v⋆ is isolated in S with high probability in the considered sub-

hypergraph. Recall that Q (ℓ)
k⋆⊕w denotes the probability of sampling a ℓ-hyperedge containing

v⋆ ∈ Vk⋆ with the other ℓ−1 vertices distributed as w among {Vl}K
l=1. If one more constraint

is added, i.e., containing v⋆ and at least one other vertex from S , then the number of such

hyperedges is denoted by Nw |S= (1+o(1))q−2
N log−1(N) ·Nw, where Nw is defined in (3.2.4).

The probability that v⋆ is isolated in S in the considered sub-hypergraph is

P(v⋆ isolated in S) (3.3.9)

= ∏
ℓ∈L

∏
w∈W (ℓ)

j⋆,k⋆

(1−Q (ℓ)
k⋆⊕w)

Nw|S = exp
(
− (1+o(1)) ∑

ℓ∈L
∑

w∈W (ℓ)
j⋆,k⋆

Q (ℓ)
k⋆⊕w ·Nw

q2
N · log(N)

)
,

where we applied e−x = 1− x when x = o(1) since Q (ℓ)
k⋆⊕w = o(1). Note that we only focus on

the weak compositions in W (ℓ)
j⋆,k⋆ and the fact that w /∈W (ℓ)

j⋆,k⋆ contributes 0 to DGCH. It follows

by Lemma D.1.1 that ∑ℓ∈L ∑w∈W (ℓ)
j⋆,k⋆

Q (ℓ)
k⋆⊕w ·Nw ≲ DGCH ·qN . Consequently, there exists some

constant C > 0 such that

(3.3.9) = exp
(
−C ·DGCH ·qN · [q2

N · log(N)]−1)> e−C/q2
N = 1−C/q2

N , (3.3.10)

where the second inequality holds since DGCH ·qN/ log(N)< 1 by (3.2.7).

From (3.3.8), we can pick at least qN pairs of ( j⋆,k⋆,S)-ambiguous vertices, where in

each pair, one from S ∩V j⋆ and the other one from S ∩V j⋆ . The probability that these qN pairs

of vertices are all isolated from S in the considered sub-hypergraph is at least (1−Cq−2
N )2qN ≥

1− 4C/qN , which tends to 1 since qN = ω(1). Consequently, those qN pairs of vertices are

indistinguishable. It follows that no algorithm can perform better than random guess for each of
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these vertices, and by independence, no algorithm can have probability of success better than

[
(2qN

qN

)
]−1 ≍ 2−qN , which goes to 0. Therefore, every algorithm will misclassify at least one

vertex with probability 1−2−qN .

3.3.2 Information-Theoretic lower bound

To establish the proof of Theorem 3.2.4 (2), we first introduce the following Generalized

Kullback-Leibler (GKL) divergence.

Definition 3.3.3. For each ℓ ∈ L , denote the sequence of numbers by µµµ(ℓ) = (µ(ℓ)w )
w∈W C (ℓ−1)

K
∈

[0,1]|W C (ℓ−1)
K |. Define the generalized Kullback-Leibler (GKL) divergence

DGKL = min
1≤ j<k≤K

DGKL( j,k), (3.3.11)

DGKL( j,k) := min
{µµµ(ℓ)}ℓ∈L

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·max
{
DKL(µ

(ℓ)
w ∥ Q (ℓ)

j⊕w), DKL(µ
(ℓ)
w ∥ Q (ℓ)

k⊕w)
}
,

where Nw is defined in (3.2.4), and

DKL(µ
(ℓ)
w ∥ Q (ℓ)

j⊕w) := µ(ℓ)w log
(

µ(ℓ)w

Q (ℓ)
j⊕w

)
+(1−µ(ℓ)w ) log

(
1−µ(ℓ)w

1−Q (ℓ)
j⊕w

)
(3.3.12)

denotes the KL divergence between two Bernoulli distributions with means µ(ℓ)w and Q (ℓ)
j⊕w.

Lemma 3.3.4 builds the connection between DGCH in (3.2.5) and DGKL in (3.3.11).

Lemma 3.3.5 establishes the existence of some sequence {p(ℓ)}ℓ∈L achieving DGKL.

Lemma 3.3.4. When Q (ℓ)
w = o(1) for all w ∈W C (ℓ)

K , ℓ ∈ L , we have DGKL( j,k) = (1+o(1)) ·

DGCH( j,k) ·qN .

Lemma 3.3.5. Let ( j⋆,k⋆) = argmin j<kDGKL( j,k). There exists some probability measure
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sequence {p(ℓ)}ℓ∈L such that

DGKL = DGKL( j⋆,k⋆) (3.3.13)

= ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(p
(ℓ)
w ∥ Q (ℓ)

j⋆⊕w) = ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(p
(ℓ)
w ∥ Q (ℓ)

k⋆⊕w).

Let Φ denote the true model 1.1.8 and Ψ denote the perturbed stochastic model 3.3.6,

below. The lower bound of the expected mismatch ratio in Theorem 3.2.4 (2) is established by

the coupling between Φ and Ψ. Here, in our analysis, the generalized KL divergence DGKL plays

a fundamental role, similar to [148].

Definition 3.3.6 (Perturbed model Ψ). For j⋆,k⋆ in Lemma 3.3.5, let v⋆ denote node with the

smallest index belonging to V j⋆ ∪Vk⋆ . The two models Φ and Ψ are coupled as follows.

1. The clusters V1, . . . ,VK are generated first, thus the same under Φ and Ψ.

2. For each ℓ-edge e ̸∋ v⋆, it is sampled with probability Q (ℓ)
y(e), both under Φ and Ψ.

3. For each e ∋ v⋆ with the other ℓ−1 nodes distributed as w, it is sampled with probability

Q (ℓ)
yv⋆⊕w under Φ, while with probability p(ℓ)w (Lemma 3.3.5) under Ψ respectively.

Let PΦ, EΦ (resp. PΨ, EΨ) denote the probability measure, expectation under Φ (resp.

Ψ). Let Verr denote the set of misclassified nodes. Those nodes are interchangeable under Φ,

then EΦ[ηN ] = N−1EΦ[|Verr|]. Let Λ := log(dPΨ/dPΦ) denote the log-likelihood ratio, and

Λ = ∑
ℓ∈L

∑
e∈Eℓ,e∋v⋆
y(e\v⋆)=w

[
A(ℓ)

e log
( p(ℓ)w

Q (ℓ)
yv⋆⊕w

)
+(1−A(ℓ)

e ) log
( 1−p(ℓ)w

1−Q (ℓ)
yv⋆⊕w

)]
. (3.3.14)

Assume α1 ≥ . . . ≥ αK without loss of generality. Note that j⋆ < k⋆ from Lemma 3.3.5. The

connection between Ψ and Φ can be described quantitatively by Lemma 3.3.7.
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Lemma 3.3.7. Let f (N) be some function of N, then the following holds

PΨ(Λ≤ f (N))≤ (e f (N) ·EΦ[ηN ]+α j⋆)/(α j⋆ +αk⋆). (3.3.15)

Proof of Theorem 3.2.4 (2). First, by applying f (N) = log(1/EΦ[ηN ])− log(2/αk⋆) and the fact

α j⋆ +αk⋆ < 1, Lemma 3.3.7 yields that

PΨ(Λ≤ log(1/EΦ[ηN ])− log(2/αk⋆))≤= 1− (α j⋆ +αk⋆)
−1

αk⋆/2 < 1−αk⋆/4. (3.3.16)

Furthermore, by Chebyshev’s inequality, we have

PΨ(Λ≤ EΨ[Λ]+
√

4VarΨ(Λ)/αk⋆)≥ 1−αk⋆/4. (3.3.17)

Consequently, the following comparison of the two upper bounds of Λ should always be true:

log(1/EΦ[ηN ])− log(2/αk⋆)≤ EΨ[Λ]+
√

4VarΨ(Λ)/αk⋆ . (3.3.18)

Lemma 3.3.8. Recall 1≪ DGCH ·qN ≲ log(N) in (3.2.6), then the following holds:

EΨ[Λ]+
√

4VarΨ(Λ)/αk⋆ = (1+o(1)) ·DGCH ·qN . (3.3.19)

Recall (3.2.7) where κN ∈ (0,1] and κN log(N)→∞ when N→∞. According Lemma 3.3.8,

when EΦ[ηN ]< N−κN , the left hand side of (3.3.18) can be further bounded by

κN · log(N)− log(2/αk⋆)≤ (1+o(1)) ·DGCH ·qN . (3.3.20)
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Since αk⋆ is some fixed constant, the necessary condition for limN→∞(NκNEΦ[ηN ])< 1 is

lim
N→∞

DGCH ·qN/(κN · log(N))≥ 1. (3.3.21)

Therefore, Theorem 3.2.4 (2) follows since we proved its contrapositive.

3.4 Stage I: Weak consistency by spectral initialization

In this section, we will show that Algorithm 3.2.2, inspired by [68, 211, 212, 216],

achieves almost exact recovery, i.e., η(y, ŷ(0)) = o(1). The proofs of Lemmas are deferred to

[83].

3.4.1 Spectral initialization

Recall that dv denotes the number of hyperedges containing v with Dv in (3.1.1) denoting

its law. Let d = ∑
N
v=1 dv/N (resp. d̃ = maxv∈n dv) denote the observed average (resp. maximum)

degree. Let ξN (resp. ρN) denote the average (resp. maximum) expected degree, defined by

ξN := N−1E
(

∑
v∈V

Dv

)
, ρN := max

v∈V
E(Dv). (3.4.1)

Lemma 3.4.1 states the fact that d is always a good approximation of ξN , while d̃

preserves the order of ρN when ρN ≳ log(N).

Lemma 3.4.1. Deterministically, ρN ≍ ξN . With high probability, d− ξN ≤ ξN/
√

N. When

ρN ≳ log(N), we have d̃ ≍ ρN with probability at least 1−O(N−c) for some constant c > 0.

3.4.2 Concentration inequalities

Our analysis relies on the concentration results Theorems 3.4.2 and 3.4.4. In fact, the

results provided below holds for inhomogeneous Erdős-Rényi hypergraphs 1.1.10, more general

than the HSBM 1.1.8 , which could be of independent interest.
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Theorem 3.4.2. Let H = ∪ℓ∈LHℓ be the inhomogeneous non-uniform Erdős-Rényi hypergraph

in Definition 1.1.10, associated with the probability tensors {Q (ℓ)}ℓ∈L . For each ℓ ∈ L , we

rescale the tensor by D(ℓ) :=
(N−1
ℓ−1

)
Q (ℓ), and denote D(ℓ)

max := maxi1,...,iℓ∈V D(ℓ)
i1,...,iℓ . Denote

Dmax := ∑
ℓ∈L

D(ℓ)
max. For some constant C(3.4.2) > 0, suppose that

Dmax := ∑
ℓ∈L

D(ℓ)
max ≥ C(3.4.2) · log(N) . (3.4.2)

Then with probability at least 1−2N−10−2e−N , the adjacency matrix A of H satisfies

∥A−EA∥ ≤ C(3.4.3) ·
√

Dmax , (3.4.3)

where the constants C(3.4.3) := 10L2 +2β, with β = β0
√

β1 +L and β0, β1satisfying

β0 = 16+32L(1+ e2)+1792(1+ e−2)L2,

L−1
β1 log(L−1

β1)−L−1
β1 +1 > 11/C(3.4.2) . (3.4.4)

Similarly matrix concentration results for the graph case has appeared in the literature

several times, e.g., [153, Theorem 5.2], [150, Theorem 5.1]. The main obstacle for the gen-

eralization from graph to hypergraph 1.1.10 is that, the entries of the adjacency matrix A in

(1.1.6) have long-range dependencies, and they are no longer zero/one entries. The proofs for

Theorem 3.4.2 and Theorem 3.4.4 are deferred to [83].

Furthermore, Algorithm 3.2.2 could still achieve weak consistency 1≪ ρN ≪ log(N),

which is beyond regime of exact recovery. However, Theorem 3.4.2 is not reliable in this case,

and it cannot be applied directly. Instead, the concentration could be proved for some regularized

versions of A (Definition 3.4.3) following the same proof strategy, leading to Theorem 3.4.4.

This explains why the trimming stage Algorithm 3.4.1 is necessary.

Definition 3.4.3 (Regularization). Given A ∈ RN×N and index set J , let AJ ∈ RN×N be the

75



Algorithm 3.4.1: Trimming
Data: Hypergraph H = (V ,E), regularization strategy J

1 Obtain the adjacency matrix A of the hypergraph H by (1.1.6).
2 Construct AJ ∈ RN×N by zeroing out the columns A·i and rows Ai·, where i /∈ J ;

Result: AJ

matrix obtained from A by zeroing out the rows and columns not indexed by J . Namely,

(AJ )i j = 1{i, j∈J } ·Ai j . (3.4.5)

Theorem 3.4.4. Following the conventions in Theorem 3.4.2, let AJ be the regularized version

of A, where J ∈ {J1,J2} defined as below.

1. Let J1 be the vertex set obtained by removing ⌊N exp(−d)⌋ many nodes having the largest

dv, where d = N−1
∑

v∈V
dv is the sample average degree. If ρN ≳ log(N), there exists some

constant c > 0 such that (3.4.6) holds with probability at least 1−2(e/2)−N−2N−c.

2. Define J2 := {v ∈ V ,dv ≤ 20LDmax}, then the inequality (3.4.6) holds with probability at

least 1−2(e/2)−N−N−10 for some constant C(3.4.6).

∥AJ −EAJ ∥ ≤ C(3.4.6)
√

Dmax , (3.4.6)

where C(3.4.6) := 10L2 +2β with β = β0
√

β1 +L, β1 = L and

β0 = 16+32L(1+ e2)+1792(1+ e−2)L2.

=

The construction of J1 is purely agnostic and does not require prior knowledge. By

contrast, an upper bound on the vertex degree is pre-determined for J2, requiring {Q (ℓ)}ℓ∈L .

Therefore, J1 is suitable for Algorithm 3.2.1, while J2 is suitable for Algorithm 3.2.4.
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3.4.3 Proofs of weak consistency

Without loss of generality, we assume α1 ≥ . . .≥ αK . We present some Lemmas first.

Lemma 3.4.5. Under the conditions of Theorem 3.4.4, ∥A(K)
J −EAJ ∥2

F ≲ ρN + ρ2
N/N with

probability at least 1−O(N−c) for some constant c > 0.

Lemma 3.4.6. Suppose Assumption 3.2.7 and conditions in Theorem 3.4.4, then ∥(EAJ )u:−

(EAJ )v:∥2
2 ≳ N−1ρ2

N with probability at least 1−O(N−c) for some constant c > 0 when u and v

are from different communities, otherwise ∥(EAJ )u:− (EAJ )v:∥2
2 ≲ N−2ρ2

N .

Lemma 3.4.7. Recall that in Algorithm 3.2.2, r = [N log(d)]−1d 2, and S is a set of ⌈2log2(N)⌉

nodes randomly sampled from J without replacement. Define the vertex sets

Ik := {v ∈ Vk∩ J : ∥(A(K)
J )v:− (EAJ )v:∥2

2 ≤ r/4} (3.4.7)

Uk := {v ∈ Vk∩ J : ∥(A(K)
J )v:− (EAJ )v:∥2

2 ≤ 4r}. (3.4.8)

(a) For all k ∈ [K], |S ∩ Ik| ≥ 1 with probability at least 1−O(N−c) for some c > 0.

(b) For each k ∈ [K], the sk constructed in Algorithm 3.2.2 satisfies sk ∈Uk and |Br(sk)| ≥

αkN(1−o(1)).

(c) The centers {sk}K
k=1 constructed in Algorithm 3.2.2 are pairwise far away from each other,

∥(A(K)
J )s j:− (A(K)

J )sk:∥2
2 ≳ N−1

ρ
2
N , for any pair j ̸= k, j,k ∈ [K]. (3.4.9)

Lemma 3.4.8. In Line 4, 8 of Algorithm 3.2.2, if v ∈ Vi∩ J is misclassified to V̂ (0)
j for some

j ̸= i, then v is far away from its expected center, i.e., ∥(A(K)
J )v:− (EAJ )v:∥2

2 ≳ N−1ρ2
N .

Proof of Theorem 3.2.6. For each k ∈ [K], Lemma 3.4.7 (a) ensures that at least one vertex

will be picked in each Vk, (b) ensures that the constructed ball Br(sk) contains most of the
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vertices of Vk. Furthermore, Lemma 3.4.6 proves that the expected centers are pairwise far

away from each other, while Lemma 3.4.7 (c) proves that the same argument holds as well for

the centers {sk}K
k=1 of balls {B(sk)}K

k=1. Throughout the Algorithm 3.2.2, vertices would be

misclassified during lines 4, 8, 12. Lemma 3.4.8 indicates that the misclassified vertices in lines

4, 8 must be far away from their expected centers. The number of vertices outside J1 is upper

bounded by ⌊N exp(−d)⌋, which is at most of constant order since d ≳ log(N) according to

Lemma 3.4.1. Then with probability at least 1−2(e/2)−N−2N−c for some c > 0, the mismatch

ratio is bounded by

ηN =η(y, ŷ(0))≤ 1
N

(
∑

v misclassified
∥(A(K)

J )v:− (EAJ )v:∥2
2

min
v misclassified

∥(A(K)
J )v:− (EAJ )v:∥2

2

+ ⌊N exp(−d)⌋

)

≤∥A(K)
J −EAJ ∥2

F/
(

N · min
v misclassified

∥(A(K)
J )v:− (EAJ )v:∥2

2

)
+ exp(−d)

≲ (ρN +ρ
2
N/N)/(N ·ρ2

N/N)+N−1 ≍ ρ
−1
N = o(1), (Lemmas 3.4.5, 3.4.8) (3.4.10)

where the last line holds since ρN ≳ log(N).

Proof of Theorem 3.2.12. The regularization method J1 relies on two key facts:

1. only ⌊N exp(−d)⌋= o(N) many nodes are removed, since d ≳ log(N) by Lemma 3.4.1;

2. the degree of node in J1 is upper bounded by Dmax up to some constant when ρN ≳ log(N),

according to Lemma B.1.9.

However, the second fact is no longer valid when 1≪ ρN ≪ log(N). To get rid of that, one

could refer to the other trimming process J2 in Theorem 3.4.4. Deterministically, the degree

of each vertex in J2 is upper bounded by 20LDmax, where the construction of J2 relies on the

prior knowledge of probability tensors {Q (ℓ)}ℓ∈L . According to (B.1.12), the number of vertices

outside J2 is upper bounded by N · e−cρN = o(N) for some constant c > 0. Then by following

the same analysis above, with probability at least 1−2(e/2)−N−N−10, the mismatch ratio is
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bounded by

ηN ≲
ρN +ρ2

N/N
Nρ2

N/N
+N−1 · (N/ecρN )≍ ρ

−1
N +N−1 + e−cρN ≍ ρ

−1
N = o(1). (3.4.11)

Therefore, Algorithm 3.2.2 achieves weak consistency by applying J2 as long as ρN = ω(1).

3.5 Stage II: Agnostic iterative refinement

This section is devoted to the proofs of Theorem 3.2.9 and Theorem 3.2.10, while the

proofs of all the Lemmas are deferred to [83]. We first introduce Algorithm 3.2.3, which

achieves the optimal recovery by iteratively refining the initial estimate ŷ(0) obtained from

Algorithm 3.2.2.

3.5.1 Tensor probability reconstruction

The difference between Q (ℓ)
w and Q̂ (ℓ)

w is controlled by Lemma 3.5.1. It is proved that

Q̂ (ℓ)
w is a good estimator of Q (ℓ)

w under Assumption 3.2.2.

Lemma 3.5.1. For each ℓ∈L and w∈W C (ℓ)
K , recall Q (ℓ)

w in (3.2.2) and Q̂ (ℓ)
w in (3.2.11). Define

Q (ℓ)
max := max

w∈W C (ℓ)
K

Q (ℓ)
w and denote Q (ℓ)

max = P (ℓ)
maxq(ℓ)max/

(N−1
ℓ−1

)
using (3.2.2) where P (ℓ)

max ≍ 1

and 1≪ q(ℓ)max≪ N. The following holds with probability at least 1− exp(−N logq(ℓ)max/q(ℓ)max),

|Q̂ (ℓ)
w −Q (ℓ)

w |≲ logq(ℓ)max/Nℓ−1. (3.5.1)

Furthermore, |Q̂ (ℓ)
w −Q (ℓ)

w |/Q (ℓ)
w = logqN/qN = o(1) when under Assumption 3.2.2.

The precision of the estimation Q̂ (ℓ)
w is based on the fact that the number of edges

corresponding to partition w is qN many for each w ∈W C (ℓ)
K and ℓ ∈ L , while the number of

different types w is finite. As long as all Q (ℓ)
w are comparable (Assumption 3.2.2), this estimation

should be correct. In the absence of Assumption 3.2.2, e.g., q(ℓ)max = Nβ for some β ∈ (0,1) while

q(ℓ)w = log log(N), |Q̂ (ℓ)
w −Q (ℓ)

w |= o(1) is not true. Thus, Q̂ (ℓ)
w cannot be accurate.
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We present briefly a discussion of Assumption 3.2.2 here. According to Lemma 3.5.1,

Assumption 3.2.2 is crucial for Q̂ (ℓ)
w being an accurate estimation of Q (ℓ)

w . In fact, when a mixture

of Bernoulli random variables is collected where their expectations satisfy Assumption 3.2.2, it

is possible to estimate each expectation accurately, since the sample average for each Bernoulli

random variable (in this scenario, all but a negligible fraction of samples are chosen from

their true law) would be well concentrated around its expectation with lower order deviations.

However, there is no hope to estimate the lower order expectations accurately if their expectations

vary in magnitude, since the fluctuation of the sample average with higher order expectation

could be significantly larger than the lower order expectations.

3.5.2 Proofs of strong consistency and optimality

We first show that V can be partitioned into two disjoint subsets G and V \G , where

each v ∈ G enjoys the following three properties:

(G1) Denote Q (ℓ)
max := max

w∈W C (ℓ)
K

Q (ℓ)
w , D(ℓ)

max :=
(N−1
ℓ−1

)
Q (ℓ)

max and Dmax := ∑ℓ∈L D(ℓ)
max. The

degree of v is upper bounded by

Dv ≤ 10Dmax. (G1)

(G2) Let µ(ℓ)v,w := D(ℓ)
v,w/Nw and let DKL(µ

(ℓ)
v,w ∥ Q (ℓ)

k⊕w) be the KL divergence in (3.3.12). If

v∈Vk∩G , then the weighted sum of DKL(µ
(ℓ)
v,w ∥Q (ℓ)

k⊕w) is much smaller than the weighted

sum of DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w) for any other j ̸= k. Formally,

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw · [DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w)−DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)]≥Dmax/ logqN . (G2)

(G3) Let E(v,V \G) denote the set of hyperedges containing v with all the remaining nodes in

V \G . Let L denote the maximum element of L . Let δ > 0 be some absolute constant.
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The number of edges containing v is bounded by

|E(v,V \G)| ≤ L(Dmax)
1+δ. (G3)

We explain how this construction can be done in the proof of Lemma 3.5.2. Briefly, we show

that most of vertices satisfy (G1) and (G2), and proceed to eliminate the nodes that do not satisfy

(G3). The number of vertices we need to eliminate is small.

Lemma 3.5.2 (Size of V \G). For the sequence κN ∈ (0,1] with κN log(N)→ ∞ as N → ∞,

assume (3.2.17) for some absolute (small) constant ε> 0. Then |V \G |<N1−κN with probability

at least 1−6e−εκN log(N).

Let N̂ (t)
jk := (V̂ (t)

j ∩Vk)∩G denote the set of vertices in G which belongs to Vk but

misclassified to V̂ (t)
j , then the misclassified vertices in V̂ (t)

j ∩G can be represented as N̂ (t)
j :=

∪k ̸= jN̂
(t)
jk = (V̂ (t)

j \V j)∩G . Let N̂ (t) := ∪K
j=1N̂ (t)

j = ∪K
j=1(V̂

(t)
j \V j)∩G denote the set of

misclassified vertices in G at step t. Lemma 3.5.3 shows that the size of |N̂ (t)| decays over

consecutive iterations.

Lemma 3.5.3. In outer for-loop of Algorithm 3.2.3, the number of misclassified nodes decays

|N̂ (t+1)|/|N̂ (t)| ≤ e−1 · logC(3.2.3)/C(3.2.3) , (3.5.2)

with probability at least 1−2(e/2)−N−2N−c for some constant c > 0.

Proof of Theorem 3.2.10. Recall that ηN = η(y, ŷ(0))≲ (ρN)
−1 according to (3.4.10). Note that

the agnostic result Theorem 3.2.6 requires ρN ≳ log(N), then by Lemma 3.5.3, the number of

misclassified nodes in G after ⌈log(N)⌉ iterations will be at most

|N̂ ⌈log(N)⌉| ≤ηNN · (e−1 logC(3.2.3)/C(3.2.3))
⌈log(N)⌉

≲N ·N−1−logC(3.2.3)/ log(N) = o(1) ,
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where the inequality holds since C(3.2.3) > 1. Consequently, N̂ ⌈log(N)⌉ = /0, indicating that all

nodes in G are correctly assigned. Thus, the misclassified nodes are all in the set V \G , leading

to N ·ηN ≤ |V \G | ≤ N1−κN . Therefore, the desired argument follows with probability at least

1−6e−ε·κN log(N)− (1+o(1))⌈log(N)⌉N−c.

Proof of Theorem 3.2.9. Denote κN := DGCH ·qN/ log(N). In addition, assume that the limit of

the sequence {κN}N exists, denoted by κ = lim
N→∞

κN . There are three scenarios.

(a) κ ∈ (0,1]. By Theorem 3.2.4 (2), E[ηN ] ≥ N−(1+o(1))·κ. According to Theorem 3.2.10,

ηN ≤ N−κN with probability at least 1−6e−ε·κN log(N)− (1+o(1))⌈log(N)⌉N−c. Therefore, we

have E[ηN ] = N−κ = o(1), reaching the lowest expected mismatch ratio possible.

(b) κ = 0 with κN ≫ log−1(N); we still have E[ηN ] ≥ N−(1+o(1))κN = o(1) by Theorem 3.2.4

(2), and Algorithm 3.2.3 achieving the lowest possible expected mismatch ratio. Otherwise when

κN ≲ log−1(N), we have N−κN = O(1), which represents the regime of partial or weak recovery,

not the focus of this paper.

(c) κ > 1, equivalently (3.2.16) holds. Following the same analysis above, V \G = /0 with

probability at least 1− 6e−ε log(N) by Lemma 3.5.2. All nodes in G = V will be classified

correctly by Lemma 3.5.3, achieving exact recovery. Note that when κ = 1, it is not clear whether

the exact recovery can be achieved or not.

Furthermore, if the sequence {κN}N goes to infinity as N → ∞, then clearly, Algo-

rithm 3.2.1 accomplishes exact recovery.

We note that Algorithm 3.2.3 utilizes the adjacency tensors {A(ℓ)}ℓ∈L . The proofs of

Theorem 3.2.10 and Theorem 3.2.9 do not rely on Assumption 3.2.7. For the set of problems

violating Assumption 3.2.7, if a weak consistent partition is obtained, it can be improved by

Algorithm 3.2.3, achieving the lowest expected mismatch ratio possible.
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3.6 Partition with prior knowledge

This section is devoted to the proofs of Theorems 3.2.13 and 3.2.14, with the proofs of

Lemmas deferred to [83].

3.6.1 Optimality of MAP

Let Perr(v) denote the probability of v ∈ V being misclassified. Let ŷv, ŷ−v be some

estimations of yv and y−v respectively. Let P(· | H = H , Y−v = ŷ−v) denote the conditional

probability when observing H and ŷ−v, where H and Y−v denote the laws of H and y−v,

respectively. Then by definition,

Perr(v) :=P(ŷv ̸= yv) = ∑
H ,ŷ−v

P(ŷv ̸= yv |H= H , Y−v = ŷ−v) ·P(H= H ,Y−v = ŷ−v)

= ∑
H ,ŷ−v

[
1−P(ŷv = yv |H= H , Y−v = ŷ−v)

]
·P(H= H , Y−v = ŷ−v) . (3.6.1)

By Bayes, the term P(H= H , Y−v = ŷ−v) is irrelevant to any specific assignment of yv, since

P(H= H , Y−v = ŷ−v) = P(H= H | Y−v = ŷ−v) ·P(Y−v = ŷ−v) (3.6.2)

=P(Y−v = ŷ−v) · ∑
j∈[K]

P(H= H | Yv = j, Y−v = ŷ−v) ·P(Yv = j) (3.6.3)

Therefore, Perr(v) is minimized only if the MAP estimator ŷMAP
v in (3.2.18) is substituted into

(3.6.1). However, ŷMAP
v in (3.2.18) cannot be computed directly in practice as explained. Instead,

Algorithm 3.2.4 utilized the simplified version (3.2.19) inspired by Lemma 3.2.11. Recall

Dv = ∑ℓ,w D(ℓ)
v,w in (3.1.1) and dv = ∑ℓ,w d(ℓ)

v,w, where D(ℓ)
v,w|Yv=k ∼ Bin(Nw,Q

(ℓ)
k⊕w) and d(ℓ)

v,w denote
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its realization. From simplicity, we denote

P̂k(Dv = dv) := ∏
ℓ∈L

∏
w∈W C (ℓ−1)

K

P(D(ℓ)
v,w = d(ℓ)

v,w|Yv = k, Y−v = ŷ−v), (3.6.4a)

Pk(Dv = dv) := ∏
ℓ∈L

∏
w∈W C (ℓ−1)

K

P(D(ℓ)
v,w = d(ℓ)

v,w|Yv = k, Y−v = ŷ−v). (3.6.4b)

According to Lemma 3.2.11 and edgewise independence, the probabilities in (3.6.1) that are

irrelevant to v cancels out. By substituting ŷMAP
v in (3.2.19) into (3.6.1), it follows that1

Perr(v) = ∑P(ŷMAP
v ̸= k

∣∣Dv = dv, Y−v = ŷ−v) ·Pk(Dv = dv)

= ∑Pk(Dv = dv) ·P
(
∃ j ̸= k,s.t. α jP̂ j(Dv = dv)> αkP̂k(Dv = dv)

)
. (3.6.5)

Furthermore, Perr(v) admits the upper and lower bounds presented in Lemma 3.6.1.

Lemma 3.6.1. Assume v ∈ Vk for some k ∈ [K]. Define the following quantity

R̂k := ∑
j∈[K], j ̸=k

P
(
∃ j ̸= k,s.t. α jP̂ j(Dv = dv)> αkP̂k(Dv = dv)

)
. (3.6.6)

Then the upper and lower bounds of Perr(v) are given by

(K−1)−1
∑Pk(Dv = dv) · R̂k ≤ Perr(v) ≤ ∑Pk(Dv = dv) · R̂k. (3.6.7)

3.6.2 Error decomposition

As discussed previously, Perr(v) can be characterized from both direction, as long as R̂k

is evaluated accurately. The difficulty lies on the fact that (3.6.4a) is not directly accessible for

analysis due to non-equivalence between ŷ−v and y−v, and we do not know how far it deviates

from the true probability (3.6.4b). Fortunately, the ratio (3.6.4a)/(3.6.4b) can be bounded from

1The summation in (3.6.5), (3.6.7) and (3.6.11) is over all possible realizations {d(ℓ)
v,w}ℓ∈L

w∈W C (ℓ−1)
K

.
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both sides in almost all cases with some allowable errors, thus (3.6.4a) can be replaced by

(3.6.4b) when evaluating R̂k in (3.6.6).

We now present the proof sketch (with details provided in [83]). Let Eℓ(v) denote the set

of ℓ-edges containing v, while Eℓ(v,N̂ (0)) be its subset where each edge contains v and at least

one node from N̂ (0), where N̂ (0) in Lemma 3.5.3 denotes the set of misclassified nodes after

initial estimation. Note that y(e) = ŷ(0)(e) for e /∈ Eℓ(v,N̂ (0)), then the desired ratio is

(3.6.4a)
(3.6.4b)

= ∏
ℓ∈L

∏
e∈Eℓ(v, N̂ (0))

[
P̂k(A

(ℓ)
e = 1)

Pk(A
(ℓ)
e = 1)

]A(ℓ)
e

·

[
P̂k(A

(ℓ)
e = 0)

Pk(A
(ℓ)
e = 0)

]1−A(ℓ)
e

, (3.6.8)

since the probabilities for edges e /∈ Eℓ(v,N̂ (0)) cancel out. We say that the realization Eℓ(v)

is good if the cardinality of its subset Eℓ(v,N̂ (0)) is relatively small. We say that the edge set

E(v) = ∪ℓ∈L Eℓ(v) is good if Eℓ(v) is good for each ℓ ∈ L .

Definition 3.6.2 (Good realization). Recall Q (ℓ)
max, q(ℓ)max defined in Lemma 3.5.1. We say that the

realization E(v) is good if G(v) := ∏ℓ∈L Gℓ(v) = 1, where for each ℓ ∈ L

Gℓ(v) = 1{|Eℓ(v,N̂ (0))|≤4q(ℓ)max/ log(q(ℓ)max)
}. (3.6.9)

Conversely, E(v) is Not good if G(v) = 0, i.e., Gℓ(v) = 0 for at least one ℓ ∈ L .

According to Bayes, we have R̂k = R̂k|0 ·P(G(v) = 0)+ R̂k|1 ·P(G(v) = 1), where

R̂k|ℓ := ∑
j∈[K], j ̸=k

P
[
∃ j ̸= k,s.t. α jP̂ j(Dv = dv)> αkP̂k(Dv = dv)

∣∣G(v) = ℓ
]
, (3.6.10)

for ℓ ∈ {0,1}. Consequently, Perr(v) in (3.6.5) is upper bounded by Perr(v)≤ 0 + 1 , where

ℓ = ∑Pk(Dv = dv) · R̂k|ℓ ·P(G(v) = ℓ). (3.6.11)

Bound for 0 The probability of E(v) being Not good can be controlled by DGCH ·qN .
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Lemma 3.6.3. For v ∈ Vk, we have Pk(G(v) = 0)≲ exp(−(4+o(1)) ·DGCH ·qN).

Since R̂k|0 ≤ K−1 as defined in (3.6.10) and ∑dv Pk(Dv = dv) = 1, it then follows that

0 ≲ exp(−(4+o(1)) ·DGCH ·qN). (3.6.12)

Bound for 1 . When G(v) = 1, the ratio (3.6.4a)/(3.6.4b) can be bounded from both sides as

proved by Lemma 3.6.4, which further leads to an upper bound on R̂k|1, as well as 1 .

Lemma 3.6.4. Suppose (3.2.20). Conditioned on v∈Vk and G(v) = 1, there exists some Uk ∈R+

with logUk≪ DGCH( j,k) ·qN for any j ̸= k, such that U−1
k ≤ P̂k(Dv = dv)/Pk(Dv = dv) ≤Uk

with probability at least 1−N−10.

With some arguments deferred to [83], with probability 1−N−10, 1 is upper bounded

by

1 ≲ exp(−(1+o(1)) ·DGCH ·qN). (3.6.13)

Bound for Perr(v). Combining (3.6.7) and upper bounds above for 0 and 1 , it follows that

Perr(v)≤ 0 + 1 ≲ (1+o(1)) · e−(1+o(1))·DGCH·qN , (3.6.14)

with probability at least 1−N−10, where the last inequality holds since DGCH ·qN→∞ as N→∞.

The term DGCH ·qN plays a crucial role in understanding the limit of Algorithm 3.2.4.

3.6.3 Algorithm correctness

The complete proofs are presented in this subsection.

Proof of Theorem 3.2.14. Suppose (3.2.17) where the sequence κN ∈ (0,1] with κN log(N)→∞,

then there exists some universal (small) constant ε > 0 such that DGCH ·qN ≥ (1+ ε)κN log(N).
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According to (3.6.14), Perr(v)≲ (1+o(1)) ·N−(1+ε)κN for each v ∈ V , then with probability at

least 1−N−10, the expected mismatch ratio is upper bounded by

E[ηN ] = E[# of misclassified nodes]/N = ∑Perr(v)/N ≲ (1+o(1)) ·N−(1+ε)κN . (3.6.15)

An argument similar to the proof of Theorem 3.2.9, together with Theorem 3.2.4 (2), shows that

Algorithm 3.2.4 reaches the lowest possible expected mismatch ratio.

Proof of Theorem 3.2.13. Note that DGCH ·qN ≥ (1+ ε) log(N) when taking κN = 1. Then the

probability of ŷMAP
v in (3.2.19) failing exact recovery is upper bounded by

P
(
∃v ∈ V , ŷMAP

v ̸= yv
)
≤∑Perr(v)≤ N · (1+o(1)) ·N−(1+ε)κN ≤ (1+o(1)) ·N−ε. (3.6.16)

Therefore, Algorithm 3.2.4 achieves exact recovery with probability at least 1−N−ε−N−10.

3.7 Estimation for number of communities

For the practical purpose, it is better to assume as little prior knowledge as possible. To

make Algorithm 3.2.1 completely agnostic, we propose the following Algorithm 3.7.1 for the

estimation of the number of communities.

Algorithm 3.7.1: Number of Communities
Data: {A(ℓ)}ℓ∈L

1 Compute the degree dv for each vertex v ∈ V and find d̃ = maxv∈V dv;
2 Construct the adjacency matrix A and compute the eigenvalues

λ1(A)≥ . . .≥ λN(A);
3 Find the first eigenvalue λr(A) such that λr ≤ (d̃)3/4;

Result: K̂ = r−1

The functionality of Algorithm 3.7.1 is based on Assumption 3.7.1 (eigenvalue sepa-

ration) and Assumption 3.2.2 (proportional degree) under the exact recovery regime (3.2.2).

On the other hand, one may refer to [185] for estimating the number of communities under
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the bounded degree regime. Recall that ρN ,ξN in (3.4.1) represent the maximum and average

expected degrees, respectively. Let ζN := minv∈V E(Dv) denote the minimum expected degree.

Assumption 3.7.1. Define the matrix EÃ where EÃi j = EAi j for i ̸= j and EÃii = EAi j when i

and j are from the same block. The eigenvalues λ1(EÃ)≥ . . .≥ λN(EÃ) satisfy λK(EÃ)≳ ζN

and λK+1(EÃ) = 0.

Lemma 3.7.2. Under Assumptions 3.2.2, 3.7.1, λk(EA)≳ ρN for k ∈ [K], and λk(EA)≲ N−1ρN

for k ∈ V \ [K].

Proof of Lemma 3.7.2. Define the diagonal matrix D :=EÃ−EA, then λk(D) =EÃkk ≲N−1ρN .

Note the facts that ζN ≍ ρN by Assumption 3.2.2, and λK(EÃ) ≳ ζN ≫ N−1ρN by Assump-

tion 3.7.1, then the desired result follows by Weyl’s inequality D.2.1, since λk(EÃ)−∥D∥ ≤

λk(EA)≤ λk(EÃ)+∥D∥ for all k ∈ V .

Correctness of Algorithm 3.7.1. By Weyl’s inequality D.2.1, for any k ∈ V , the eigenvalue

λk(EA) satisfies

λk(EA)−∥A−EA∥ ≤ λk(A)≤ λk(EA)+∥A−EA∥. (3.7.1)

By Lemma 3.4.1 d̃ ≍ Dmax ≍ ρN , then for sufficiently large N, by Lemma 3.7.2 and Theo-

rem 3.4.2

λK(A) ≳ ρN−C(3.4.3) ·
√

Dmax ≳ ρN−
√

ρN ≫ (ρN)
3/4 ≍ (d̃)3/4, (3.7.2)

λK+1(A) ≤ N−1
ρN +C(3.4.3) ·

√
Dmax ≲

√
ρN ≪ (ρN)

3/4 ≍ (d̃)3/4. (3.7.3)

Therefore, the accuracy of K̂ in Algorithm 3.7.1 is guaranteed by the separation between λK(A)

and λK+1(A).

We have seen that Algorithm 3.7.1 works when all the degrees are proportional. One
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may be interested in exploring modifications of Algorithm 3.7.1 for scenarios not covered by

Assumptions 3.2.2, 3.7.1, such as the presence of communities with outstandingly large degrees.

3.7.1 Eigenvalue separation

In particular, we want to emphasize that Assumption 3.7.1 is stronger than Assump-

tion 3.2.7. Consider the following example, where K = 3, L = 2 with α1 = α2 = α3 = 1/3,

and

Q (2) =
log(N)

N


4 3 7

3 5 8

7 8 15

 , EÃ = Q (2)⊗ (1N/3 1TN/3), (3.7.4)

where ⊗ denotes the Kronecker product. Obviously, Assumption 3.2.7 is satisfied. However,

λ3(EÃ) = 0 since Q (2)
3: = Q (2)

1: +Q (2)
2: . As we can see, a mixture of assortative (Q (2)

3: ) and

disassortative (Q (2)
1: ,Q

(2)
2: ) clusters may result in violating Assumption 3.7.1 but satisfying

Assumption 3.2.7. We further note that this would never happen when all communities are purely

assortative (diagonally dominant) or purely disassortative due to the symmetry requirement for

probability tensors.

As far as we know, even in the graph case, Assumption 3.7.1 is crucial in most algorithms

aiming to estimate for the number of communities. For example, [56, Theorem 1] applies a

Network cross-validation algorithm. This implicitly requires Assumption 3.7.1, as it relies on

Davis-Kahan [208, Theorem 4] to obtain an upper bound for the singular subspace perturbation,

which is meaningful only if the Kth largest singular value is at least of order log(N).

As we just mentioned, Assumption 3.2.7, which Algorithm 3.2.1 relies on, is weaker than

Assumption 3.7.1. It would be interesting to close the gap between the those two assumptions,

i.e., to find whether it is possible to give an accurate estimation the number of communities when

the underlying generating model is a mixture of assortative and disassortative clusters.
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3.7.2 Proportional degrees pitfalls and possible fixes

Assumption 3.2.2 is crucial for Algorithm 3.7.1. When this is dropped, and we are

under the regime ρN ≫ ζN ≳ log(N), Algorithm 3.7.1 tends to underestimate the number of

communities due to the possibility that the upper bound (d̃)3/4 is much larger than λK(A),

leading to the problem that sparse clusters would be absorbed by denser clusters. One could

strengthen Assumption 3.7.1 to satisfy λK(EÃ)≳ ρN to make full use of Algorithm 3.7.1, though

not so realistic in practice.

Instead, one could start with a lax overestimation of the number of communities, and

then slightly modify Algorithm 3.2.2 to correct the overestimate. The intuition is that all but

a vanishing fraction of the rows corresponding to vertices in Vk would concentrate around

their expected center, thus their corresponding vertices will be located in the ball Br(sk), while

V̂ (0)
i = o(N) for i > K by Lemma 3.4.7. Also, Algorithm 3.2.2 works agnostically without

Assumption 3.2.2 when ρN ≳ log(N) as proved in Section 3.4. Thus, we propose Algorithm 3.7.2

as an informal alternative; here we pick some large enough i as an initial guess and iteratively

decrease i until the partition has all classes proportional. However, we leave the criterion for

deciding if a class is too small up to the reader, and we offer no guarantees. Note also that

Algorithm 3.7.2 is computationally inefficient: it has time complexity O(N2 log2(N)) since at

least log(N) eigenpairs should be computed.

3.8 Concluding remarks

We mention a few other interesting directions below.

First, Assumption 3.2.7 is crucial for any spectral algorithm based on A, since it is

required for separation between expected centers. It will be interesting to see whether this

condition can be removed, or at least weakened, such that the weak consistency could be

achieved by some other non-spectral method.

Second, it is known that exact recovery is achievable at the threshold in the case of graph
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Algorithm 3.7.2: Number of Communities
Data: AJ , radius r = [N log(ρN)]

−1ρ2
N with ρN = d̃ = maxv∈V dv, i = log(N)

1 while i≥ 2 do

2 Compute the rank-i approximation A(i)
J =

i
∑
j=1

λ juT
j u j of AJ .

3 Construct balls of vertices centered at s ∈ S by

Br(s) = {w ∈ J : ∥(A(K)
J )s:− (A(K)

J )w:∥2
2 ≤ r}, where S is randomly sampled

from J with |S |= log2(N).
4 Let Br(s1) denote the ball with most vertices and take V̂ (0)

1 = Br(s1).
5 while 2≤ k ≤ i do
6 sk = arg maxs∈S |Br(s)\ (

⋃k−1
j=1 V̂ (0)

j )|;
7 V̂ (0)

k = Br(sk)\ (
⋃k−1

j=1 V̂ (0)
j );

8 end
9 if |V̂ (0)

i | ≪ N ; // Informal condition, should be replaced with an
explicit criterion.

10 then
11 i← i−1
12 else
13 Quit the loop;
14 end
15 end

Result: K̂ = i

SBM, i.e., when DH(a,b) = (
√

a−
√

b)2/2 = 1 [169] and DCH(ααα,P) = 1 [5]. However, it is

still unclear whether exact recovery can be achieved when DGCH = 1 for model 1.1.8 .

Last but not least, it will be interesting to see if model 1.1.8 can be generalized to have

other degree distributions [105, 130], different edge labels [212] and contextual feature vectors

[57, 161], which would be of particular interest for real-world applications.
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Chapter 4

Partial recovery and weak consistency in
the non-uniform hypergraph stochastic
block model

4.1 Introduction

Clustering is one of the central problems in network analysis and machine learning [173,

181, 174]. Many clustering algorithms make use of graph models, which represent pairwise

relationships among data. A well-studied probabilistic model is the Stochastic Block Model

(SBM), which was first introduced in [128] as a random graph model that generates community

structure with given ground truth for clusters so that one can study algorithm accuracy. The

past decades have brought many notable results in the analysis of different algorithms and

fundamental limits for community detection in SBMs in different settings [68, 197, 116, 166].

A major breakthrough was the proof of phase transition behaviors of community detection

algorithms in various connectivity regimes [163, 44, 170, 167, 169, 2, 7]. See the survey [1] for

more references.

Hypergraphs can represent more complex relationships among data [36, 31], including

recommendation systems [51, 155], computer vision [113, 202], and biological networks [165,

190], and they have been shown empirically to have advantages over graphs [218]. Besides

community detection problems, sparse hypergraphs and their spectral theory have also found
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applications in data science [135, 219, 120], combinatorics [88, 102, 183], and statistical physics

[53, 180].

With the motivation from a broad set of applications, many efforts have been made in

recent years to study community detection on random hypergraphs. The Hypergraph Stochastic

Block Model (HSBM), as a generalization of graph SBM, was first introduced and studied in

[109]. In this model, we observe a random uniform hypergraph where each hyperedge appears

independently with some given probability depending on the community structure of the vertices

in the hyperedge.

Succinctly put, the HSBM recovery problem is to find the ground truth clusters either

approximately or exactly, given a sample hypergraph and estimates of model parameters. We

may ask the following questions about the quality of the solutions (see [1] for further details in

the graph case).

1. Exact recovery (strong consistency): With high probability, find all clusters exactly (up

to permutation).

2. Almost exact recovery (weak consistency): With high probability, find a partition of the

vertex set such that at most o(N) vertices are misclassified.

3. Partial recovery: Given a fixed γ ∈ (0.5,1), with high probability, find a partition of the

vertex set such that at least a fraction γ of the vertices are clustered correctly.

4. Weak recovery (detection): With high probability, find a partition correlated with the true

partition.

A faithful representation of a hypergraph is its adjacency tensor. However, most of the

computations involving tensors are NP-hard [127]. Instead, they considered spectral algorithms

for exact recovery using hypergraph Laplacians. Subsequently, the analysis was extended to

sparse, non-uniform hypergraphs [107, 110, 108].
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For exact recovery of uniform HSBMs, it was shown that the phase transition occurs in

the regime of logarithmic expected degrees in [156, 60, 61]. The thresholds are given for binary

[146, 106] and multiple [216] community cases, by generalizing the techniques in [2, 5, 4]. After

our work appeared on arXiv, thresholds for exact recovery on non-uniform HSBMs were given

by [82, 198]. Strong consistency on the degree-corrected non-uniform HSBM was studied in

[77].

In [109], the authors used spectral clustering based on the hypergraph’s Laplacian to

recover HSBMs that are dense and uniform. Subsequently, they extended their results to sparse,

non-uniform hypergraphs in [107, 110, 108].

Spectral methods were considered in [60, 12, 69, 216, 210, 106], while semidefinite

programming (SDP) methods were analyzed in [146, 151, 15]. Weak consistency for HSBMs

was studied in [60, 61, 108, 111, 143].

For detection of the HSBM, the authors of [22] proposed a conjecture that the phase

transition occurs in the regime of constant expected degrees. The positive part of the conjecture

for the binary and multi-block case was solved in [176] and [186], respectively. Their algorithms

can output a partition better than a random guess when above the Kesten-Stigum threshold,

but can not guarantee the correctness ratio. [115, 114] proved that detection is impossible and

the Kesten-Stigum threshold is tight for ℓ-uniform hypergraphs with binary communities when

ℓ= 3,4, while KS threshold is not tight when ℓ≥ 7, and some regimes remain unknown.

4.1.1 Non-uniform hypergraph stochastic block model

The non-uniform HSBM was first studied in [108], which removed the uniform hyper-

graph assumption in previous works, and it is a more realistic model to study higher-order

interaction on networks [160, 202]. It can be seen as a superposition of several uniform HSBMs

with different model parameters. We first define the uniform HSBM in our setting and extend it

to non-uniform hypergraphs.

Definition 4.1.1 (Uniform HSBM). Let V = [N] be the vertex set and ℓ ∈N+ be some fixed inte-
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(a) 2-uniform HSBM (b) 3-uniform HSBM (c) Non-uniform HSBM.

Figure 4.1. Uniform HSBM and non-uniform HSBM.

ger. Let V1, . . . ,VK be a partition of V into K disjoint communities, each of size N/K (assuming

N is divisible by K). For any set of ℓ distinct vertices i1, . . . iℓ, a hyperedge {i1, . . . iℓ} is generated

with probability aℓ/
(N−1
ℓ−1

)
if all the vertices i1, . . . iℓ are from the same community; otherwise

with probability bℓ/
(N−1
ℓ−1

)
. We denote this distribution on the set of ℓ-uniform hypergraphs as

Hℓ ∼ HSBMℓ

(
N,K,

aℓ(N−1
ℓ−1

) , bℓ(N−1
ℓ−1

)) . (4.1.1)

Definition 4.1.2 (Non-uniform HSBM). Let L = {ℓ : ℓ≥ 2, ℓ ∈N} be a set of integers with finite

cardinality. Let H = (V ,E) be a non-uniform random hypergraph, which can be considered as

a collection of ℓ-uniform hypergraphs, i.e., H = ∪ℓ∈LHℓ with each Hℓ sampled from (4.1.1).

Examples of 2-uniform and 3-uniform HSBM, and an example of non-uniform HSBM

with L = {2,3} and K = 3 is displayed in Figure 4.1 (a), Figure 4.1 (b) and Figure 4.1 (c)

respectively.

4.1.2 Main results

To illustrate our main results, we first introduce the concepts γ-correctness and Signal-to-

Noise Ratio (SNR) to measure the accuracy of the obtained partitions.

Definition 4.1.3 (γ-correctness). Let V1, . . . ,VK be a partition of the vertex set V . A collection

of subsets V̂1, . . . , V̂K of V is γ-correct if |Vk∩ V̂k| ≥ γ|Vk| for all k ∈ [K].
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Definition 4.1.4. For model 4.1.2 under Assumption 4.1.5, we define the signal-to-noise ratio as

SNRL(K) :=

[
∑ℓ∈L(ℓ−1)(aℓ−bℓ)K−ℓ+1

]2

∑ℓ∈L(ℓ−1)
[
(aℓ−bℓ)K−ℓ+1 +bℓ

] . (4.1.2)

Let L denote the maximum element in the set L . The following constant CL(K,ν) is used to

characterize the accuracy of the clustering result,

CL(K,ν) :=
[νL−1− (1−ν)L−1]2

23 · (L−1)2 ·
(
1{K=2}+

1
4L ·1{K≥3}

)
(4.1.3)

Note that a non-uniform HSBM can be seen as a collection of observations for the same

underlying community structure through several uniform HSBMs of different orders. A possible

issue is that some uniform hypergraphs with small SNR might not be informative (if we observe

an ℓ-uniform hypergraph with parameters aℓ = bℓ, including hyperedge information from it

ultimately increases the noise). To improve our error rate guarantees, we start by adding a

pre-processing step (Algorithm 4.4.1) for hyperedge selection according to SNR and then apply

the algorithm on the sub-hypergraph with maximal SNR.

We state the following assumption that will be used in our analysis of Algorithms 4.1.1

(K = 2) and 4.1.2 (K ≥ 3).

Assumption 4.1.5. For each ℓ ∈ L , assume aℓ,bℓ are constants independent of N, and aℓ ≥ bℓ.

Let L denote the maximum element of the set L . Given ν ∈ (1/K,1), assume that there exists a

universal constant C(4.1.4a) and some ν-dependent constant Cν > 0, such that

d := ∑
ℓ∈L

(ℓ−1)aℓ ≥ C(4.1.4a) , (4.1.4a)

∑
ℓ∈L

(ℓ−1)(aℓ−bℓ)≥ Cν

√
d ·KL−1 ·

(
23 ·1{K=2}+

√
log
(
K/(1−ν)

)
·1{K≥3}

)
. (4.1.4b)

The constant C(4.1.4a) is not necessarily large; for example, C(4.1.4a) = (21/L− 1)−1/3
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should suffice, but smaller C(4.1.4a) may work as well. Both two inequalities above prevent

the hypergraph from being too sparse, while (4.1.4b) also requires that the difference between

in-block and across-blocks densities is large enough. The choices of C(4.1.4a), Cν and their

relationship will be discussed in Remark 4.5.17.

The binary-community case

We start with Algorithm 4.1.1, which outputs a γ-correct partition when the non-uniform

HSBM H is sampled from model 4.1.2 with only 2 communities. Inspired by the innovative

graph algorithm in [64], we generalize it to non-uniform hypergraphs while we provide a

complete and detailed analysis at the same time.

Algorithm 4.1.1: Binary Partition
Data: The adjacency tensors {A(ℓ)}ℓ∈L , the number of communities K and {aℓ}ℓ∈L ,

{bℓ}ℓ∈L .
1 Run Algorithm 4.4.1 Pre-processing to obtain subset S which achieves maximal

SNR.
2 Randomly color all hyperedges red or blue with equal probability.
3 Run Algorithm 4.4.5 Spectral Partition on the red hypergraph and output

V̂ (0)
1 , V̂ (0)

2 .
4 Run Algorithm 4.4.6 Correction on the blue hypergraph and output V̂1, V̂2.

Result: The estimated partition V̂1, V̂2

Theorem 4.1.6 (K = 2). Let ν ∈ (0.5,1) and ρ = 2exp(−CL(2,ν) ·SNRL(2)) with SNRL(K),

CL(K,ν) defined in (4.1.2),(4.1.3), and let γ = max{ν, 1−2ρ}. Then under Assumption 4.1.5,

Algorithm 4.1.1 outputs a γ-correct partition for sufficiently large N with probability at least

1−O(N−2).

The multi-community case

For the multi-community case (K ≥ 3), another algorithm with more subroutines is

developed in Algorithm 4.1.2, which outputs a γ-correct partition with high probability. We state

the result as follows.
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Algorithm 4.1.2: General Partition
Data: The adjacency tensors {A(ℓ)}ℓ∈L , the number of communities K and {aℓ}ℓ∈L ,

{bℓ}ℓ∈L .
1 Run Algorithm 4.4.1 Pre-processing to obtain subset S which achieves maximal

SNR.
2 Randomly color all hyperedges red or blue with equal probability.
3 Randomly partition the vertex V into two disjoint subsets Y and Z by assigning +1

or −1 to each vertex with equal probability.
4 Let B denote the adjacency matrix of the bipartite hypergraph between Y and Z

consisting only of the red hyperedges, with rows indexed by Z and columns indexed
by Y .

5 Run Algorithm 4.4.2 Spectral Partition on the red hypergraph and output

Û(0)
1 , · · · ,Û(0)

K .
This step only uses the red hyperedges between vertices in Y and Z and outputs
approximate clusters for Uk := Vk∩Z for each k = 1, . . . ,K

6 Run Algorithm 4.4.3 Correction on the red hypergraph and output Û1, . . . ,ÛK .

7 Run Algorithm 4.4.4 Merging on the blue hypergraph and output V̂1, . . . , V̂K .
This step only uses the blue hyperedges between vertices in Y and Z and assigns the
vertices in Y to an appropriate approximate cluster.
Result: The estimated partition V̂1, · · · , V̂K .

Theorem 4.1.7 (K ≥ 3). Let ν ∈ (1/K,1) and ρ = exp(−CL(K,ν) ·SNRL(K)) with SNRL(K),

CL(K,ν) defined in (4.1.2),(4.1.3), and let γ = max{ν, 1−Kρ}. Then under Assumption 4.1.5,

Algorithm 4.1.2 outputs a γ-correct partition for sufficiently large N with probability at least

1−O(N−2).

The time complexities of Algorithms 4.1.1 and 4.1.2 are O(N3), with the bulk of time

spent in Stage 1 by the spectral method.

To the best of our knowledge, Theorems 4.1.6 and 4.1.7 are the first results for partial

recovery of non-uniform HSBMs. When the number of blocks is 2, Algorithm 4.1.1 guarantees a

better error rate for partial recovery as in Theorem 4.1.6. This happens because Algorithm 4.1.1

does not need the merging routine in Algorithm 4.1.2: if one of the communities is obtained,

then the other one is also obtained via the complement.

Remark 4.1.8. Taking L = {2}, Theorem 4.1.7 can be reduced to [64, Lemma 9] for the graph
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case. The failure probability O(N−2) can be decreased to O(N−p) for any p > 0, as long

as one is willing to pay the price by increasing the constants C(4.1.4a), Cv in (4.1.4a), (4.1.4b)

respectively.

Our Algorithms 4.1.1 and 4.1.2 can be summarized in 3 steps:

1. Hyperedge selection: select hyperedges of certain sizes to provide the maximal signal-to-

noise ratio (SNR) for the induced sub-hypergraph.

2. Spectral partition: construct a regularized adjacency matrix and obtain an approximate

partition based on singular vectors (first approximation).

3. Correction and merging: incorporate the hyperedge information from adjacency tensors

to upgrade the error rate guarantee (second, better approximation).

The algorithm requires the input of model parameters aℓ,bℓ, which can be estimated by counting

cycles in hypergraphs as shown in [170, 209]. Estimation of the number of blocks can be done

by counting the outliers in the spectrum of the non-backtracking operator, e.g., as shown (for

different regimes and different parameters) in [179, 22, 149, 186].

Weak consistency

Throughout the proofs for Theorem 4.1.6 and Theorem 4.1.7, we make only one assump-

tion on the growth or finiteness of d and SNRL(K), and it happens in estimating the failure

probability as noted in Remark 4.1.10. Consequently, the corollary below follows, which covers

the case when d and SNRL(K) grow with N.

Corollary 4.1.9 (Weak consistency). Let L be a set of finite integers and K be some fixed

integer. If SNRL(K) defined in (4.1.2) goes to infinity as N → ∞ and SNRL(K) = o(log(N)),

then with probability 1−O(N−2), Algorithms 4.1.1 and 4.1.2 output a partition with only o(N)

misclassified vertices.
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The paper [108] also proves weak consistency for non-uniform HSBMs, but in a much

denser regime than we do here (d = Ω(log2(N)), instead of d = ω(1) , as in Corollary 4.1.9). In

fact, we now know that strong consistency should be achievable in this denser regime, as [82]

shows. When restricting to the uniform HSBM case, Corollary 4.1.9 achieves weak consistency

under the same sparsity condition as in [13].

Remark 4.1.10. To be precise, Algorithms 4.1.1 and 4.1.2 work optimally in the SNRL =

o(log(N)) regime. When SNRL(K) = Ω(log(N)), it implies that ρ = N−Ω(1), and one may have

e−Nρ = Ω(1) in (4.5.26), which may not decrease to 0 as N → ∞. Therefore the theoretical

guarantees of Algorithms 4.4.3 and 4.4.4 may not remain valid. This, however, should not matter:

in the regime when SNRL(K) = Ω(log(N)), strong (rather than weak) consistency is expected,

as per [82]. Therefore, the regime of interest for weak consistency is SNRL = o(log(N)).

4.1.3 Comparison with existing results

Although many algorithms and theoretical results have been developed for hypergraph

community detection, most of them are restricted to uniform hypergraphs, and few results are

known for non-uniform ones. We will discuss the most relevant results.

In [143], the authors studied the degree-corrected HSBM with general connection proba-

bility parameters by using a tensor power iteration algorithm and Tucker decomposition. Their

algorithm achieves weak consistency for uniform hypergraphs when the average degree is

ω(log2(N)), which is the regime complementary to the regime we studied here. They discussed a

way to generalize the algorithm to non-uniform hypergraphs, but the theoretical analysis remains

open. The recent paper [217] analyzed non-uniform hypergraph community detection by using

hypergraph embedding and optimization algorithms and obtained weak consistency when the

expected degrees are of ω(log(N)), again a complementary regime to ours. Results on spectral

norm concentration of sparse random tensors were obtained in [72, 175, 135, 152, 219], but

no provable tensor algorithm in the bounded expected degree case is known. Testing for the
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community structure for non-uniform hypergraphs was studied in [209, 140], which is a problem

different from community detection.

In our approach, we relied on knowing the tensors for each uniform hypergraph. However,

in computations, we only ran the spectral algorithm on the adjacency matrix of the entire

hypergraph since the stability of tensor algorithms does not yet come with guarantees due to

the lack of concentration, and for non-uniform hypergraphs, ℓ−1 adjacency tensors would be

needed. This approach presented the challenge that, unlike for graphs, the adjacency matrix of a

random non-uniform hypergraph has dependent entries, and the concentration properties of such

a random matrix were previously unknown. We overcame this issue and proved concentration

bounds from scratch down to the bounded degree regime. Similar to [100, 150], we provided

here a regularization analysis by removing rows in the adjacency matrix with large row sums

(suggestive of large degree vertices) and proving a concentration result for the regularized matrix

down to the bounded expected degree regime (see Theorem 4.3.4).

In terms of partial recovery for hypergraphs, our results are new, even in the uniform case.

In [13, Theorem 1], for uniform hypergraphs, the authors showed detection (not partial recovery)

is possible when the average degree is Ω(1); in addition, the error rate is not exponential in the

model parameters, but only polynomial. Here, we mention two more results for the graph case.

In the arbitrarily slowly growing degrees regime, it was shown in [214, 99] that the error rate in

(4.1.2) is optimal up to a constant in the exponent. In the bounded expected degrees regime, the

authors in [168, 63] provided algorithms that can asymptotically recover the optimal fraction

of vertices, when the signal-to-noise ratio is large enough. It’s an open problem to extend their

analysis to obtain a minimax error rate for hypergraphs.

In [108], the authors considered weak consistency in a non-uniform HSBM model with a

spectral algorithm based on the hypergraph Laplacian matrix, and showed that weak consistency

is achievable if the expected degree is of Ω(log2(N)) with high probability [109, Theorem

4.2]. Their algorithm can’t be applied to sparse regimes straightforwardly since the normalized

Laplacian is not well-defined due to the existence of isolated vertices in the bounded degree case.
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In addition, our weak consistency results obtained here are valid as long as the expected degree is

ω(1) and o(log(N)), which is the entire set of problems on which weak consistency is expected.

By contrast, in [108], weak consistency is shown only when the minimum expected degree is

Ω(log2(N)), which is a regime complementary to ours and where exact recovery should (in

principle) be possible: for example, this is known to be an exact recovery regime in the uniform

case [61, 146, 151, 216].

Finally, although our analysis does not provide a way to identify the exact threshold for

the phase transition of detection in the non-uniform hypergraph, we conjecture that (similar to

[22] in the uniform case) SNRL(K) = 1 in (4.1.2) is the exact threshold for detection.

In subsequent works [82, 198] we proposed algorithms to achieve weak consistency.

However, their methods can not cover the regime when the expected degree is Ω(1) due to the

lack of concentration. Additionally, [200] proposed Projected Tensor Power Method as the

refinement stage to achieve strong consistency, as long as the first stage partition is partially

correct, as ours.

4.1.4 Organization of the paper

In Section 4.2, we include the definitions of adjacency matrices of hypergraphs. The

concentration results for the adjacency matrices are provided in Section 4.3. The algorithms for

partial recovery are presented in Section 4.4. The proof for the correctness of our algorithms for

Theorem 4.1.7 and Corollary 4.1.9 are given in Section 4.5. The proof of Theorem 4.1.6, as well

as the proofs of many auxiliary lemmas and useful lemmas in the literature, are provided in the

supplemental materials.

4.2 Preliminaries

Definition 4.2.1 (Adjacency tensor). An ℓ-uniform hypergraph Hℓ=(V ,Eℓ) can be associated to

an order-ℓ adjacency tensor A(ℓ). For each ℓ-hyperedge e= {i1, . . . , iℓ}, define the corresponding
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entry by

A(ℓ)
e := A(ℓ)

[i1,...,iℓ]
= 1{e∈Eℓ} . (4.2.1)

Definition 4.2.2 (Adjacency matrix). For some ℓ ∈ N+, let A(ℓ) denote the adjacency tensor

associated to the uniform HSBM Hℓ = (V ,Eℓ) sampled from model (4.1.1). The adjacency

matrix A(ℓ) := [A(ℓ)
i j ]1≤i, j≤N corresponding to Hℓ is defined by

A(ℓ)
i j = 1{i̸= j} · ∑

e∈Eℓ
{i, j}⊂e

A(ℓ)
e . (4.2.2)

For the non-uniform hypergraph H sampled from model 4.1.2 with L be a finte set of integers,

its corresponding adjacency matrix A := [Ai j]1≤i, j≤N is defined entrywisely as

Ai j = ∑
ℓ∈L

A(ℓ)
i j . (4.2.3)

We compute the expectation of A first. In each ℓ-uniform hypergraph Hℓ, two distinct

vertices i, j ∈ V with i ̸= j are picked arbitrarily since our model does not allow for loops.

Assume for a moment (N/K) ∈ N, then the expected number of ℓ-hyperedge containing i and j

can be computed as follows.

• If i and j are from the same block, the ℓ-hyperedge is sampled with probability aℓ/
(N−1
ℓ−1

)
when the other ℓ−2 vertices are from the same block as i, j, otherwise with probability

bℓ/
(N−1
ℓ−1

)
. Then

αℓ := EA(ℓ)
i j =

(N
K −2
ℓ−2

)
aℓ(N−1
ℓ−1

) +[(N−2
ℓ−2

)
−
(N

K −2
ℓ−2

)]
bℓ(N−1
ℓ−1

) .
• If i and j are not from the same block, we sample the ℓ-hyperedge with probability
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bℓ/
(N−1
ℓ−1

)
, and

βℓ := EA(ℓ)
i j =

(
N−2
ℓ−2

)
bℓ(N−1
ℓ−1

) .
By assumption aℓ ≥ bℓ, then αℓ ≥ βℓ for each ℓ ∈ L . Summing over ℓ, the expected adjacency

matrix under the K-block non-uniform HSBM can be written as

EA =



αJ N
K

βJ N
K
· · · βJ N

K

βJ N
K

αJ N
K
· · · βJ N

K
...

... . . . ...

βJ N
K

βJ N
K
· · · αJ N

K


−αIN , (4.2.4)

where J N
K
∈ RN

K×
N
K denotes the all-one matrix and

α := ∑
ℓ∈L

αℓ , β := ∑
ℓ∈L

βℓ . (4.2.5)

Lemma 4.2.3. The eigenvalues of EA are given below:

λ1(EA) =
N
K
(α+(K−1)β)−α ,

λ j(EA) =
N
K
(α−β)−α , 2≤ j ≤ K ,

λ j(EA) = −α , K +1≤ j ≤ N .

Lemma 4.2.3 can be verified via direct computation. Lemma 4.2.4 is used for approxi-

mately equi-partitions, meaning that eigenvalues of ẼA can be approximated by eigenvalues of

EA when N is sufficiently large.

Lemma 4.2.4. For any partition (V1, . . . ,VK) of V where Ni := |Vi|, consider the following
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matrix

ẼA =



αJN1 βJN1×N2 · · · βJN1×NK−1 βJN1×NK

βJN2×N1 αJN2 · · · βJN2×NK−1 βJN2×NK

...
... . . . ...

...

βJNK−1×N1 βJNK−1×N2 · · · αJNK−1 βJNK−1×NK

βJNK×N1 βJNK×N2 · · · βJNK×NK−1 αJNK


−αIN .

Assume that Ni =
N
K +O(

√
N log(N)) for all k ∈ [K]. Then, for all 1≤ i≤ K,

|λi(ẼA)−λi(EA)|
|λi(EA)|

= O
(

N−
1
4 log

1
2 (N)

)
.

Note that both ( ẼA + αIN) and (EA + αIN) are rank K matrices, then λi(ẼA) =

λi(EA) = −α for all (K + 1) ≤ i ≤ N. At the same time, SNR in (4.1.2) is related to the

following quantity

[λ2(EA)]2

λ1(EA)
=

[(N−K)α−Nβ]2

K[(N−K)α+N(K−1)β]
= (1+o(1)) ·

[
∑ℓ∈L(ℓ−1)(aℓ−bℓ)K−ℓ+1]2

∑ℓ∈L(ℓ−1)
(
(aℓ−bℓ)K−ℓ+1 +bℓ

) .
When L = {2} and K is fixed, SNR in (4.1.2) is equal to (a−b)2

K[a+(K−1)b] , which corresponds to the

SNR for the undirected graph in [64], see also [1, Section 6].

4.3 Spectral norm concentration

The correctness of Algorithm 4.1.2 and Algorithm 4.1.1 relies on the concentration of the

adjacency matrix of H . The following two concentration results for general random hypergraphs

are included, which are independent of HSBM model. The proofs are deferred to Appendix C.1.
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Inhomogeneous Erdős-Rényi random hypergraphs

Definition 4.3.1 (Inhomogeneous Erdős-Rènyi hypergraph). Let Q (ℓ) ∈ ([0,1]N)⊗ℓ be a sym-

metric probability tensor, i.e., Qi1,...,iℓ = Qiπ(1),...,iπ(ℓ) for any permutation π on [ℓ], where ℓ≥ 2

is some finite integer. Let Hℓ = (V ,Eℓ) denote inhomogeneous ℓ-uniform Erdős-Rényi hyper-

graph associated with the probability tensor Q (ℓ). Let A(ℓ) denote the adjacency tensor of Hℓ,

where each ℓ-hyperedge e = {i1, . . . , iℓ} ⊂ V appears with probability P(A(ℓ)
e = 1) = Q (ℓ)

i1,...,iℓ .

Let L = {ℓ | ℓ ≥ 2, ℓ ∈ N} be a finite set of integers, where L denotes its maximum element.

An inhomogeneous non-uniform Erdős-Rényi hypergraph is the union of uniform ones, i.e.,

H = ∪ℓ∈LHℓ.

Theorem 4.3.2. Let H = ∪ℓ∈LHℓ be an inhomogeneous non-uniform Erdős-Rényi hypergraph

sampled from model 4.3.1. Let {Q (ℓ)}ℓ∈L denote the probability tensors such that Q (ℓ)
i1,...,iℓ =

di1,...,iℓ/
(N−1
ℓ−1

)
for each ℓ ∈ sL, and denote dℓ = maxd[i1,...,iℓ]. Let A be the adjacency matrix of

H constructed from the adjacency tensors {A(ℓ)}ℓ∈L . For some constant C(4.3.1) > 0, suppsoe

that the following assumption hold

d := ∑
ℓ∈L

(ℓ−1) ·dℓ ≥ C(4.3.1) log(N) . (4.3.1)

Then for any θ> 0, there exists a constant C(4.3.2) = 512L(ℓ−1)(θ+6) [2+(ℓ−1)(1+θ)/C(4.3.1)]

such that with probability at least 1−2N−θ−2e−N , the adjacency matrix A of H satisfies

∥A−EA∥ ≤ C(4.3.2)
√

d . (4.3.2)

The inequality (4.3.2) can be reduced to the result for graph case obtained in [100, 153]

by taking L = {2}. The result for a uniform hypergraph is obtained in [151]. Note that d is a

fixed constant in our community detection problem, thus the Assumption 4.3.1 does not hold and

the inequality (4.3.2) cannot be directly applied. However, we can still prove a concentration

bound for a regularized version of A, following the same strategy of the proof for Theorem 4.3.2.
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Definition 4.3.3 (Regularized matrix). Given any N×N matrix A and an index set I , let AI

be the N×N matrix obtained from A by zeroing out the rows and columns not indexed by I .

Namely,

(AI )i j = 1{i, j∈I} ·Ai j . (4.3.3)

Note that every hyperedge of size ℓ containing i is counted (ℓ−1) times in the i-th row

of A. We define the i-th row sum of A as

row(i) := ∑
j

Ai j := ∑
j
1{i̸= j} ∑

ℓ∈L
∑

e∈Eℓ
{i, j}⊂e

A(ℓ)
e = ∑

ℓ∈L
(ℓ−1) ∑

e∈Eℓ: i∈e
A(ℓ)

e .

Theorem 4.3.4 is the concentration result for the regularized AI , by zeroing out rows and

columns corresponding to vertices with high row sums.

Theorem 4.3.4. Following all the notations in Theorem 4.3.2, for any constant τ > 1, define the

index set

I = {i ∈ V : row(i)≤ τd}. (4.3.4)

Let AI be the regularized version of A, as in Definition 4.3.3. Then for any θ > 0, there exists a

constant Cτ = 2((5L+1)(ℓ−1)+α0
√

τ) with α0 = 16+ 32
τ
(1+ e2)+128L(ℓ−1)(θ+4)(1+

1
e2 ), such that

∥AI −EAI∥ ≤ Cτ

√
d (4.3.5)

holds with probability at least 1−2(e/2)−N−N−θ.

4.4 Algorithms blocks

In this section, we are going to present the algorithmic blocks constructing our main

partition method (Algorithm 4.1.2): pre-processing (Algorithm 4.4.1), initial result by spectral
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method (Algorithm 4.4.2), correction of blemishes via majority rule (Algorithm 4.4.3), and

merging (Algorithm 4.4.4).

Algorithm 4.4.1: Pre-processing
Data: The set of integers L , and the parameters {aℓ}ℓ∈L , {bℓ}ℓ∈L .

1 for each subset S ⊂ L do
2 Let HS =

⋃
ℓ∈S Hℓ denote the restriction of the non-uniform hypergraph H on S .

Compute

SNRS :=

[
∑ℓ∈S (ℓ−1)(aℓ−bℓ)K−ℓ+1]2

∑ℓ∈S (ℓ−1)
(
(aℓ−bℓ)K−ℓ+1 +bℓ

)
3 end
4 Among all the S , find the subset L⋆ which maximizes SNRS , i.e.,

L⋆ := argmax
S⊂L

SNRS ,

where L⋆ denotes its maximal element.
Result: L⋆

4.4.1 Three or more communities (K ≥ 3)

The proof of Theorem 4.1.7 is structured as follows.

Lemma 4.4.1. Under the assumptions of Theorem 4.1.7, Algorithm 4.4.2 outputs a ν-correct

partition Û(0)
1 , · · · ,Û(0)

K of Z = (Z∩V1)∪·· ·∪ (Z∩VK) with probability at least 1−O(N−2).

Lines 4 and 6 contribute most complexity in Algorithm 4.4.2, requiring O(N3) and

O(N2 log2(N)) each (technically, one should be able to get away with O(N2 log(1/ε)) in line 4,

for some desired accuracy ε to get the singular vectors). We will conservatively estimate the time

complexity of Algorithm 4.4.2 as O(N3).

Lemma 4.4.2. Under the assumptions of Theorem 4.1.7, for any ν-correct partition Û(0)
1 , · · · ,Û(0)

K

of Z = (Z∩V1)∪·· ·∪ (Z∩VK) and the red hypergraph over Z, Algorithm 4.4.3 computes a

γC-correct partition Û1, . . . ,ÛK with probability 1−O(e−Nρ), while γC = max{ν, 1−Kρ} with

ρ := k exp(−CL(K,ν) ·SNRL(K)) where L is obtained from Algorithm 4.4.1, and SNRL(K)

and CL(K,ν) are defined in (4.1.2), (4.1.3).
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Algorithm 4.4.2: Spectral Partition
Data: The tensors {A(ℓ)}ℓ∈L , the matrix A, and the parameters {aℓ}ℓ∈L , {bℓ}ℓ∈L .

1 Randomly label vertices in Y with +1 and −1 sign with equal probability, and
partition Y into 2 disjoint subsets Y1 and Y2;

2 Let B1 (resp. B2) denote the adjacency matrices with all vertices in Z∪Y1 (resp.
Z∪Y2), with rows indexed by Z and columns indexed by Y1 (resp. Y2).;

3 Pad B1, B2 with zeros to obtain the N×N matrices A1 and A2.;
4 Let d := ∑ℓ∈L(ℓ−1)aℓ. Zero out all the rows and columns of A1 corresponding to

vertices whose row sum is bigger than 20Ld, to obtain the matrix (A1)I1;
5 Find the space U, spanned by the first K left singular vectors of (A1)I1;
6 Randomly sample s = 2K log2(N) vertices from Y2 without replacement. Denote the

corresponding columns in A2 by ai1, . . . ,ais . For each i ∈ {i1, · · · , is}, project ai−a
onto U, where the elements in vector a ∈ RN is defined by
a( j) = 1{ j∈Z} · (α+β)/2, with α, β defined in (4.5.6);

7 For each projected vector PU(ai−a), identify the top N/(2K) coordinates in value
as a set Ui. Discard half of the s sets Ui, those with the lowest blue hyperedge
density in them;

8 Sort the remaining sets according to blue hyperedge density and identify first K

distinct subsets Û(0)
1 , . . . ,Û(0)

K such that |Û(0)
j ∩ Û(0)

k |< ⌈(1−ν)N/K⌉ if j ̸= k;

Result: The partition Û(0)
1 , . . . ,Û(0)

K

Lemma 4.4.3. Given any ν-correct partition Û1, . . . ,ÛK of Z = (Z∩V1)∪·· ·∪ (Z∩VK) and

the blue hypergraph between Y and Z, with probability 1−O(e−Nρ), Algorithm 4.4.4 outputs a

γ-correct partition V̂1, . . . , V̂K of V1∪V2∪ . . .∪VK , while γ = max{ν, 1−Kρ}.

The time complexities of Algorithms 4.4.3 and 4.4.4 are O(N), since each vertex is

adjacent to only constant many hyperedges.

4.4.2 Binary communities (K = 2)

The spectral partition step is given in Algorithm 4.4.5, and the correction step is given in

Algorithm 4.4.6.

Lemma 4.4.4. Under the conditions of Theorem 4.1.6, the Algorithm 4.4.5 outputs a ν-correct

partition V̂ (0)
1 , V̂ (0)

2 of V = V1∪V2 with probability at least 1−O(N−2).
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Algorithm 4.4.3: Correction

Data: The initial partition {Û(0)
k }k∈[K], the tensors {A(ℓ)}ℓ∈L , and the parameters

{aℓ}ℓ∈L , {bℓ}ℓ∈L .
1 for each u ∈ Z do
2 Add u to Ûk if the number of red hyperedges, which contains u with the

remaining vertices located in vertex set Û(0)
k , is at least µC (4.5.24);

3 Break ties arbitrarily;
4 end

Result: Û1, . . . ,ÛK

Algorithm 4.4.4: Merging
Data: The partition {Ûk}k∈[K], the tensors {A(ℓ)}ℓ∈L , and the parameters {aℓ}ℓ∈L ,

{bℓ}ℓ∈L .
1 for all u ∈ Y do
2 Add u to V̂k if the number of blue hyperedges, which contains u with the

remaining vertices located in vertex set ÛK , is at least µM (4.5.32);
3 Label the conflicts arbitrarily;
4 end

Result: The estimated sets V̂1, . . . , V̂K

Lemma 4.4.5. Given any ν-correct partition V (0)
1 ,V (0)

2 of V =V1∪V2, with probability at least

1−O(e−Nρ), the Algorithm 4.4.6 computes a γ-correct partition V̂1, V̂2 with γ = {ν, 1− 2ρ}

and ρ = 2exp(−CL(2,ν) ·SNRL(2)), where SNRL(2) and CL(2,ν) are defined in (4.1.2) and

(4.1.3) respectively.

4.5 Algorithm’s correctness

We are going to present the correctness of Algorithm 4.1.2 in this section. The correctness

of Algorithm 4.1.1 is deferred to Appendix C.3. We first introduce some definitions.

Vertex set splitting and adjacency matrix

In Algorithm 4.1.2, we first randomly partition the vertex set V into two disjoint subsets

Z and Y by assigning +1 and −1 to each vertex independently with equal probability. Let

B∈R|Z|×|Y | denote the submatrix of A, while A was defined in (4.2.3), where rows and columns
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Algorithm 4.4.5: Spectral Partition
Data: The tensors {A(ℓ)}ℓ∈L , the matrix A, and the parameters {aℓ}ℓ∈L , {bℓ}ℓ∈L .

1 Zero out all the rows and the columns of A corresponding to vertices with row sums
greater than 20Ld, to obtain the regularized matrix AI ;

2 Find the subspace U, which is spanned by the eigenvectors corresponding to the
largest two eigenvalues of AI ;

3 Compute PU1N , the projection of all-ones vector onto U;
4 Let v be the unit vector in U perpendicular to PU1N ;

5 Sort the vertices according to their values in v. Let V̂ (0)
1 ⊂V be the corresponding

top N/2 vertices, and V̂ (0)
2 ⊂V be the remaining N/2 vertices;

Result: V̂ (0)
1 , V̂ (0)

2

of B correspond to vertices in Z and Y respectively. Let N j denote the number of vertices in

Z∩V j, where V j denotes the true partition with |V j|= N
K for all j ∈ [K], then N j can be written

as a sum of independent Bernoulli random variables, i.e.,

N j = |Z∩V j|= ∑
v∈V j

1{v∈Z} , (4.5.1)

and |Y ∩V j|= |V j|− |Z∩V j|= N
K −N j for each j ∈ [K].

Definition 4.5.1. The splitting V = Z∪Y is perfect if |Z∩V j|= |Y ∩V j|= N/(2K) for all

j ∈ [K]. And the splitting Y = Y1 ∪Y2 is perfect if |Y1 ∩V j| = |Y2 ∩V j| = N/(4K) for all

j ∈ [K].

However, the splitting is imperfect in most cases since the size of Z and Y would not be

exactly the same under the independence assumption. The random matrix B is parameterized by

{A(ℓ)}ℓ∈L and {N j}K
j=1. If we take expectation over {A(ℓ)}ℓ∈L given the block size information
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Algorithm 4.4.6: Correction

1 for v ∈ V̂ (0)
1 do

2 Label v as “bad” if the number of blue-hyperedges which contain v with the

remaining vertices in V̂ (0)
2 is at least µC; otherwise label v as “good”.

3 end
4 for v ∈ V̂ (0)

2 do
5 Label v as “bad” if the number of blue-hyperedges which contain v with the

remaining vertices in V̂ (0)
1 is at least µC; otherwise label v as “good”;

6 end
7 for v ∈ V do
8 if v ∈ V̂ (0)

i and v is good then
9 Assign v to V̂i;

10 end
11 else
12 Assign v to V̂3−i;
13 end
14 end

Result: V̂1, V̂2

{N j}K
j=1, then it gives rise to the expectation of the imperfect splitting, denoted by B̃,

B̃ :=



αJN1×(N
K−N1)

βJN1×(N
K−N2)

. . . βJN1×(N
K−NK)

βJN2×(N
K−N1)

αJN2×(N
K−N2)

. . . βJN2×(N
K−NK)

...
... . . . ...

βJNK×(N
K−N1)

βJNK×(N
K−N2)

. . . αJNK×(N
K−NK)


,

where α, β are defined in (4.2.5). In the perfect splitting case, the dimension of each block is

N/(2K)×N/(2K) since EN j = N/(2K) for all j ∈ [K], and the expectation matrix B can be

written as

B :=



αJ N
2K

βJ N
2K

. . . βJ N
2K

βJ N
2K

αJ N
2K

. . . βJ N
2K

...
... . . . ...

βJ N
2K

βJ N
2K

. . . αJ N
2K


.
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In Algorithm 4.4.2, Y1 is a random subset of Y obtained by selecting each element with

probability 1/2 independently, and Y2 = Y \Y1. Let Ñ j denote the number of vertices in Y1∩V j,

then Ñ j can be written as a sum of independent Bernoulli random variables,

Ñ j = |Y1∩V j|= ∑
v∈V j

1{v∈Y1} , (4.5.2)

and |Y2∩V j|= |V j|− |Z∩V j|− |Y1∩V j|= N/K−N j− Ñ j for all j ∈ [K].

Similarly, EÑ j = N/(4K), which means that this splitting is expected to be perfect.

However, we still obtain imperfect splitting in most cases due to the independence assumption.

Remark 4.5.2. In [64], the authors assumed the perfect splitting throughout the proof, which is

not necessarily true. Our work provides a rigorous analysis of the algorithm provided in [64],

without the perfect splitting assumption.

Induced sub-hypergraph

For the non-uniform hpyergraph H = (V ,E), consider the vertex subset (Y1∪Z)⊂ V ,

which leads our attention to the corresponding induced sub-hypergraph.

Definition 4.5.3 (Induced sub-hypergraph). Let H = (V ,E) be a non-uniform random hyper-

graph and S ⊂ V be any subset of the vertices of H . Then the induced sub-hypergraph H [S ] is

the hypergraph whose vertex set is S and whose hyperedge set E [S ] consists of all of the edges

in E that have all endpoints located in S .

Remark 4.5.4. Note that H can be considered as a collection of ℓ-uniform hypergraphs for

varying ℓ, a.k.a., H = ∪ℓ∈LHℓ. The decomposition works for H [S ] as well, a.k.a. H [S ] =

∪ℓ∈LHℓ[S ] and E [S ] = ∪ℓ∈LEℓ[S ]

Let H [Y1∪Z](resp. H [Y2∪Z]) denote the induced sub-hypergraph on vertex set Y1∪Z

(resp. Y2∪Z), and B1 ∈R|Z|×|Y1| (resp. B2 ∈R|Z|×|Y2|) denote the adjacency matrix correspond-

ing to the sub-hypergraph, where the rows and columns of B1 (resp. B2) are corresponding to
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elements in Z and Y1 (resp., Z and Y2). Therefore, B1 and B2 are parameterized by {A(ℓ)}ℓ∈L ,

{N j}K
j=1 and {Ñ j}K

j=1, and the entries in B1 are independent of the entries in B2, due to the

independence of hyperedges. If we take expectation over {A(ℓ)}ℓ∈L conditioning on {N j}K
j=1

and {Ñ j}K
j=1, then it gives rise to the expectation of the imperfect splitting, denoted by B̃1,

B̃1 :=


α̃11JN1×Ñ1

. . . β̃1kJN1×ÑK
... . . . ...

β̃k1JNK×Ñ1
. . . α̃kkJNK×ÑK

 , (4.5.3)

where for 1≤ i, j ≤ K, the entries α̃i j and β̃i j are defined as follows:

α̃ii := ∑
ℓ∈L

{(
Ni + Ñi−2

ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) +

(
∑

K
k=1(Nk + Ñk)−2

ℓ−2

)
bℓ(N−1
ℓ−1

)} , (4.5.4a)

β̃i j := ∑
ℓ∈L

(
∑

K
k=1(Nk + Ñk)−2

ℓ−2

)
bℓ(N−1
ℓ−1

) , i ̸= j, (4.5.4b)

The expectation of the perfect splitting, denoted by B1, can be written as

B1 :=



αJ N
2K×

N
4K

βJ N
2K×

N
4K

. . . βJ N
2K×

N
4K

βJ N
2K×

N
4K

αJ N
2K×

N
4K

. . . βJ N
2K×

N
4K

...
... . . . ...

βJ N
2K×

N
4K

βJ N
2K×

N
4K

. . . αJ N
2K×

N
4K


, (4.5.5)

where

α := ∑
ℓ∈L

{(3N
4K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) +

(3N
4 −2
ℓ−2

)
bℓ(N−1
ℓ−1

)} , β := ∑
ℓ∈L

(3N
4 −2
ℓ−2

)
bℓ(N−1
ℓ−1

) . (4.5.6)

The matrices B̃2,B2 can be defined similarly, since dimensions of |Y2∩V j| are also determined

by N j and Ñ j. Obviously, B2 = B1 since EÑi = E(N/K−N j− Ñ j) = N/(4K) for all j ∈ [K].
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Fixing Dimensions

The dimensions of B̃1 and B̃2, as well as blocks they consist of, are not deterministic—

since Ni and Ñ j, defined in (4.5.1) and (4.5.2) respectively, are sums of independent random

variables. As such, we cannot directly compare them. In order to overcome this difficulty, we

embed B1 and B2 into the following N×N matrices:

A1 :=

000|Z|×|Z| B1 000|Z|×|Y2|

000|Y |×|Z| 000|Y |×|Y1| 000|Y |×|Y2|

 , A2 :=

000|Z|×|Z| 000|Z|×|Y1| B2

000|Y |×|Z| 000|Y |×|Y1| 000|Y |×|Y2|

 . (4.5.7)

Note that A1 and A2 have the same size. Also by definition, the entries in A1 are independent of

the entries in A2. If we take expectation over {A(ℓ)}ℓ∈L conditioning on {N j}K
j=1 and {Ñ j}K

j=1,

then we obtain the expectation matrices of the imperfect splitting, denoted by Ã1(resp. Ã2),

written as

Ã1 :=

000|Z|×|Z| B̃1 000|Z|×|Y2|

000|Y |×|Z| 000|Y |×|Y1| 000|Y |×|Y2|

 , Ã2 :=

000|Z|×|Z| 000|Z|×|Y1| B̃2

000|Y |×|Z| 000|Y |×|Y1| 000|Y |×|Y2|

 . (4.5.8)

The expectation matrix of the perfect splitting, denoted by A1(resp. A2), can be written as

A1 :=

000 N
2×

N
2

B1 000 N
2×

N
4

000 N
2×

N
2

000 N
2×

N
4

000 N
2×

N
4

 , A2 :=

000 N
2×

N
2

000 N
2×

N
4

B2

000 N
2×

N
2

000 N
2×

N
4

000 N
2×

N
4

 . (4.5.9)

Obviously, Ãi and B̃i(resp. Ai and Bi) have the same non-zero singular values for i = 1,2. In the

remaining of this section, we will deal with Ãi and Ai instead of B̃i and Bi for i = 1,2.
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4.5.1 Spectral Partition: Proof of Lemma 4.4.1

Proof Outline

Recall that A1 is defined as the adjacency matrix of the induced sub-hypergraph H [Y1∪

Z] in Section 4.5. Consequently, the index set should contain information only from H [Y1∪Z].

Define the index sets

I =
{

i ∈ V : row(i)≤ 20Ld
}
, I1 =

{
i ∈ V : row(i)

∣∣
Y1∪Z ≤ 20Ld

}
, (4.5.10)

where d =∑ℓ∈L(ℓ−1)aℓ, and row(i)
∣∣
Y1∪Z is the row sum of i on H [Y1∪Z]. We say row(i)

∣∣
Y1∪Z =

0 if i ̸∈ Y1∪Z, and for vertex i ∈ Y1∪Z, and let

row(i)
∣∣∣
Y1∪Z

:=
N

∑
j=1

∑
ℓ∈L

∑
e∈Eℓ[Y1∪Z]
{i, j}⊂e

A(ℓ)
e = ∑

ℓ∈L
(ℓ−1) ∑

e∈Eℓ[Y1∪Z]
{i, j}⊂e

A(ℓ)
e .

As a result, the matrix (A1)I1 is obtained by restricting A1 on index set I1. The next 4 steps

guarantee that Algorithm 4.4.2 outputs a ν-correct partition.

(i) Find the singular subspace U spanned by the first K left singular vectors of (A1)I1 .

(ii) Randomly pick s = 2K log2(N) vertices from Y2 and denote the corresponding columns

in A2 by ai1 ,. . ., ais . Project each vector ai−a onto the singular subspace U, with a ∈ RN

defined by a( j) = 1{ j∈Z} · (α+β)/2, where α, β were defined in (4.5.6).

(iii) For each projected vector PU(ai−a), identify the top N/(2K) coordinates in value and

place the corresponding vertices into a set Û(0)
i . Discard half of the obtained s subsets,

those with the lowest blue edge densities.

(iv) Sort the remaining sets according to blue hyperedge density and identify K distinct subsets

Û(0)
1 , . . ., Û(0)

K such that |Û(0)
i ∩ Û(0)

j |< ⌈(1−ν)N/K⌉ if i ̸= j.

Based on the 4 steps above in Algorithm 4.4.2, the proof of Lemma 4.4.1 is structured in 4 parts.
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(i) Let Ũ denote the subspace spanned by first K left singular vectors of Ã1 defined in (4.5.8).

Section 4.5.1 shows that the subspace angle between U and Ũ is smaller than any c ∈ (0,1)

as long as aℓ,bℓ satisfy certain conditions depending on c.

(ii) The vector δ̃δδi, defined in (4.5.14), reflects the underlying true partition Z ∩Vπ(i) for

each i ∈ [S ], where π(i) denotes the membership of vertex i. Section 4.5.1 shows that

δδδi, an approximation of δ̃δδi defined in (4.5.15), can be recovered by the projected vector

PU(ai−a), since projection error ∥PU(ai−a)−δδδi∥2 < c∥δδδi∥2 for any c ∈ (0,1) if aℓ,bℓ

satisfy the desired property in part (i).

(iii) Section 4.5.1 indicates that the coincidence ratio between the remaining sets and the true

partition is at least ν, after discarding half of the sets with the lowest blue edge densities.

(iv) Lemma 4.5.15 proves that we can find K distinct subsets Û(0)
i within K log2(N) trials with

high probability.

Bounding the angle between U and Ũ

The angle between subspaces U and Ũ is defined as

sin∠(U, Ũ) := ∥PU−PŨ∥.

A natural idea is to apply Wedin’s sinΘ Theorem (Lemma D.2.6). Lemma 4.5.5 indicates that

the difference of σ j(Ã1) and σ j(A1) is relatively small, compared to σ j(A1).

Lemma 4.5.5. Let σ j(A1)(resp. σ j(Ã1)) denote the singular values of A1 (resp. Ã1) for all
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j ∈ [K], where the matrices A1 and Ã1 are defined in (4.5.9) and (4.5.8) respectively. Then

σ1(A1) =
N
[
α+(K−1)β

]
2
√

2K
=

N
2
√

2K ∑
ℓ∈L

[(3N
4K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) +K
(3N

4 −2
ℓ−2

)
bℓ(N−1
ℓ−1

)] ,
σ j(A1) =

N(α−β)

2
√

2K
=

N
2
√

2K ∑
ℓ∈L

(3N
4K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) , 2≤ j ≤ K ,

σ j(A1) =0 , K +1≤ j ≤ N .

with α, β defined in (4.5.6). Moreover, with probability at least 1− 2K exp(−K log2(N)), for

each j ∈ [K],

|σ j(A1)−σ j(Ã1)|
σ j(A1)

= O
(

N−
1
4 log

1
2 (N)

)
.

Therefore, with Lemma 4.5.5, we can write σ j(Ã1) = σ j(A1)(1+o(1)). Define E1 :=

A1− Ã1 and its restriction on I1 (4.5.10) as

(E1)I1 := (A1− Ã1)I1 = (A1)I1− (Ã1)I1 , (4.5.11)

as well as δδδ1 := (Ã1)I1− Ã1. Then (A1)I1− Ã1 is decomposed as

(A1)I1− Ã1 = [(A1)I1− (Ã1)I1]+ [(Ã1)I1− Ã1] = (E1)I1 +δδδ1 .

Lemma 4.5.6. Let d = ∑ℓ∈L(ℓ− 1)aℓ, where L is obtained from Algorithm 4.4.1. There

exists a constant C1 ≥ (21/L− 1)−1/3 such that if d ≥ C1, then with probability at least 1−

exp
(
−d−2N/L

)
, no more than d−3N vertices have row sums greater than 20Ld.

Lemma 4.5.6 shows that the number of high-degree vertices is relatively small. Conse-

quently, Corollary 4.5.7 indicates ∥δδδ1∥ ≤
√

d with high probability.

Corollary 4.5.7. Assume d ≥ max{C1,
√

2}, where C1 is the constant in Lemma 4.5.6, then

118



∥δδδ1∥ ≤
√

d with probability at least 1− exp
(
−d−2N/L

)
.

Proof of Corollary 4.5.7. Note that N−|I | ≤ d−3N and I ⊂ I1, then N−|I1| ≤ d−3N. From

Lemma 4.5.6, there are at most d−3N vertices with row sum greater than 20Ld in the adjacency

matrix A1, then the matrix δδδ1 = (Ã1)I1− Ã1 has at most 2d−3N2 non-zero entries. Every entry

of Ã1 in (4.5.8) is bounded by α, then,

∥δδδ1∥ ≤∥δδδ1∥F = ∥(Ã1)I1− Ã1∥F

≤
√

2d−3N2 α = N
√

2d−3 ∑
ℓ∈L

[(N
K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) +

(
N−2
ℓ−2

)
bℓ(N−1
ℓ−1

)]

≤
√

2d−3 ∑
ℓ∈L

(ℓ−1)aℓ ≤
√

2d−1 ≤
√

d .

Moreover, by taking τ = 20L, θ = 3 in Theorem 4.3.4, with probability at least 1−N−2

∥(E1)I1∥ ≤ C3
√

d , (4.5.13)

where constant C3 > 0 depends on L. Together with upper bounds for ∥(E1)I1∥ and ∥δδδ1∥,

Lemma 4.5.8 shows that the angle between U and Ũ is relatively small with high probability.

Lemma 4.5.8. For any c ∈ (0,1), there exists some constant C2 > 0 such that, if

∑
ℓ∈L

(ℓ−1)(aℓ−bℓ)≥ C2KL−1
√

d ,

then sin∠(U, Ũ)≤ c with probability 1−N−2. Here ∠(U, Ũ) is the angle between U and Ũ.

Proof of Lemma 4.5.8. From (4.5.13) and Corollary 4.5.7, with probability at least 1−N−2,

∥(A1)I1− Ã1∥ ≤ ∥(E1)I1∥+∥δδδ1∥ ≤ (C3 +1)
√

d.
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Since σK+1(Ã1) = 0, using Lemma 4.5.5 to approximate σK(Ã1), we obtain

σK(Ã1)−σK+1(Ã1) = σK(Ã1) =
(
1+o(1)

)
·σK(A1)≥

1
2

σK(A1)

≥ N
4
√

2K ∑
ℓ∈L

(3N
4K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) ≥ 1
8K ∑

ℓ∈L

(
3

4K

)ℓ−2

(ℓ−1)(aℓ−bℓ)

≥ 1
8K

(
1

2K

)L−2

∑
ℓ∈L

(ℓ−1)(aℓ−bℓ)≥
C2
√

d
2L+1 .

Then for any c ∈ (0,1), we can find C2 = [2L+2(C3 + 1)/c] such that ∥(A1)I1 − Ã1∥ ≤ (1−

1/
√

2)σK(Ã1). By Wedin’s Theorem (Lemma D.2.6), the angle ∠(U, Ũ) is bounded by

sin∠(U, Ũ) := ∥PU−PŨ∥ ≤
√

2∥(A1)I1− Ã1∥
σK(Ã1)

≤
√

2(C3 +1)
√

d
C2
√

d/2L+1
=

√
2

2
c < c .

Bound the projection error

Randomly pick s = 2K log2(N) vertices from Y2. Let ai1, . . . ,ais , ãi1 ,. . . , ãis , ai1, . . . ,ais

and ei1, . . . ,eis be the corresponding columns of A2, Ã2, A2 and E2 := A2− Ã2 respectively,

where A2, Ã2 and A2 were defined in (4.5.7), (4.5.8) and (4.5.9). Let π(i) denote the membership

of vertex i. Note that entries of vector ãi are α̃ii, β̃i j or 0, according to the membership of vertices

in Z, where α̃ii, β̃i j were defined in (4.5.4a), (4.5.4b). Then the corresponding vector δ̃δδi ∈ RN

with the entries given by

ãi( j) =


α̃ii, if j ∈ Z∩Vπ(i)

β̃i j, if j ∈ Z \Vπ(i)

0 , if j ∈ Y

, δ̃δδi( j) =


(α̃ii− β̃i j)/2 > 0, if j ∈ Z∩Vπ(i)

(β̃i j− α̃ii)/2 < 0, if j ∈ Z \Vπ(i)

0, if j ∈ Y

, (4.5.14)

can be used to recover the vertex set Z∩Vπ(i) based on the sign of elements in δ̃δδi. However, it is

hard to handle with δ̃δδi due to the randomness of α̃ii, β̃i j originated from Ni and Ñ j. Note that Ni

120



and Ñ j concentrate around N/(2K) and N/(4K) respectively as shown in Lemma 4.5.5. Thus a

good approximation of δ̃δδi, which rules out randomness of Ni and Ñ j, was given by δδδi := ai−a,

with entries given by a( j) := 1{ j∈Z} · (α+β)/2, where α and β were defined in (4.5.6), and

ai( j) =


α, if j ∈ Z∩Vπ(i)

β, if j ∈ Z \Vπ(i)

0, if j ∈ Y

, δδδi( j) =


(α−β)/2 > 0, if j ∈ Z∩Vπ(i)

(β−α)/2 < 0, if j ∈ Z \Vπ(i)

0, if j ∈ Y

. (4.5.15)

By construction, δδδi identifies vertex set Z ∩Vπ(i) in the case of perfect splitting for any i ∈

{i1, · · · , is}∩Y2 ∩Vπ(i). However, the access to δδδi is limited in practice, thus the projection

PU(ai−a) is used instead as an approximation of δδδi. Lemma 4.5.9 proves that at least half of

the projected vectors have small projection errors.

Lemma 4.5.9. For any c ∈ (0,1), there exist constants C1 and C2 such that if d > C1 and

∑
ℓ∈L

(ℓ−1)(aℓ−bℓ)> C2KL
√

d,

then among all projected vectors PU(ai−a) for i∈ {i1, · · · , is}∩Y2, with probability 1−O(N−K),

at least half of them satisfy

∥PU(ai−a)−δδδi∥2 < c∥δδδi∥2. (4.5.16)

Proof Lemma 4.5.9. Note that δδδi = PUδδδi, where U is spanned by the first K left singular vectors

of A1 with rank(A1) = K, and A1, A2 preserve the same eigen-subspace. The approximation

error between PU(ai−a) and δδδi can be decomposed as

PU(ai−a)−δδδi =PU
[
(ai− ãi)+(ãi−ai)+(ai−a)

]
−PUδδδi

=PUei +PU(ãi−ai)+(PU−PU)δδδi .
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Then by triangle inequality,

∥PU(ai−a)−δδδi∥2 ≤ ∥PUei∥2 +∥PU(ãi−ai)∥2 +∥PU−PU∥ · ∥δδδi∥2 .

Note that ∥δδδi∥= O(N−
1
2 ) and Ñi concentrates around N/(4K) for each i ∈ [K] with deviation at

most
√

N log(N), then by definitions of α and β in (4.5.6),

∥PU(ãi−ai)∥2 ≤ ∥ãi−ai∥2 = O
([

K
√

N log(N)(α−β)2] 1
2
)
= O[N−

3
4 log

1
2 (N)] = o(∥δδδi∥2).

Meanwhile, by an argument similar to Lemma 4.5.8, it can be proved that sin∠(U,U) < c/2

for any c ∈ (0,1), if constants C1,C2 are chosen properly, hence ∥PU−PU∥ · ∥δδδi∥2 <
c
2∥δδδi∥2.

Lemma 4.5.10 shows that at least half of the indices from {i1, · · · , is}∩Y2 satisfy ∥PUei∥2 <

c
2∥δδδi∥2, which completes the proof.

Lemma 4.5.10. Let d = ∑ℓ∈L(ℓ−1)aℓ. For any c ∈ (0,1), with probability 1−O(N−K log(N)),

at least s
2 of the vectors ei1, . . . ,eis satisfy

∥PUei∥2 ≤ 2
√

dK(L+2)/N <
c
2
∥δδδi∥2 , i ∈ {i1, · · · , is} ⊂ Y2 .

Definition 4.5.11. The vector ai satisfying (4.5.16) is referred as good vector. The index of the

good vector is hence referred to as a good vertex.

To avoid introducing extra notations, let ai1, . . . ,ais1
denote good vectors with i1, · · · , is1

denoting good indices. Lemma 4.5.10 indicates that the number of good vectors is at least

s1 ≥ s
2 = K log2(N).

Accuracy

We are going to prove the accuracy of the initial partition obtained from Algorithm 4.4.2.

Lemmas 4.5.12, 4.5.13 and 4.5.15 are crucial in proving our results. We present the proof logic

first and defer the Lemma statements later.

122



For each projected vector PU(ai−a), let Û(0)
i denote the set of its largest N

2K coordinates,

where i ∈ {i1, · · · , is} and s = 2K log2(N). Note that vector δδδi j in (4.5.14) only identifies blocks

Vπ(i j) and V \Vπ(i j), which can be regarded as clustering two blocks with different sizes. By

Lemma 4.5.9, good vectors satisfy ∥PU(ai j −a)−δδδi j∥2 < c∥δδδi j∥2 for any c ∈ (0,1). Then by

Lemma 4.5.12 (after proper normalization), for a good index i j, the number of vertices in Û(0)
i j

clustered correctly is at least (1− 4K
3 c2)N

K . By choosing c =
√

3(1−ν)/(8K), the condition

|Û(0)
i j
∩Vi| > (1+ ν)/2|Û(0)

i j
| in part (ii) of Lemma 4.5.13 is satisfied. In Lemma 4.5.8, we

choose

C2 = 2L+2(C3 +1)/c = 2L+2(C3 +1)
√

8K/(3−3ν) , (4.5.18)

where C3 defined in (4.5.13). Hence, with high probability, all good vectors have at least µT blue

hyperedges (we call this “high blue hyperedge density”). From Lemma 4.5.10, at least half of

the selected vectors are good. Then, in Algorithm 4.4.2, throwing out half of the obtained sets

Û(0)
i (those with the lowest blue hyperedge density) guarantees that the remaining sets are good.

Recall that, by choosing constant appropriately, we can make the subspace angle

sin∠(U,U) < c for any c ∈ (0,1) (U is spanned by the first K left singular vectors of A1).

Then for vectors δδδi1, · · · ,δδδiK with each i j selected from different vertex set V j, there is a vec-

tor PU(ai j − a) in U arbitrarily close to δδδi j , which was proved by Lemma 4.5.9. From (i) of

Lemma 4.5.13, so obtained Û(0)
i j

must satisfy |Û(0)
i j
∩V j| ≥ ν|Û(0)

i j
| for each j ∈ [K]. The re-

maining thing is to select K different Û(0)
i j

with each of them concentrating around distinct V j

for each j ∈ [K]. This problem is equivalent to finding K vertices in Y2, each from a different

partition class, which can be done with K log2(N) samplings as shown in Lemma 4.5.15.

To summarize, this section is a more precise and quantitative version of the following
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argument: with high probability, the following holds for the good vectors ai j , j ∈ [K]:

{
i j : ∃i s.t. |Û(0)

i j
∩Vi| ≥

1+ν

2
N
K

}
⊂
{

i j : Û(0)
i j

has more than µT blue hyperedges
}

⊂
{

i j : ∃i s.t. |Û(0)
i j
∩Vi| ≥ ν

N
K

}
.

Lemma 4.5.12 (Adapted from Lemma 23 in [64]). Assume N/K ∈ N. Let v,v ∈ RN be two unit

vectors, where v has N
K of its entries being 1√

N
with the rest being − 1√

N
. If sin∠(v,v)< c≤ 0.5,

then v contains at least (1− 4K
3 c2)N

K positive entries vi such that the corresponding entries vi

are positive as well.

Lemma 4.5.13. For the set X ⊂ Z with size |X |= N/(2K). Define

µ1 :=
1
2 ∑
ℓ∈L

ℓ(ℓ−1)

{[(
νN
2K
ℓ

)
+

( (1−ν)N
2K
ℓ

)]
aℓ−bℓ(N−1
ℓ−1

) +

( N
2K
ℓ

)
bℓ(N−1
ℓ−1

)} ,

µ2 :=
1
2 ∑
ℓ∈L

ℓ(ℓ−1)

{[( (1+ν)N
4K
ℓ

)
+(K−1)

( (1−ν)N
4K(K−1)

ℓ

)]
aℓ−bℓ(N−1
ℓ−1

) +

( N
2K
ℓ

)
bℓ(N−1
ℓ−1

)} ,

and let µT := (µ1 +µ2)/2 ∈ [µ1,µ2]. There exists some constant c > 0 depending on K, {aℓ}ℓ∈L

and ν such that for sufficiently large N,

(i) If |X ∩V j| ≤ ν|X | for each j ∈ [K], then with probability 1− e−cN , the number of blue

hyperedges in the hypergraph induced by X is at most µT.

(ii) Conversely, if |X ∩V j| ≥ 1+ν

2 |X | for some j ∈ [K], then with probability 1− e−cN , the

number of blue hyperedges in the hypergraph induced by X is at least µT.

Remark 4.5.14. Lemma 4.5.13 is reduced to [64, Lemma 31] when L = {2}.

Let Û(0)
i denote the set of N/(2K) largest coordinates of the projected vector PU(ai−a)

with i ∈ Vπ(i)∩Y2. According to Lemma 4.5.13, when the blue hyperedge density inside Û(0)
i is

at least µT, it guarantees that |Û(0)
i ∩Vπ(i)| ≥ ν|Û(0)

i |. Therefore, it is enough to consider half of

the sets with highest blue edge densities in Algorithm 4.4.2.
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Lemma 4.5.15. Through random sampling without replacement in Step 6 of Algorithm 4.4.2, with

probability 1−N−Ω(log(N)), there exists at least K indices i1, . . . , iK in Y2 among the K log2(N)

samples such that

|Û(0)
i j
∩ Û(0)

ik | ≤ (1−ν)N/K, for any j,k ∈ [K] with j ̸= k.

4.5.2 Local Correction: Proof of Lemma 4.4.2

For notation convenience, let Ui := Z∩Vi denote the intersection of Z and true partition

Vi for all i ∈ [K]. In Algorithm 4.1.2, we first color the hyperedges with red and blue with equal

probability. By running Algorithm 4.4.2 on the red hypergraph, we obtain a ν-correct partition

Û(0)
1 , . . . ,Û(0)

K , i.e.,

|Ûk \ Û(0)
k | ≤ (1−ν) · |Û(0)

k |= (1−ν) · N
2K

, ∀k ∈ [K] . (4.5.20)

In the rest of this subsection, we condition on the event that (4.5.20) holds true.

Consider a hyperedge e = {i1, · · · , iℓ} in the underlying ℓ-uniform hypergraph. If vertices

i1, · · · , iℓ are from the same block, then e is a red hyperedge with probability aℓ/2
(N−1
ℓ−1

)
; if

vertices i1, · · · , iℓ are not from the same block, then e is a red hyperedge with probability

bℓ/2
(N−1
ℓ−1

)
. The presence of those two types of hyperedges can be denoted by

T(aℓ)
e ∼ Bernoulli

(
aℓ

2
(N−1
ℓ−1

)) , T(bℓ)
e ∼ Bernoulli

(
bℓ

2
(N−1
ℓ−1

)) ,

respectively. For any finite set S , let [S ]l denote the family of l-subsets of S , i.e., [S ]l = {Z|Z ⊆

S , |Z| = l}. Consider a vertex u ∈ U1 := Z ∩V1. The weighted number of red hyperedges,
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which contains u ∈U1 with the remaining vertices in Û(0)
j , can be written as

Ŝ
(0)
1 j (u) := ∑

ℓ∈L
(ℓ−1) ·

 ∑
e∈E (aℓ)

1, j

T(aℓ)
e + ∑

e∈E (bℓ)
1, j

T(bℓ)
e

 , u ∈U1 , (4.5.21)

where E (aℓ)
1, j := Eℓ([U1]

1, [U1∩ Û(0)
j ]ℓ−1) denotes the set of ℓ-hyperedges with one vertex from

[U1]
1 and the other ℓ−1 from [U1∩ Û(0)

j ]ℓ−1, and

E (bℓ)
1, j := Eℓ

(
[U1]

1, [Û(0)
j ]ℓ−1 \ [U1∩ Û(0)

j ]ℓ−1
)

(4.5.22)

denotes the set of ℓ-hyperedges with one vertex in [U1]
1 while the remaining ℓ−1 vertices in

[Û(0)
j ]ℓ−1 \ [U1∩ Û(0)

j ]ℓ−1(not all ℓ vertices are from V1) with their cardinalities

|E (aℓ)
1, j |=

(
|U1∩ Û(0)

j |
ℓ−1

)
, |E (bℓ)

1, j |=

[(
|Û(0)

j |
ℓ−1

)
−
(
|U1∩ Û(0)

j |
ℓ−1

)]
.

We multiply (ℓ−1) in (4.5.21) as weight since the rest ℓ−1 vertices are all located in Û(0)
j , which

can be regarded as the neighbors of vertex u in Û(0)
j . According to the facts that |Û(0)

j ∩U j| ≥

νN/(2K) in (4.5.20) and |Û(0)
j |= N/(2K) for each j ∈ [K], we have

|E (aℓ)
1,1 | ≥

(
νN
2K

ℓ−1

)
, |E (aℓ)

1, j | ≤
( (1−ν)N

2K
ℓ−1

)
, j ̸= 1 .

To simplify the calculation, we take the lower and upper bound of |E (aℓ)
1,1 | and |E (aℓ)

1, j |( j ̸= 1)

respectively. By taking expectation with respect to T(aℓ)
e and T(bℓ)

e , for any u ∈U1, the following
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holds:

EŜ
(0)
11 (u) = ∑

ℓ∈L
(ℓ−1) ·

[(
νN
2K

ℓ−1

)
aℓ−bℓ
2
(N−1
ℓ−1

) +( N
2K

ℓ−1

)
bℓ

2
(N−1
ℓ−1

)] ,
EŜ

(0)
1 j (u) = ∑

ℓ∈L
(ℓ−1) ·

[( (1−ν)N
2K

ℓ−1

)
aℓ−bℓ
2
(N−1
ℓ−1

) +( N
2K

ℓ−1

)
bℓ

2
(N−1
ℓ−1

)] , j ̸= 1 .

According to the assumptions in Theorem 4.1.7, EŜ
(0)
11 (u)−EŜ

(0)
1 j (u) = Ω(1). Define

µC :=
1
2 ∑
ℓ∈L

(ℓ−1) ·

{[(
νN
2K

ℓ−1

)
+

( (1−ν)N
2K

ℓ−1

)]
aℓ−bℓ
2
(N−1
ℓ−1

) +2 ·
( N

2K
ℓ−1

)
bℓ

2
(N−1
ℓ−1

)} . (4.5.24)

In Algorithm 4.4.3, vertex u is assigned to Ûi if it has the maximal number of neighbors in Û(0)
i .

If u ∈U1 is mislabeled, then one of the following events must happen:

• Ŝ
(0)
11 (u)≤ µC, meaning that u fails to have enough neighbors in Û(0)

1 to be assigned to Û1.

• Ŝ
(0)
1 j (u) ≥ µC for some j ̸= 1, meaning that u survived Algorithm 4.4.3 without being

corrected.

Lemma 4.5.16 shows that the probabilities of those two events can be bounded in terms of the

SNR.

Lemma 4.5.16. For sufficiently large N and any u ∈U1 = Z∩V1, we have

ρ̂
(0)
1 := P

(
Ŝ
(0)
11 (u)≤ µC

)
≤ ρ , ρ̂

(0)
j := P

(
Ŝ
(0)
1 j (u)≥ µC

)
≤ ρ , ( j ̸= 1), (4.5.25)

where ρ := exp(−CL(K,ν) ·SNRL(K)) with CL(K,ν) and SNRL(K) defined in (4.1.3) and

(4.1.2) respectively.

As a result, the probability that either of those events happened is bounded by ρ. For

vertex v ∈ V , let Γv and Λv denote the i.i.d indicator random variables with means ρ̂
(0)
1 and
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ρ̂
(0)
j ( j ̸= 1) respectively. In the true community U1, the number of mislabeled vertices is upper

bouned by

R̂
(0)
1 = ∑

v∈U1

Γv +
K

∑
j=2

∑
v∈U1∩Û(0)

j

Λt .

Together with Lemma 4.5.16, we have

ER̂
(0)
1 ≤

N
2K

ρ̂
(0)
1 +

K

∑
j=2

(1−ν)N
2K

ρ̂
(0)
j ≤

N
2K
·Kρ =

Nρ

2
.

Let t1 := Nρ/2, where ν denotes the correctness after Algorithm 4.4.2, then by Chernoff bound

(Lemma D.3.3),

P
(

R̂
(0)
1 ≥ Nρ

)
= P

(
R̂
(0)
1 −Nρ/2≥ t1

)
≤ P

(
R̂
(0)
1 −ER̂

(0)
1 ≥ t1

)
≤ e−ct1 = O(e−Nρ) .

(4.5.26)

Then with probability 1−O(e−Nρ), the fraction of mislabeled vertices in U1 is smaller than Kρ,

i.e., the correctness of U1 is at least γC := max{ν ,1−Kρ}. Therefore, Algorithm 4.4.3 outputs

a γC-correct partition Û1, . . . ,ÛK with probability 1−O(e−Nρ).

4.5.3 Merging: Proof of Lemma 4.4.3

By running Algorithm 4.4.3 on the red hypergraph, we obtain a γC-correct partition Û1,

. . ., ÛK where γC := max{ν ,1−Kρ} ≥ ν, i.e.,

|U j∩ Û j| ≥ ν · |Û j|=
νN
2K

, ∀ j ∈ [K] . (4.5.27)

In the rest of this subsection, we shall condition on the event (4.5.27) and denote W j := Y ∩V j.

The failure probability of Algorithm 4.4.4 is estimated by the presence of hyperedges between

vertex sets Y and Z.
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Consider a hyperedge e = {i1, · · · , iℓ} in the underlying ℓ-uniform hypergraph. If vertices

i1, · · · , iℓ are all from the same cluster V j, then the probability that e is an existing blue edge

conditioning on the event that e is not a red edge is

ψℓ := P
[
e is a blue edge

∣∣∣e is not a red edge
]
=

aℓ
2(N−1

ℓ−1)

1− aℓ
2(N−1

ℓ−1)

=
(
1+o(1)

)
· aℓ

2
(N−1
ℓ−1

) , (4.5.28)

and the presence of e can be represented by an indicator random variable ζ
(aℓ)
e ∼ Bernoulli(ψℓ).

Similarly, if not all the vertices i1, · · · , iℓ are from the same cluster V j, the probability that e is an

existing blue edge conditioning on the event that e is not red

φℓ := P
[
e is a blue edge

∣∣∣e is not a red edge
]
=

bℓ
2(N−1

ℓ−1)

1− bℓ
2(N−1

ℓ−1)

=
(
1+o(1)

)
· bℓ

2
(N−1
ℓ−1

) , (4.5.29)

and the presence of e can be represented by an indicator variable ξ
(bℓ)
e ∼ Bernoulli(φℓ).

For any vertex w ∈W j := Y ∩V j with fixed j ∈ [K], we want to compute the number

of hyperedges containing w with all remaining vertices located in vertex set Û j for some fixed

k ∈ [K]. Following a similar argument given in Section 4.5.2, this number can be written as

Ŝ jk(w) := ∑
ℓ∈L

(ℓ−1) ·

 ∑
e∈ Ê (aℓ)

j,k

ζ
(aℓ)
e + ∑

e∈Ê (bℓ)
j,k

ξ
(bℓ)
e

 , w ∈W j , (4.5.30)

where Ê (aℓ)
j,k :=Eℓ([W j]

1, [U j∩Û j]
ℓ−1) denotes the set of ℓ-hyperedges with 1 vertex from [W j]

1

and the other ℓ−1 vertices from [U j∩Û j]
ℓ−1, while Ê (bℓ)

j,k := Eℓ([W j]
1, [Û j]

ℓ−1 \ [U j∩Û j]
ℓ−1)

denotes the set of ℓ-hyperedges with 1 vertex in [W j]
1 while the remaining ℓ−1 vertices are in

[Û j]
ℓ−1 \ [U j∩ Û j]

ℓ−1, with their cardinalities

|Ê (aℓ)
j,k |=

(
|U j∩ Û j|
ℓ−1

)
, |Ê (bℓ)

j,k |=

[(
|Û j|
ℓ−1

)
−
(
|U j∩ Û j|
ℓ−1

)]
.

129



Similarly, we multiply (ℓ−1) in (4.5.30) as weight since the rest ℓ−1 vertices can be regarded

as the neighbors of w in Û j. By accuracy of Algorithm 4.4.3 in (4.5.27), |Û j∩U j| ≥ νN/(2K),

then

|Ê (aℓ)
j, j | ≥

(
νN
2K

ℓ−1

)
, |Ê (aℓ)

j,k | ≤
( (1−ν)N

2K
ℓ−1

)
, j ̸= l .

Taking expectation with respect to ζ
(aℓ)
e and ξ

(bℓ)
e , for any w ∈W j, we have

EŜ j j(w) = ∑
ℓ∈L

(ℓ−1) ·
[(

νN
2K

ℓ−1

)
(ψℓ−φℓ)+

( N
2K

ℓ−1

)
φℓ

]
,

EŜ jk(w) = ∑
ℓ∈L

(ℓ−1) ·

[( (1−ν)n
2K

ℓ−1

)
(ψℓ−φℓ)+

( N
2K

ℓ−1

)
φℓ

]
, j ̸= l .

By assumptions in Theorem 4.1.7, EŜ j j(w)−EŜ jk(w) = Ω(1). We define

µM :=
1
2 ∑
ℓ∈L

(ℓ−1) ·

{[(
νN
2K

ℓ−1

)
+

( (1−ν)N
2K

ℓ−1

)]
(ψℓ−φℓ)+2

( N
2K

ℓ−1

)
φℓ

}
. (4.5.32)

After Algorithm 4.4.4, if a vertex w∈W j is mislabelled, one of the following events must happen

• Ŝ j j(w)≤ µM, which implies that u fails to have enough neighbors in Û j to be assigned to

Û j.

• Ŝ jk(w)≥ µM for some j ̸= k, which implies that w survived Algorithm 4.4.4 without being

corrected.

By an argument similar to Lemma 4.5.16, we can prove that for any w ∈W j,

ρ̂ j := P(Ŝ j j(w)≤ µM)≤ ρ , ρ̂k := P(Ŝ jk(w)≥ µM)≤ ρ , ( j ̸= l),

where ρ := exp(−CL(K,ν) ·SNRL(K)) with CL(K,ν) and SNRL(K) defined in (4.1.3) and

(4.1.2) respectively. The misclassified probability for w ∈W j is then upper bounded by ∑
K
j=1 ρ̂ j.
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Let Γt be the i.i.d indicator random variables with mean Kρ. Then, the number of mislabelled

vertices in W j is at most

R̂ j = ∑
v∈W j

Γv. (4.5.33)

Consequently, ER̂ j ≤ N/(2K) ·Kρ = Nρ/2. Let t j := Nρ/2, by Chernoff bound (Lemma D.3.3),

P
(

R̂ j ≥ Nρ

)
= P

(
R̂ j−Nρ/2≥ t j

)
≤ P

(
R̂ j−ER̂ j ≥ t j

)
≤ e−ct j = O(e−Nρ) .

Hence with probability 1−O(e−Nρ), the fraction of mislabeled vertices in W j is smaller than

Kρ, i.e., the correctness in W j is at least γM := max{ν, 1−Kρ}.

4.5.4 Proof of Theorem 4.1.7

Now we are ready to prove Theorem 4.1.7. The correctness of Algorithm 4.4.3 and

Algorithm 4.4.4 are denoted by γC and γM respectively, then with probability at least 1−O(e−Nρ),

the correctness γ of Algorithm 4.1.2 is γ := min{γC,γM} = max{ν, 1−Kρ}. We will have

γ = 1−Kρ if ν≤ 1−Kρ, equivalently,

SNRL(K)≥ 1
CL(K,ν)

log
( K

1−ν

)
, (4.5.34)

otherwise γ = ν. The inequality (4.5.34) holds since

SNRL(K) =

[
∑ℓ∈L(ℓ−1)(aℓ−bℓ)K−ℓ+1]2

∑ℓ∈L(ℓ−1) ·
(
(aℓ−bℓ)K−ℓ+1 +bℓ

)
≥ [∑ℓ∈L(aℓ−bℓ)]2

K2L−2(L−1)d
≥ (Cν)

2

L−1
log
( K

1−ν

)
≥ 1

CL(K,ν)
log
( K

1−ν

)
.

where the first two inequalities hold since d := ∑ℓ∈L(ℓ−1)aℓ and condition (4.1.4b), while the

last inequality holds by taking Cν ≥max{
√
(L−1)/CL(K,ν), C2} with C2 defined in (4.5.18).
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Remark 4.5.17. The lower bound C(4.1.4a) in (4.1.4a) comes from the requirement in Lemma 4.5.6

that only a few high degree vertices be deleted. The constant Cν in (4.1.4b) comes from the

requirement in Lemma 4.5.8 that the subspace angle is small. When C(4.1.4a) is not so large (or

the hypergraph is too sparse), one could still achieve good accuracy γ if Cν is large enough (the

difference between aℓ and bℓ is large enough).

Remark 4.5.18. The condition (4.5.34) indicates that the improvement of accuracy from local

refinement (Algorithm 4.4.3 and Algorithm 4.4.4) will be guaranteed when SNRL(K) is large

enough. If SNRL(K) is small, we use correctness of Algorithm 4.4.2 instead, i.e., γ = ν, to

represent the correctness of Algorithm 4.1.2.

4.5.5 Proof of Corollary 4.1.9

For any fixed ν ∈ (1/K,1), SNRL(K)→ ∞ implies ρ→ 0 and

d := ∑
ℓ∈L

(ℓ−1)aℓ→ ∞. (4.5.36)

We now check the condition (4.1.4b) in Assumption 4.1.5. Note that ℓ≥ 2 for each ℓ ∈ L , then

[
∑ℓ∈L(ℓ−1)(aℓ−bℓ)

]2
d

=KL−1 ·K2

[
∑ℓ∈L(ℓ−1)(aℓ−bℓ)K−2+1]2

∑ℓ∈L(ℓ−1)aℓK−L+1

≥KL+1

[
∑ℓ∈L(ℓ−1)(aℓ−bℓ)K−ℓ+1]2

∑ℓ∈L(ℓ−1)aℓK−ℓ+1

≥
[

∑ℓ∈L(ℓ−1)(aℓ−bℓ)K−ℓ+1]2
∑ℓ∈L(ℓ−1)

(
(aℓ−bℓ)K−ℓ+1 +bℓ

) = SNRL(K)→ ∞.

Consequently, there exists some ν close to 1 and some constant Cν > 0 such that condition

(4.1.4b) is satisfied. Applying Theorem 4.1.7, we find γ = 1− o(1), which implies weak

consistency. The constraint of SNRL(K) = o(log(N)) is used in the proof of Lemma 4.4.2, see

Remark 4.1.10.

132



4.6 Acknowledgements

Chapter 4, in full, is a reprint of the material “Ioana Dumitriu, Hai-Xiao Wang and Yizhe

Zhu. Partial recovery and weak consistency in the non-uniform hypergraph stochastic block

model, Combinatorics, Probability and Computing 34.1 (2025): pp. 1-51. arXiv: 2112.11671”.

The dissertation author is the co-author of this paper.

133

https://arxiv.org/abs/2112.11671


Appendix A

Deferred proofs in Chapter 2

A.1 Proofs in Section 2.3

Proof of Lemma 2.3.2. Recall [V ]ℓ := {S ⊆V : |S |= ℓ}. Consider the following log-likelihood

log P(H= H | y = z)

= log
(

∏
ℓ∈L

∏
e∈[V ]ℓ

[
P(e ∈ Eℓ|y = z)

]A(ℓ)
e ·
[
P(e /∈ Eℓ|y = z)

]1−A(ℓ)
e

)
= ∑

ℓ∈L

(
∑

e∈[V ]ℓ
1{e is in-cluster} ·

[
A(ℓ)

e logαℓ+(1−A(ℓ)
e ) log(1−αℓ)

]
+ ∑

e∈[V ]ℓ
(1−1{e is in-cluster}) ·

[
A(ℓ)

e logβℓ+(1−A(ℓ)
e ) log(1−βℓ)

])
= ∑

ℓ∈L

(
log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈[V ]ℓ
1{e is in-cluster} ·A

(ℓ)
e +Cℓ

)
,

where Cℓ> 0 is some constant irrelevant to the membership assignment y. Note that the logarithm

map preserves the monotocity and Cℓ can be factored out, then MLE in (2.3.3) can be further

simplified as

ŷMLE = argmax
z∈{±1}|V |,1Tz=0

∑
ℓ∈L

(
log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈[V ]ℓ
1{e is in-cluster} ·A

(ℓ)
e

)
= argmax

z∈{±1}|V |,1Tz=0
f (z|H ).
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Therefore, the desired argument is proved since each ℓ ∈ L , the following holds

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
> 0 , if αℓ > βℓ,

< 0 , if αℓ < βℓ.

(A.1.1)

Proof of Lemma 2.3.4. First, for any a ∈ V+ ∩U, b ∈ V− ∩U, the independence between

Wa[U] and J[U] follows directly. The resaon is that each hyperedge in J[U] contains at least

two vertices in U, while hyperedge in Wa contains exactly one vertex a ∈U, thus no common

edges. The independence between Wb[U] and J[U] follows similarly. The independence between

Wa[U] and Wb[U] is also clear since they do not share any common hyperedge by construction.

At the same time, we have

{Wa[U]≤−ζNqN}∩{J[U] = 1} =⇒ {Wa[U]≤−ζNqN}∩{Ja ≤ ζNqN}, (A.1.2)

{Wb[U]≤−ζNqN}∩{J[U] = 1} =⇒ {Wb[U]≤−ζNqN}∩{Jb ≤ ζNqN}. (A.1.3)

Thus it suffices to prove the following relationship

{Wa[U]≤−ζNqN}∩{Ja ≤ ζNqN} =⇒ {Wa ≤ 0}. (A.1.4)

To this end, we expand Wa and plug in the condition on the left hand side of the above equation,

then

Wa = ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
·
(

∑
e∈E (0)

ℓ (a)

A(ℓ)
e − ∑

e∈E (ℓ−1)
ℓ (a)

A(ℓ)
e

)
(A.1.5)

≤Wa[U]+ Ja ≤ 0, (A.1.6)

which completes the proof.
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Proof of Lemma 2.3.5. For a ∈ V+∩U, according to Lemma A.1.1, P(Wa[U]≤−ζN ·qN) =

e−DGH·qN . According to Lemma 2.3.4, Wa[U] and Wa′[U] are independent for distinct a,a′ ∈

V+∩U, thus

∏
a∈V+∩U

P(Wa[U]>−ζN ·qN) = ∏
a∈V+∩U

(
1−P(Wa[U]≤−ζN ·qN)

)
(A.1.7)

=(1− e−DGH·qN )γN |V |/2 ≤ exp
(
− γN · |V |

2
· e−DGH·qN

)
, (A.1.8)

where we used the fact that 1− x≤ e−x for x = o(1) in the last inequality. The upper bound for

∏b∈V−∩U P(Wb[U]>−ζN ·qN) can be obtained similarly.

For the second part of the proof, through a union bound, the problem is transferred to

seeking an upper bound on P(Jv[U]> ζNqN) for any v ∈U, since

P(J[U] = 0) = P(∃v ∈U s.t. 1{Jv[U]≤ζNqN} = 0)≤ ∑
v∈U

P(Jv[U]> ζNqN) .

Recall W (≥2)
ℓ in (2.3.11), where each edge e ∈W (≥2)

ℓ contains at least 2 vertices in U. Thus

for edge e ∈W (≥2)
ℓ with e ∋ v, at least one more vertex in e\{v} is from U. We now calculate

the expectation of Jv[U] defined in (2.3.12). Note that the cardinality of the set W (≥2)
ℓ is upper

bounded by
(N−1
ℓ−1

)
−
((1−γN)N

ℓ−1

)
, then

EJv[U] := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
·
[(

N−1
ℓ−1

)
−
(
(1− γN)N

ℓ−1

)]
·EA(ℓ)

e .

where EA(ℓ)
e = αℓ if e is in-cluster, otherwise EA(ℓ)

e = βℓ. Since ℓ ∈ L is some fixed integer and

ℓ≪ N, we then have

(
N−1
ℓ−1

)
[1− (1− γN)

ℓ−1]≤
(

N−1
ℓ−1

)
−
(
(1− γN)N

ℓ−1

)
≤
(

N−1
ℓ−1

)
[1− (1− γN) · (1−2γN)

ℓ−2].
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The expectation of Jv[U] is then bounded both from above and below, as follows

EJv[U]≥ ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· [1− (1− γN)

ℓ−1] ·bℓ

EJv[U]≤ ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· [1− (1−2γN)

ℓ−1] ·aℓ .

Note that aℓ ≳ bℓ ≳ 1 under Assumption 2.1.6, and γN = o(1) by construction of U. Since

1− x+O(x2) = e−x for x = o(1), we have 1− (1− γN)
ℓ−1 = (ℓ−1)γN and 1− (1−2γN)

ℓ−1 =

(ℓ−1)γN . Consequently, EJv[U] = Θ(γNqN) for any v ∈U, and Jv[U] concentrates around its

expectation with high probability. According to Lemma D.3.6, the following holds

P(Jv[U]≥ ζNqN)≤ exp
(
−qN ·

[
ζN log(ζN/γN)− (ζN− γN)

])
.

Recall that |U|= γN |V |, then by a union bound

P(J[U] = 0)≤ ∑
v∈U

P(Jv[U]≥ ζNqN)≤ exp
(

log(γNN)−qN ·
[
ζN log(ζN/γN)− (ζN− γN)

])
.

which completes the proof.

Proof of Lemma 2.3.6. The likelihood for observing {A(ℓ)}ℓ∈L conditioned on yv = s ∈ {±1}

and y−v is

P({A(ℓ)}ℓ∈L | yv = s,y−v) ∝ ∏
ℓ∈L

∏
e∋v

[
P(e ∈ Eℓ|yv = s,y−v)

]A(ℓ)
e ·
[
P(e /∈ Eℓ|yv = s,y−v)

]1−A(ℓ)
e .

where ∝ only hides factors that are irrelevant to v. Note that the label vector is sampled uniformly

at random from all vectors z ∈ {±1}|V | satisfying 1Tz = 0. According to the Bayes Theorem
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and the analysis in (2.3.7), for s ∈ {±1}, the log-odd ratio can be expressed as

log
(

P
(
yv = s|{A(ℓ)}ℓ∈L ,y−v

)
P
(
yv =−s|{A(ℓ)}ℓ∈L ,y−v

))= log
(

P({A(ℓ)}ℓ∈L | yv = 1,y−v)

P({A(ℓ)}ℓ∈L | yv =−1,y−v)

)
= ∑

ℓ∈L
log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
·
[
|E (0)

ℓ (v)|− |E (ℓ−1)
ℓ (v)|

]
=Wv,

which completes the proof.

Proof of Lemma 2.3.7. We first define the sign between two vectors y and ŷ as

s(y, ŷ) := arg min
s∈{±1}

∥y− sŷ∥1. (A.1.9)

Consequently, s(y, ŷ) = sign(⟨y, ŷ⟩) if ⟨y, ŷ⟩ ̸= 0. At the same time, when |⟨y, ŷ⟩|> 1, s(y, ŷ) =

s(yv, ŷv) for all v ∈ [N]. Thus for any ŷ ∈ F , the following holds

EηN(ŷ,y) = E
[ 1

N
DHD(s(y, ŷ) ·y, ŷ)

]
= E

[ 1
N

N

∑
v=1

1{yv ̸=ŷv}

]
. (A.1.10)

Lemma A.1.1 (Generalized version of [146, Lemma 2]). According to the Assumptions in

Lemma 2.3.5, the following holds for ζN = o(1) and qN ≫ 1

P
(
Wa[U]≤−ζN ·qN

)
= e−DGH·qN , P

(
Wb[U]≤−ζN ·qN

)
= e−DGH·qN , (A.1.11)

where the rate function is

DGH = ∑
ℓ∈L

1
2ℓ−1 (

√
aℓ−

√
bℓ)2. (A.1.12)

Proof of Lemma A.1.1. For vertex a ∈ V+∩U, we write Wa[U] = Ya−Za, where Ya and Za
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are defined as

Ya := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈E (0)
ℓ (a)

A(ℓ)
e 1{ e∩U={a}

e\{a}⊂[V+\U]

} , (A.1.13)

Za := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈E (ℓ−1)
ℓ (a)

A(ℓ)
e 1{ e∩U={a}

e\{a}⊂[V−\U]

} . (A.1.14)

According to Assumption 2.1.6, hyperedges e in Ya and Za are sampled independently with prob-

abilities p(ℓ)1 = αℓ = aℓ ·qN/
(N−1
ℓ−1

)
and p(ℓ)2 = bℓ ·qN/

(N−1
ℓ−1

)
. We consider apply Lemma A.1.2.

For each ℓ ∈ L , we take nℓ = 2, α
(ℓ)
1 = aℓ, α

(ℓ)
2 = bℓ with aℓ > bℓ, and

c(ℓ)1 = log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
= log

(aℓ
bℓ

)
, c(ℓ)2 =− log

(
αℓ(1−βℓ)

βℓ(1−αℓ)

)
= log

(bℓ
aℓ

)
. (A.1.15)

At the same time, |V+|= |V−|= N/2, |U∩V+|= |U∩V−|= γNN/2 and γN = o(1), we have

N(ℓ)
1 = N(ℓ)

2 =

(
(1− γN)N/2

ℓ−1

)
= (1+o(1)) · 1

2ℓ−1

(
N−1
ℓ−1

)
. (A.1.16)

Thus gN = 1 and ρ
(ℓ)
1 = ρ

(ℓ)
2 = 2−(ℓ−1) for each ℓ ∈ L . Consequently,

∑
ℓ∈L

nℓ

∑
i=1

c(ℓ)i α
(ℓ)
i ρ

(ℓ)
i = ∑

ℓ∈L
2−(ℓ−1)(aℓ−bℓ) log(aℓ/bℓ)> 0.

Then all the conditions of Lemma A.1.2 are satisfied. By taking δ = 0, ζN = o(1) and gN = 1,

Lemma A.1.2 indicates that

P(Ya−Za ≤−ζN ·qN) = exp
(
− [1+o(1)] ·DGH ·gN ·qN

)
= e−DGH·qN , (A.1.17)

where the rate function is

DGH := max
t≥0

∑
ℓ∈L

1
2ℓ−1 [aℓ+bℓ− (aℓ)t(bℓ)1−t− (aℓ)1−t(bℓ)t ] . (A.1.18)
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Note that by union bound

DGH ≤ ∑
ℓ∈L

1
2ℓ−1 max

t≥0
[aℓ+bℓ− (aℓ)t(bℓ)1−t− (aℓ)1−t(bℓ)t ] = ∑

ℓ∈L

1
2ℓ−1 (

√
aℓ−

√
bℓ)2

On the other way around, the lower bound can be achieved by simply taking t = 1/2.

For vertex b ∈ V−∩U, we write Wb[U] = Yb−Zb, where Yb and Zb are defined as

Yb := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈E (0)
ℓ (b)

A(ℓ)
e 1{ e∩U={b}

e\{b}⊂[V−\U]

} ,

Zb := ∑
ℓ∈L

log
(

αℓ(1−βℓ)

βℓ(1−αℓ)

)
· ∑

e∈E (ℓ−1)
ℓ (b)

A(ℓ)
e 1{ e∩U={b}

e\{b}⊂[V+\U]

} .

The proof is completed by following the same steps as above.

Lemma A.1.2 (Generalized version of [146, Theorem 10]). Let gN be some non-decreasing

function with respect to N satisfying 1 ≲ gN ≪ N log−2(N). Let L = {ℓ|ℓ≥ 2, ℓ ∈N} be a set of

integers with finite cardinality. For each ℓ ∈ L , let nℓ ≥ 2 denote some positive integer. For each

ℓ ∈ L and i ∈ [nℓ], let Y(ℓ)
i denote the random variable sampled from the binomial distribution

Bin(N(ℓ)
i , p(ℓ)i ), where

N(ℓ)
i = [1+o(1)] ·ρ(ℓ)

i ·gN

(
N−1
ℓ−1

)
and p(ℓ)i = [1+o(1)] ·α(ℓ)

i ·
qN(N−1
ℓ−1

) , (A.1.19)

where ρ
(ℓ)
i and α

(ℓ)
i are some positive constants independent of N. Let XN = ∑

ℓ∈L

nℓ
∑

i=1
c(ℓ)i Y(ℓ)

i be a

summation of random variables such that

1. at least one of the c(ℓ)i ’s is negative;

2. ∑
ℓ∈L

nℓ
∑

i=1
c(ℓ)i α

(ℓ)
i ρ

(ℓ)
i > 0.
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Let δ ∈ (−∞, ∑
ℓ∈L

nℓ
∑

i=1
c(ℓ)i α

(ℓ)
i ρ

(ℓ)
i ) and define the rate function D by

D := sup
t≥0

(
− tδ+ ∑

ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i ρ

(ℓ)
i (1− e−c(ℓ)i t)

)
. (A.1.20)

Let xN = (δ+o(1)) ·gN ·qN , then we have

lim
N→∞

[gN ·qN ]
−1 logP(XN ≤ xN) =−D . (A.1.21)

Consequently, for any δ ∈ (−∞, ∑
ℓ∈L

nℓ
∑

i=1
c(ℓ)i α

(ℓ)
i ρ

(ℓ)
i ) and ε > 0, there exists N0 > 0 such that for

all N > N0, the following holds

P(XN ≤ δgNqN)≤ e−gN ·qN ·[D−ε] . (A.1.22)

Proof of Lemma A.1.2. We first prove the upper bound of (A.1.21) by calculating moment

generating function. By Markov inequality and independence between Y(ℓ)
i ’s, for any t ≥ 0, we

have

P(XN ≤ xN) =P(e−tXN ≥ e−txN )

≤ Ee−tXN

e−txN
= etxN ∏

ℓ∈L

nℓ

∏
i=1

Ee−tc(ℓ)i Y(ℓ)
i = etx

∏
ℓ∈L

nℓ

∏
i=1

(
1− p(ℓ)i (1− e−tc(ℓ)i )

)N(ℓ)
i

≤ exp
(

txN−∑
ℓ∈L

nℓ

∑
i=1

N(ℓ)
i p(ℓ)i (1− e−c(ℓ)i t)

)
, (since 1− x≤ e−x)

= exp
(
− (1+o(1)) ·gN ·qN ·

(
− tδ+ ∑

ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i ρ

(ℓ)
i (1− e−c(ℓ)i t)

))
,

where we applied xN = (δ+o(1)) ·gN ·qN in the last equality. By taking the supremum of of
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both sides with respect to t, the desired upper bound of (A.1.21) follows as

limsup
N→∞

logP(XN ≤ xN)

gN ·qN
≤ sup

t≥0

(
− tδ+ ∑

ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i ρ

(ℓ)
i (1− e−c(ℓ)i t)

)
= D .

One more thing to verify is the existence and uniqueness of the extreme point. Define the

function f (t) :=−tδ+ ∑
ℓ∈L

nℓ
∑

i=1
α
(ℓ)
i ρ

(ℓ)
i (1− e−c(ℓ)i t). For any t ≥ 0, we have

f ′(t) =−δ+ ∑
ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i c(ℓ)i ρ

(ℓ)
i e−c(ℓ)i t , f ′′(t) =−∑

ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i (c(ℓ)i )2

ρ
(ℓ)
i e−c(ℓ)i t < 0.

Hence, f (t) is strictly concave, while f ′(t) is continuous and strictly decreasing. By assumption,

f ′(0) = ∑
ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i c(ℓ)i ρ

(ℓ)
i −δ > 0,

and limt→∞ f ′(t) = −∞ since at least one of the c(ℓ)i ’s is negative. Consequently, there exists

a unique t⋆ > 0 such that f ′(t⋆) = 0. Note that f (0) = 0, thus D := f (t⋆) > 0, as defined in

(A.1.20).

We now turn to the lower bound. For each ℓ ∈ L , let {y(ℓ)i }i∈[nℓ] be a collection of

realizations sampled from the random variables {Y(ℓ)
i }i∈[nℓ], satisfying

∑
ℓ∈L

nℓ

∑
i=1

c(ℓ)i y(ℓ)i ≤ xN = δ · (1+o(1)) ·gN ·qN . (A.1.23)

Such a collection of {y(ℓ)i }i∈[nℓ] do exists. Recall that f ′(t⋆) = 0 for some t⋆ > 0, which is

equivalent to

∑
ℓ∈L

nℓ

∑
i=1

c(ℓ)i α
(ℓ)
i ρ

(ℓ)
i e−c(ℓ)i t⋆ = δ.

For each ℓ∈L and i∈ [nℓ] , let y(ℓ)i =(1−o(1)) ·τ(ℓ)i gNqN where we denote τ
(ℓ)
i :=α

(ℓ)
i ρ

(ℓ)
i e−c(ℓ)i t⋆ .
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Obviously, the so constructed collection of samples satisfies (A.1.23), and we have

P(XN ≤ xN)≥∏
ℓ∈L

nℓ

∏
i=1

P(Y(ℓ)
i = y(ℓ)i ) = ∏

ℓ∈L

nℓ

∏
i=1

(N(ℓ)
i

y(ℓ)i

)
(p(ℓ)i )y(ℓ)i (1− p(ℓ)i )N(ℓ)

i −y(ℓ)i . (A.1.24)

Note that y(ℓ)i ≪
√

N(ℓ)
i since gN ≪ N log−2(N), then by Lemma D.1.3,

log

(N(ℓ)
i

y(ℓ)i

)
(p(ℓ)i )y(ℓ)i (1− p(ℓ)i )N(ℓ)

i −y(ℓ)i


≥y(ℓ)i log

(
eN(ℓ)

i

y(ℓ)i

)
− 1

2
log(y(ℓ)i )− 1

12y(ℓ)i

− log(4
√

2π)

+ y(ℓ)i log(p(ℓ)i )+(N(ℓ)
i − y(ℓ)i ) log(1− p(ℓ)i )

=y(ℓ)i log

(
eN(ℓ)

i p(ℓ)i

(1− p(ℓ)i )y(ℓ)i

)
+N(ℓ)

i log(1− p(ℓ)i )− 1
2

log(y(ℓ)i )− 1

12y(ℓ)i

− log(4
√

2π) .

Moreover, we know that

y(ℓ)i log

(
eN(ℓ)

i p(ℓ)i

(1− p(ℓ)i )y(ℓ)i

)
= (1−o(1))gN ·qN · τ

(ℓ)
i log

(
eα

(ℓ)
i ρ

(ℓ)
i

τ
(ℓ)
i

)
,

N(ℓ)
i log(1− p(ℓ)i ) =−(1+o(1))gN ·qN ·α

(ℓ)
i ρ

(ℓ)
i ,

(
log(1− x) =−x for x = o(1)

)
,

1
2

log(y(ℓ)i )− 1

12y(ℓ)i

− log(4
√

2π) = o(gN ·qN) .

Consequently, by taking logarithm on both side of (A.1.24), we have

logP(XN ≤ xN)≥−(1+o(1))gN ·qN

(
∑
ℓ∈L

nℓ

∑
i=1

[
α
(ℓ)
i ρ

(ℓ)
i − τ

(ℓ)
i log

(
eα

(ℓ)
i ρ

(ℓ)
i

τ
(ℓ)
i

)])
.
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Plugging the facts τ
(ℓ)
i = α

(ℓ)
i ρ

(ℓ)
i e−c(ℓ)i t⋆ and ∑

ℓ∈L

nℓ
∑

i=1
c(ℓ)i α

(ℓ)
i ρ

(ℓ)
i e−c(ℓ)i t⋆ = δ, we have

∑
ℓ∈L

nℓ

∑
i=1

[
α
(ℓ)
i ρ

(ℓ)
i − τ

(ℓ)
i log

(
eα

(ℓ)
i ρ

(ℓ)
i

τ
(ℓ)
i

)]
= ∑

ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i ρ

(ℓ)
i

[
1− (1+ c(ℓ)i t⋆)e−c(ℓ)i t⋆

]
= −∑

ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i ρ

(ℓ)
i c(ℓ)i e−c(ℓ)i t⋆ · t⋆+ ∑

ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i ρ

(ℓ)
i · (1− e−c(ℓ)i t⋆)

= −δt⋆+ ∑
ℓ∈L

nℓ

∑
i=1

α
(ℓ)
i ρ

(ℓ)
i (1− e−c(ℓ)i t⋆) = f (t⋆) = D .

Therefore, by taking infimum of both sides, we have

liminf
N→∞

logP(XN ≤ xN)

gN ·qN
≥−D ,

which complete the proof for the desired lower bound.

A.2 Proofs in Section 2.4

A.2.1 Preliminary results

The analysis of Theorem 2.2.4 replies heavily on Lemmas 2.4.2, A.2.1 and Theorem 3.4.2,

which are the key ingredients to generalize the result from uniform hypergraphs to non-uniform

hypergraphs.

Lemma A.2.1 (Row concentration). Following the conventions in model 2.1.3, let p(ℓ)e denote

the probability of the ℓ-hyperedge e being sampled. Denote

p(ℓ) = max
e∈[V ]ℓ

p(ℓ)e , ρN := N ∑
ℓ∈L

p(ℓ)
(

N−2
ℓ−2

)
. (A.2.1)

Denote (1∨ x) = max{1,x}. For some constant c > 0, define the function

ϕ(x) = (5+ c) · [1∨ log(1/x)]−1. (A.2.2)
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For any non-zero w ∈ RN , define the map ζ(w,c) : RN×R 7→ R as

ζ(w,c) = ϕ

( ∥w∥2√
N∥w∥∞

)
· ∥w∥∞ρN . (A.2.3)

Then for any v ∈ V and w ∈ RN independent of (A−A⋆)v:, when ρN ≳ log(N), the following

event holds with probability at least 1−2N−3−c

|(A−A⋆)v: w| ≤ ζ(w,c). (A.2.4)

Proof of Lemma A.2.1. Without loss of generality, we assume ∥w∥∞ = 1 since rescaling w does

not change the event (A.2.4). Let [V ]ℓ denote the family of ℓ-subsets of V , i.e., [V ]ℓ = {T |T ⊆

V , |T |= ℓ}. By definition (2.1.4) of the adjacency matrix A, we have

Sv := (A−A⋆)v: w =
|V |

∑
j=1

(Av j−EAv j)w j =
|V |

∑
j=1

w j1{{v̸= j}} ·∑
ℓ∈L

∑
e∈[V ]ℓ

e⊃{v, j}

(A(ℓ)
e −EA(ℓ)

e )

Due to the independence between hyperedges and Markov inequality, for any t > 0, we have

P(Sv ≥ δ) = P(etSv ≥ etδ)≤ e−tδ
|V |

∏
j=1, j ̸=v

∏
ℓ∈L

∏
e∈[V ]ℓ

e⊃{v, j}

Eexp[tw j(A
(ℓ)
e −EA(ℓ)

e )]. (A.2.5)

For simplicity, let p(ℓ)e denote the probability of the ℓ-hyperedge e being generated, then

Eexp[tw j(A
(ℓ)
e −EA(ℓ)

e )]

= p(ℓ)e etw j(1−p(ℓ)e )+(1− p(ℓ)e )e−tw j p(ℓ)e = e−tw j p(ℓ)e [1− p(ℓ)e + p(ℓ)e etw j ]

≤ exp
(
− tw j p

(ℓ)
e + p(ℓ)e (etw j −1)

)
= exp

(
− p(ℓ)e (1+ tw j− etw j)

)
≤ exp

(et∥w∥∞

2
t2w2

j p(ℓ)e

)

where we use the facts 1+ x≤ ex ≤ 1+ x+ er

2 x2 for |x| ≤ r in the last two inequalities. Taking
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the logarithm of P(S≥ δ) and plugging in ∥w∥∞ = 1, we have

logP(Sv ≥ δ)≤ − tδ+
|V |

∑
j=1

1{{v̸= j}} ·∑
ℓ∈L

∑
e∈[V ]ℓ

e⊃{v, j}

et∥w∥∞

2
t2w2

j p(ℓ)e (A.2.6)

≤ − tδ+
et

2
t2

∑
ℓ∈L

p(ℓ) ∑
e∈[V ]ℓ

e⊃{v, j}

|V |

∑
j=1, j ̸=v

w2
j (A.2.7)

≤ − tδ+
et

2
t2∥w∥2

2 ·∑
ℓ∈L

p(ℓ)
(

N−2
ℓ−2

)
≤−tδ+

et

2
t2∥w∥2

2 ·ρN , (A.2.8)

where the last two lines hold since the cardinality of ℓ-hyperedges with e ⊃ {v, j} is at most(N−2
ℓ−2

)
and

|V |
∑

j=1, j ̸=v
w2

j ≤ ∥w∥2
2 with the definition of ρN (2.4.4). We take t = 1∨ log(

√
N/∥w∥2)

and note that log(
√

N/∥w∥2)≥ 0 since ∥w∥2 ≤
√

N∥w∥∞ =
√

N, then t ≤ 1+ log(
√

N/∥w∥2).

Also, (1∨ logx)2 ≤ x for x≥ 1, then

et

2
t2∥w∥2

2 ≤
e
√

N
2

t2∥w∥2 =
e
√

N
2
∥w∥2

[
1∨ log

( √N
∥w∥2

)]2
≤ en

2
. (A.2.9)

To conclude the result, for some constant c > 0, we take

δ = ϕ

(∥w∥2√
N

)
·N ·∑

ℓ∈L
p(ℓ)
(

N−2
ℓ−2

)
= ϕ

(∥w∥2√
N

)
ρN . (A.2.10)

Therefore,

logP(Sv ≥ δ)≤
(
− (5+ c)+

e
2

)
ρN ≤−(3+ c)ρN ≲−(3+ c)qN . (A.2.11)

By replacing w with −w, the similar bound for lower tail could be obtained.

A.2.2 Leave-one-out analysis

Leave-one-out analysis is a powerful tool in the area of random matrix theory when

analyzing the resolvent of matrices by applying Schur complement formula [26]. We adapt

146



this idea to our problem. For each ℓ ∈ L , define N auxiliary tensors A(ℓ,−1), . . . A(ℓ,−N), where

A(ℓ,−v) ∈ (R|V |)⊗ℓ is obtained by zeroing out the hyperedges containing v. Let A(ℓ,−v) denote

the adjacency matrix obtained from A(ℓ,−v), and define

A(−v) = ∑
ℓ∈L

A(ℓ,−v). (A.2.12)

The rest of this section is devoted to presenting results concerning A,A⋆ and A(−v), in preparation

for the proof of Proposition 2.4.1 in the next subsection.

Lemma A.2.2. Deterministically, ∥A⋆∥2→∞ ≲ ρN/
√

N. With probability at least 1−O(N−10),

∥A∥2→∞ ≲
√

ρN +ρN/
√

N. (A.2.13)

For each v ∈ V , the following holds with probability at least 1−O(N−10)

∥A−A(−v)∥≲ ∥A∥2→∞, ∥A(−v)−A⋆∥≲ 2
√

ρN +ρN/
√

N. (A.2.14)

Proof of Lemma A.2.2. Let p(ℓ) = maxe p(ℓ)e , then A⋆
i j = E[Ai j]≤ ∑

ℓ∈L
p(ℓ)
(N−2
ℓ−2

)
for each i ̸= j.

According to definition of ρN in (2.4.4), we have ρN ≍ N ∑
ℓ∈L

p(ℓ)
(N−2
ℓ−2

)
. The proof of the first

sentence is finished by definition, since

∥A⋆∥2→∞ = max
∥x∥2=1

∥A⋆x∥∞ = max
i∈V
∥A⋆

i:∥2 ≤
√

N ∑
ℓ∈L

p(ℓ)
(

N−2
ℓ−2

)
≍ ρN√

N
. (A.2.15)

For the second argument, note that ∥A∥2→∞ ≤ ∥A∥, then by Theorem 3.4.2, the following hold

with probability at least 1−O(N−10)

∥A∥2→∞ ≤∥A−A⋆∥2→∞ +∥A⋆∥2→∞ ≤ ∥A−A⋆∥+∥A⋆∥2→∞ ≲
√

ρN +ρN/
√

N. (A.2.16)

For the last part, recall the definition of A(−v) in (A.2.12), then (A−A(−v))v: = Av: while for
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i ̸= v,

(A−A(−v))i j = 1{i ̸= j} ·∑
ℓ∈L

∑
e∈Eℓ

e∋v, e⊃{i, j}

A(ℓ)
e . (A.2.17)

Also, the hyperedge e⊃ {i,v} is counted ℓ−1 times in ith row, then

∥(A−A(−v))i:∥2 ≤ ∥(A−A(−v))i:∥1 = ∑
ℓ∈L

(ℓ−1)Aiv. (A.2.18)

Since L is finite, then

∥A−A(−v)∥2 ≤∥A−A(−v)∥2
F =

|V |

∑
i=1
∥(A−A(−v))i:∥2

2 = ∥Av:∥2
2 +∑

i ̸=v
∥(A−A(−v))i:∥2

2

≤∥Av:∥2
2 +∑

i ̸=v

(
∑
ℓ∈L

(ℓ−1)Aiv

)2
= ∥Av:∥2

2 +
(

∑
ℓ∈L

(ℓ−1)
)2
·∑

i̸=v
A2

iv

≤
((

∑
ℓ∈L

(ℓ−1)
)2

+1
)
· ∥Av:∥2

2 ≲ ∥A∥2→∞.

Consequently, with probability at least 1−O(N−10),

∥A(−v)−A⋆∥ ≤∥A(−v)−A∥+∥A−A⋆∥≲ ∥A∥2→∞ +∥A−A⋆∥≲ ρN/
√

N +2
√

ρN .

Let {λi}
|V |
i=1, {λ(−v)

i }|V |i=1 and {λ⋆
i }
|V |
i=1 denote the eigenvalues of A, A(−v) and A⋆ respec-

tively, where the eigenvalues are sorted in the decreasing order.

Corollary A.2.3. For each i ∈ V , the following holds with probability at least 1−O(N−10),

|λi−λ
(−v)
i |≲

√
ρN +ρN/

√
N, |λ⋆

i −λ
(−v)
i |≲ 2

√
ρN +ρN/

√
N, |λi−λ

⋆
i |≲
√

ρN .
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In particular in our model 2.1.3, with probability at least 1−O(N−10),

|λi| ≍ |λ⋆
i | ≍ |λ

(−v)
i | ≍ ρN , i = 1,2.

Proof of Corollary A.2.3. By Weyl’s inequality D.2.1 and Lemma A.2.2, for any i ∈ V ,

|λi−λ
(−v)
i | ≤∥A−A(−v)∥≲

√
ρN +ρN/

√
N, |λi−λ

⋆
i | ≤ ∥A−A⋆∥≲

√
ρN ,

|λ⋆
i −λ

(−v)
i | ≤∥A⋆−A(−v)∥≲ 2

√
ρN +ρN/

√
N.

For the second part, ρN ≳ log(N), then the result follows since
√

ρN ≪ ρN and ρN/
√

N ≪

ρN .

Lemma A.2.4. Under model (2.1.3), the following holds with probability at least 1−O(N−10),

max
v∈V
∥s(−v)u(−v)− su∥2 ≲ ∥u∥∞, (A.2.19a)

max
v∈V
∥s(−v)u(−v)−u⋆∥2 ≲

1
√

ρN
+

1√
N
, (A.2.19b)

max
v∈V
∥s(−v)u(−v)−u⋆∥∞ ≲ ∥u∥∞ +

1√
N
. (A.2.19c)

Proof of Lemma A.2.4. First, let δ = mini̸=2 |λ
(−v)
i −λ| denote the absolute eigen gap, then by

generalized Davis-Kahan Lemma D.2.4 where we take D = IN , Λ = λ
(−v)
2 , U = s(−v)u(−v),

P = IN−UUT, λ̂ = λ, û = su, we have

∥s(−v)u(−v)− su∥2 ≤
√

2∥Pu∥2 ≤
√

2∥(A(−v)−λIN)u∥2

δ
=

√
2∥(A(−v)−A)u∥2

δ
(A.2.20)

By Weyl’s inequality Lemma D.2.1 and Corollary A.2.3, the following holds with probability at
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least 1−O(N−10),

δ = min
i ̸=2
|λ(−v)

i −λ|= min
{
|λ(−v)

3 −λ|, |λ(−v)
1 −λ|

}
≥min

{
|λ3−λ|, |λ1−λ|

}
−∥A−A(−v)∥

≥min
{
|λ⋆

3−λ
⋆|, |λ⋆

1−λ
⋆|
}
−2∥A−A⋆∥−∥A−A(−v)∥≳ ρN , (A.2.21)

where the last line holds by Theorem 3.4.2 and Lemma A.2.2. Let w = (A−A(−v))u. Note that

∥(A−A(−v))i·∥1 = ∑
ℓ∈L

(ℓ−1)Aiv for i ̸= v, then

|wv|= |(Au)v|= |λ| · |uv| ≤ |λ| · ∥u∥∞,

|wi|= |[(A−A(−v))u]i| ≤ ∥(A−A(−v))i·∥1 · ∥u∥∞ = ∑
ℓ∈L

(ℓ−1)Aiv · ∥u∥∞, i ̸= v.

Again by Lemmas A.2.2, A.2.3, with probability at least 1−O(N−10),

∥(A−A(−v))u∥2
2 ≤
(
|λ|2 +∑

i̸=v

(
∑
ℓ∈L

(ℓ−1)Aiv

)2
)
· ∥u∥2

∞

≲
(
|λ⋆|2 +∥A∥2→∞) · ∥u∥2

∞ ≲ ρ
2
N · ∥u∥2

∞.

Therefore, by plugging in the lower bound of δ (A.2.21) into (A.2.20), we have

∥s(−v)u(−v)− su∥2 ≲ ∥u∥∞.

For the second part, s(−v)(u(−v))Tu⋆ ≥ 0 by (A.2.30). Let δ⋆ = min{|λ⋆
3−λ⋆

2|, |λ⋆
1−λ⋆

2|} ≍ ρN ,

then by Davis-Kahan Lemma D.2.3 and Lemma A.2.2, for any v ∈ V , the following holds with

probability at least 1−O(N−10),

∥s(−v)u(−v)−u⋆∥2 ≤
4∥A(−v)−A⋆∥

δ⋆
≲

2
√

ρN + ρN√
N

ρN
≲

1
√

ρN
+

1√
N
,

150



Note that ∥x∥∞ ≤ ∥x∥2 for any x ∈ RN , then

∥s(−v)u(−v)−u⋆∥∞ ≤∥s(−v)u(−v)− su∥∞ +∥u∥∞ +∥u⋆∥∞

≤∥s(−v)u(−v)− su∥2 +∥u∥∞ +∥u⋆∥∞ ≲ ∥u∥∞ +∥u⋆∥∞,

and the desired result follows since ∥u⋆∥∞ = 1/
√

N by definition of our model.

Lemma A.2.5. The following holds with probability at least 1−O(N−3),

max
v∈V
|Av:(s(−v)u(−v)−u⋆)|≲ ρN

log(ρN)
·
(
∥u∥∞ +

1√
N

)
.

Proof of Lemma A.2.5. By definition of A(−v) in (A.2.12), the vector u(−v) and the row Av: are

independent. Also, u⋆ is independent of A as well since it is a constant vector. For ease of

presentation, we denote w(−v) := s(−v)u(−v)−u⋆. Then w(−v) is independent of Av:. By triangle

inequality,

|Av:w(−v)| ≤ |A⋆
v:w

(−v)|︸ ︷︷ ︸
1

+ |(Av:−A⋆
v:)w

(−v)|︸ ︷︷ ︸
2

. (A.2.22)

The first term 1 can be bounded by Lemmas A.2.2,A.2.4 as follows

1 ≤ ∥A⋆∥2→∞ · ∥w(−v)∥2 ≤
ρN√

N
∥u∥∞. (A.2.23)

The second term 2 can be bounded by row concentration Lemma A.2.1,

|(Av:−A⋆
v:)w

(−v)| ≤ ζ(w,c) = ϕ

( ∥w(−v)∥2√
N∥w(−v)∥∞

)
· ∥w(−v)∥∞ρN . (A.2.24)

By the union bound, the event (A.2.4) holds simultaneously for all v ∈ V with probability at
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least 1−O(N−2). Define

γN =
C(3.4.3)√

ρN
. (A.2.25)

We present the discussions based on the magnitude of ∥w(−v)∥2√
N∥w(−v)∥∞

. Recall function ϕ(x) in

(A.2.2).

• ∥w(−v)∥2√
N∥w(−v)∥∞

≤ γN . Note that ϕ(x) : R+ 7→ R+ is non-decreasing, then

|(Av:−A⋆
v:)w

(−v)| ≤ ϕ(γN) · ∥w(−v)∥∞ ·ρN . (A.2.26)

• ∥w(−v)∥2√
N∥w(−v)∥∞

> γN . Note that ϕ(x)/x : R+ 7→ R+ is non-increasing, then ϕ(x)≤ xϕ(γN)/γN

for any x > γN , thus

|(Av:−A⋆
v:)w

(−v)| ≤ ϕ(γN)

γN
· ∥w

(−v)∥2√
N

·ρN (A.2.27)

Combining the bounds above and Lemma A.2.4, for each v∈V , the second term can be bounded

as

2 = |(Av:−A⋆
v:)w

(−v)| ≤ ϕ(γN)ρN ·max
{
∥w(−v)∥∞,

∥w(−v)∥2

γN
√

N

}
≲ϕ(γN)ρN ·max

{
∥u∥∞ +∥u⋆∥∞ ,

1√
N

}
≲

ρN

log(ρN)
· (∥u∥∞ +∥u⋆∥∞),

where the last inequality holds since
√

N∥u∥∞ ≥ ∥u∥2 = 1 and ϕ(γN)≍ [1∨ log(ρN)]
−1. Conse-

quently, combining the terms 1 and 2 , we have

max
v∈V
|Av:(s(−v)u(−v)−u⋆)|≲

(
ρN√

N
+

ρN

log(ρN)

)
· (∥u∥∞ +∥u⋆∥∞),

and the desired result follows since ∥u⋆∥∞ = 1/
√

N.
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Lemma A.2.6. With probability at least 1−O(N−2),

∥Au⋆∥∞ ≲
ρN√

N
. (A.2.28)

Proof of Lemma A.2.6. We first prove ∥(A−A⋆)u⋆∥∞ ≲ ρN/
√

N as an intermediate result. By

row concentration Lemma A.2.1, for each v ∈ V , with probability at least 1−O(N−3),

|(A−A⋆)v:u⋆| ≤ ϕ

( ∥u⋆∥2√
N∥u⋆∥∞

)
· ∥u⋆∥∞ρN ≲

ρN√
N
,

where the last equality holds since ∥u⋆∥2 = 1, ∥u⋆∥∞ = 1/
√

N and ϕ(1) = 5+ c = O(1) for

some constant c > 0. Then it follows by the union bound. Note that ∥A⋆∥2→∞ ≲ ρN/
√

N by

Lemma A.2.2, then by triangle inequality, with probability at least 1−O(N−2),

∥Au⋆∥∞ ≤ ∥(A−A⋆)u⋆∥∞ +∥A⋆u⋆∥∞ ≲
ρN√

N
+∥A⋆∥2→∞∥u⋆∥2 ≲

ρN√
N
.

A.2.3 Proof of Proposition 2.4.1

Proof of Proposition 2.4.1. Recall that {(λi,ui)}
|V |
i=1, {(λ⋆

i ,u⋆
i )}
|V |
i=1 and {(λ(−v)

i ,u(−v)
i )}|V |i=1 are

eigenpairs of A, A⋆ and A(−v) respectively, with the eigenvalues sorted in the decreasing order.

We are in particular interested in the second eigenpairs. For notation convenience, we denote

λ = λ2, λ⋆ = λ⋆
2, λ(−v) = λ

(−v)
2 and u = u2, u⋆ = u⋆

2, u(−v) = u(−v)
2 . We first prove that the

eigenvector u is delocalized, i.e.,

∥u∥∞ ≲ 1/
√

N. (A.2.29)
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Note that ⟨u⋆,u⋆⟩= 1 > 0. Define the following sign functions for u and u(−v),

s = sign(⟨u,u⋆⟩), s(−v) = sign(⟨u(−v),u⋆⟩), (A.2.30)

Then suTu⋆ ≥ 0 and s(−v)(u(−v))Tu⋆ ≥ 0. Meanwhile (λ⋆)−1 ≍ (λ)−1 by Corollary A.2.3, then

∥u∥∞ =
∥∥∥s

Au
λ

∥∥∥
∞

≤
∥∥∥A(su−u⋆)

λ

∥∥∥
∞

+
∥∥∥Au⋆

λ

∥∥∥
∞

≲ |λ⋆|−1
(

max
v∈V
|Av:(su−u⋆)|+∥Au⋆∥∞

)
≤|λ⋆|−1

(
max
v∈V
|Av:(su− s(−v)u(−v))|+max

v∈V
|Av:(s(−v)u(−v)−u⋆)|+∥Au⋆∥∞

)
≤|λ⋆|−1

(
∥A∥2→∞∥su− s(−v)u(−v)∥2 +max

v∈V
|Av:(s(−v)u(−v)−u⋆)|+∥Au⋆∥∞

)
≲ρ
−1
N

[
(
√

ρN +
ρN√

N
)∥u∥∞ +

ρN

log(ρN)
·
(
∥u∥∞ +

1√
N

)
+

ρN√
N

]
,

where the last inequality holds by Lemmas A.2.3, A.2.4, A.2.5, A.2.6. By rearranging the terms

on both sides,

(
1− 1
√

ρN
− 1√

N
− 1

log(ρN)

)
· ∥u∥∞ ≲

(
1+

1
log(ρN)

) 1√
N
. (A.2.31)

Then (A.2.29) follows since ρN ≳ log(N). Following the same strategy, we have

∥∥∥su− Au⋆

λ⋆

∥∥∥
∞

=
∥∥∥s

Au
λ
− Au⋆

λ
+

Au⋆

λ
− Au⋆

λ⋆

∥∥∥
∞

≤ ∥A(su−u⋆)∥∞

|λ|
+
|λ−λ⋆|
|λ| · |λ⋆|

· ∥Au⋆∥∞,

where the first term can be bounded as before. For the second term, by Corollary A.2.3, one has

|λ−λ⋆|
|λ| · |λ⋆|

≲
√

ρN

ρ2
N

= (ρN)
−3/2. (A.2.32)
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Then it follows that with probability at least 1−O(N−2),

∥∥∥su− Au⋆

λ⋆

∥∥∥
∞

≲ρ
−1
N

[
(
√

ρN +
ρN√

N
)∥u∥∞ +

ρN

log(ρN)
·
(
∥u∥∞ +

1√
N

)]
+(ρN)

−3/2 ρN√
N

≲
( 1
√

ρN
+

1√
N
+

2
log(ρN)

+
1
√

ρN

)
· 1√

N
≲

1√
N · log(ρN)

,

where the last inequality holds since the term [log(ρN)]
−1 dominates.

A.3 Analysis of spectral method via normalized graph
Laplacian

This section is devoted to the performance analysis of Algorithm 2.2.1 when the input

is normalized graph Laplacian L = D−1/2AD−1/2. We will show that the spectral method can

achieve the same performance as the adjacency matrix A in Appendix A.2. For the sake of

simplicity, we only outline the differences in the proofs.

A.3.1 Generalized eigenvalue problem

We define Dv =
|V |
∑
j=1

Av j for each v ∈ V , and the diagonal matrix D = diag{D1, . . . ,DN}.

By definition, Dv ≥ 0 for each v ∈ V . We say (λ,u) with ∥u∥2 = 1 is an eigenpair of (A,D) if

Au = λDu. (A.3.1)

With a slightly abuse of notation, let D−1 denote the Moore-Penrose inverse of D, that is,

(D−1)vv = (Dv)
−1 if Dv ̸= 0, otherwise (D−1)vv = 0, which happens only if Av j = 0 for each

j ∈ V .

The normalized Laplacian is defined as L = D−1/2AD−1/2, where similarly, (D−1/2)vv =

(Dv)
−1/2 if Dv ̸= 0, otherwise (D−1/2)vv = 0. Meanwhile,

Au = λDu ⇐⇒ D−1/2AD−1/2 D1/2u = λD1/2u ⇐⇒ LD1/2u = λD1/2u, (A.3.2)
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where D1/2u and u share the same sign entrywisely, then it suffices to study the generalized

eigenvalue problem (A.3.1) if one is interested in the spectral properties of graph Laplacian L.

Analogously, following the ideas in Appendix A.2, the expected and the leave-one-out

versions are

D⋆
vv =

|V |

∑
J=1

A⋆
v j, D⋆ = diag(D⋆

11, . . . ,D
⋆
nn), L⋆ = (D⋆)−1/2A⋆(D⋆)−1/2,

D(−v)
uu =

|V |

∑
J=1

A(−v)
u j , D(−v) = diag(D(−v)

11 , . . . ,D(−v)
nn ), L(−v) = (D(−v))−1/2A(−v)(D(−v))−1/2.

In this section, let {(λi,ui)}
|V |
i=1, {(λ⋆

i ,u⋆
i )}
|V |
i=1 and {(λ(−v)

i ,u(−v)
i )}|V |i=1 denote the eigen-

pairs of the following generalized eigenvalue problems, respectively

Au = λDu, A⋆u⋆ = λD⋆u, A(−v)u = λD(−v)u, (A.3.3)

where the eigenvalues are sorted in the decreasing order. We then introduce the following

analogous results.

Lemma A.3.1. Suppose that DAM = 1+ δ for some constant δ > 0, then Dv ≥ ερN for each

v ∈ V with probability at least 1−N−DAM+δ/2 for some constant ε > 0 depending on δ, α and β

in (2.4.1). Furthermore, Dmin = minv∈V Dv ≳ ρN .

Proof of Lemma A.3.1. The proof follows similarly as the proof for Lemma 2.4.2. For some

ε > 0, P(Dv < ερN)≤ P(
√

Nyv(Au⋆
2)v ≤ δρN)≤ N−DAM+δ/2 when δ = DAM−1 > 0.

Corollary A.3.2. Following the conventions in Theorem 3.4.2, suppose that DAM = 1+δ for

some constant δ > 0, then with probability at least 1−N−DAM+δ/2,

∥D−1A− (D⋆)−1A⋆∥ ≤ C(A.3.2)/
√

ρN . (A.3.4)
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Proof of Corollary A.3.2. By triangle inequality

∥D−1A− (D⋆)−1A⋆∥ ≤ ∥D−1A−D−1A⋆+D−1A⋆− (D⋆)−1A⋆∥

≤∥D−1∥ · ∥A−A⋆∥+∥(D−1− (D⋆)−1)A⋆∥

where ∥D−1∥= (Dmin)
−1 ≲ ρ

−1
N by Lemma A.3.1 and ∥A−A⋆∥≲√ρN by Theorem 3.4.2. For

the second term, recall the definitions of α,β in (2.4.1) and ρN in (2.4.4), then with probability

at least 1−N−DGH+δ/2,

∥(D−1− (D⋆)−1)A⋆∥2 ≤ ∥(D−1− (D⋆)−1)A⋆∥2
F

≤
|V |

∑
i=1

(D−1
ii − (D⋆

ii)
−1)2

|V |

∑
j=1

α
2 ≤ Nα2

D2
min · (D⋆

ii)
2

|V |

∑
i=1

(Dii−D⋆
ii)

2

≲
Nα2

D2
min · (D⋆

ii)
2

|V |

∑
i=1

|V |

∑
k=1

(Aik−A⋆
ik)

2 ≤ Nα2

D2
min · (D⋆

ii)
2
∥A−A⋆∥2

F

≤ N2α2

D2
min · (D⋆

ii)
2
∥A−A⋆∥2

2 ≲
1

ρN
,

where the last inequality holds by Theorem 3.4.2 since Dmin ≳ ρN by Lemma A.3.1, D⋆
ii = ρN

and Nα≍ ρN . The desired result follows by combining the two estimates above.

Lemma A.3.3. Deterministically, ∥(D⋆)−1A⋆∥2→∞ ≲ 1/
√

N. Suppose that DAM = 1+ δ for

some δ > 0, then with probability at least 1−N−DAM+δ/2,

∥D−1A∥2→∞ ≲ 1/
√

ρN +1/
√

N. (A.3.5)

For each v ∈ V , the following holds with probability at least 1−N−DAM+δ/2

∥D−1A− (D(−v))−1A(−v)∥≲ ∥D−1A∥2→∞,

∥(D(−v))−1A(−v)− (D⋆)−1A⋆∥ ≤ 2/
√

ρN +1/
√

N.
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Proof of Lemma A.3.3. By Lemma A.2.2, ∥A⋆∥2→∞ ≤ ρN/
√

N, the first result then follows

since D⋆ = diag(ρN , . . . ,ρN). The remaining results follows the same arguments as in the proof

of Lemma A.2.2, and the lower bound of the minimum degree in D, as well as the lower bound

of non-zero entries in D(−v) (for the sake of Moore-Penrose inverse).

Corollary A.3.4. For each i ∈ V , the following holds with probability at least 1−N−DAM+δ/2,

|λi−λ
⋆
i |≲

1
√

ρN
, |λi−λ

(−v)
i |≲ 1

√
ρN

+
1√
N
, |λ⋆

i −λ
(−v)
i |≲ 2

√
ρN

+
1√
N
. (A.3.6)

In particular in our model 2.1.3, with probability at least 1−N−DGH+δ/2,

|λi| ≍ |λ⋆
i | ≍ |λ

(−v)
i | ≍ 1, i = 1,2. (A.3.7)

|λi| ≍ |λ⋆
i | ≍ |λ

(−v)
i | ≍ 1

√
ρN

, i = 3, . . . ,N. (A.3.8)

Proof of Corollary A.3.4. By Weyl’s inequality D.2.1 and Corollary A.3.2, for any i ∈ V ,

|λi−λ
⋆
i | ≤ ∥D−1A− (D⋆)−1A⋆∥≲ 1/

√
ρN . (A.3.9)

The remaining result follows as well by Lemma A.3.3 and Lemma D.2.1.

A.3.2 Proof of algorithm functionality

Following the approach in Section 2.4, we use 1
λ2
(ED)−1Au2 as the pivot vector. Propo-

sition A.3.5 provides an analogous result to Proposition 2.4.1. Using the analytical framework

established for proving Theorem 2.2.4, we show that Algorithm 2.2.1 achieves identical perfor-

mance regardless of whether the input is the normalized graph Laplacian L or the adjacency

matrix A.

Proposition A.3.5. Suppose DAM = 1+δ for some constant δ > 0, then with probability at least
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1−N−DAM+δ/2

√
N · min

s∈{±1}
∥su2−

1
λ2

(ED)−1Au2∥∞ ≤C/ log(ρN). (A.3.10)

Proof of Proposition A.3.5. We first show that the eigenvector u2 is delocalized, i.e., ∥u2∥∞ ≲

N−1/2. For convenience in notation, we denote λ = λ2, λ⋆ = λ⋆
2, λ(−v) = λ

(−v)
2 and u = u2,

u⋆ = u⋆
2, u(−v) = u(−v)

2 . By Corollary A.3.4, we then have

∥u∥∞ = ∥sD−1Au/λ∥∞

≤|λ|−1 ·
(
∥D−1A(su−u⋆)∥∞ +∥D−1Au⋆∥∞

)
≲ |λ⋆|−1 ·

(
max
v∈V
|D−1Av:(su−u⋆)|+∥D−1Au⋆∥∞

)
≲ |λ⋆|−1 ·

(
∥D−1A∥2→∞ · ∥su− s(−v)u(−v)∥2 +max

v∈V
|D−1Av:(s(−v)u(−v)−u⋆)|+∥D−1Au⋆∥∞

)
≲
[( 1
√

ρN
+

1√
N

)
∥u∥∞ +

1
log(ρN)

·
(
∥u∥∞ +

1√
N

)
+

1√
N

]

where in the second to last line, the first term could be bounded by Lemma A.3.6 and Lemma

A.3.3, while the last two terms can still be bounded by arguments combining lower bound of

entries in D and Lemmas A.2.5, A.2.6, respectively. By rearranging terms, one could prove
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∥u∥∞ ≲ 1/
√

N. Similarly, with the help from Lemmas A.2.4, A.2.5, A.2.6

∥∥∥su− (ED)−1Au⋆

λ⋆

∥∥∥
∞

=
∥∥∥s

D−1Au
λ
− D−1Au⋆

λ
+

D−1Au⋆

λ
− (ED)−1Au⋆

λ⋆

∥∥∥
∞

≲ |λ⋆|−1∥D−1A(su−u⋆)∥∞ + |λ⋆|−1∥D−1− (ED)−1∥ · ∥Au⋆∥

≲ |λ⋆|−1 ·
(
∥D−1A∥2→∞ · ∥su− s(−v)u(−v)∥2 +max

v∈V
|D−1Av:(s(−v)u(−v)−u⋆)|

)
+ |λ⋆|−1 |Dmin−EDv|

|Dmin| · |EDv|
· ∥Au⋆∥

≲
[( 1
√

ρN
+

1√
N

)
∥u∥∞ +

1
log(ρN)

·
(
∥u∥∞ +

1√
N

)
+

1√
N

]
+

√
ρN

ρN ·ρN
· ρN√

N

≲
1√

N log(ρN)
,

where in the second to last line, the difference |λ−λ⋆| is controlled by Corollary A.3.4, and a

simple application of Chernoff proves that |Dv−EDv| ≤
√

ρN with high probability for each

v ∈ V .

The thing remaining is to show that the Algorithm 2.2.1 achieves exact recovery when

DAM > 1, which follows exactly as the proof of Theorem 2.2.4.

Lemma A.3.6. Under the setting in Proposition A.3.5,

∥su− s(−v)u(−v)∥2 ≲ ∥u∥∞. (A.3.11)

Proof of Lemma A.3.6. Let δ = mini̸=2 |λ
(−v)
i −λ| denote the absolute eigen gap, then by gen-

eralized Davis-Kahan Lemma D.2.4 where we take A(−v), D(−v), Λ = λ
(−v)
2 , U = s(−v)u(−v),

P = IN−UUT, λ̂ = λ, û = su, we have

∥s(−v)u(−v)− su∥2 ≤
√

2∥Pu∥2 (A.3.12)

≤
√

2 · ∥(D(−v))−1A(−v)−λIN)u∥2

δ
=

√
2 · ∥
[
(D(−v))−1A(−v)−D−1A

]
u∥2

δ
(A.3.13)
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By Lemma D.2.1 and Corollary A.2.3, the following holds with probability at least 1−O(N−10),

δ = min
i ̸=2
|λ(−v)

i −λ|= min
{
|λ(−v)

3 −λ|, |λ(−v)
1 −λ|

}
≥min

{
|λ3−λ|, |λ1−λ|

}
−∥(D(−v))−1A(−v)−D−1A∥

≥min
{
|λ⋆

3−λ
⋆|, |λ⋆

1−λ
⋆|
}
−2∥D−1A− (D⋆)−1A⋆∥−∥(D(−v))−1A(−v)−D−1A∥

≳1,

where the last line holds by Corollary A.3.2. Let w =
[
D−1A− (D(−v))−1A(−v)]u. For i ̸= v,

∥
[
D−1A− (D(−v))−1A(−v)]

i·∥1 = 1{Dii ̸=0} ∑
ℓ∈L

(ℓ−1)Aiv · (Dii)
−1. (A.3.14)

Then

|wv|= |(D−1Au)v|= |λ| · |uv| ≤ |λ| · ∥u∥∞,

|wi|= |
[
D−1Au− (D(−v))−1A(−v)u

]
i| ≤ ∥

[
D−1A− (D(−v))−1A(−v)]

i·∥1 · ∥u∥∞

Again by Corollary A.3.2, Corollary A.3.4, with probability at least 1−O(N−10),

∥(A−A(−v))u∥2
2 ≤
(
|λ|2 +1{Dii ̸=0} ∑

ℓ∈L
(ℓ−1)Aiv · (Dii)

−1
)
· ∥u∥2

∞

≲
(
|λ⋆|2 +∥D−1A∥2→∞) · ∥u∥2

∞ ≲ ·∥u∥2
∞.

Therefore, by plugging in the lower bound for δ (A.2.21) into Equation (A.2.20), we have

∥s(−v)u(−v)− su∥2 ≲ ∥u∥∞. (A.3.15)
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A.4 Performance analysis of SDP

This section is devoted to the performance analysis of the following semidefinite pro-

gramming (SDP).

max ⟨A,X⟩ (A.4.1)

subject to X⪰ 0, ⟨X,11T⟩= 0, Xii = 1, ∀i ∈ V .

Algorithm A.4.1: SDP via adjacency matrix
Data: The adjacency matrix A

1 Solve the SDP (A.4.1) with Σ̂ denoting its solution.
2 Let û denote the eigenvector corresponding to the largest eigenvalue of Σ̂.

Result: V̂+ = {v : sign(ûv)> 0} and V̂− = {v : sign(ûv)< 0}.

Theorem A.4.1. When the adjacency matrix A is used as the input, Algorithm A.4.1 achieves

exact recovery if and only if DAM > 1.

The proof of Theorem A.4.1 is included here for completeness, so that one could wit-

ness the appearance of DAM, while the discrepancy between DAM and DGH could be seen

straightforwardly.

A.4.1 Necessity

The proof strategy follows the same idea as [146, Theorem 8]. Consider the Min-

Bisection problem

max ∑
1≤i< j≤N

xiAi jx j (A.4.2)

subject to x ∈ {±1}|V |, 1Tx = 0.
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Note that any feasible x to (A.4.2) corresponds to a feasible solution X = xxT to (A.4.1).

Consequently, (A.4.1) is a relaxation of (A.4.2) [112]. Let Σ̂ and ŷMB denote the solutions to

(A.4.1) and (A.4.2) respectively. The probability that SDP (A.4.1) fails exact recovery is then

lower bounded by

Pfail = P(Σ̂ ̸= yyT)≥ P(ŷMB ̸=±y). (A.4.3)

Then it suffices to consider the lower bound of the probability that ŷMB fails exact recovery.

Given the adjacency matrix A and the assignment vector x ∈ {±1}|V | with 1Ty = 0, define

g(x) = ∑
1≤i< j≤N

xiAi jx j. (A.4.4)

The failure of ŷMB implies the existence of some ỹ such that g(ỹ)≥ g(y), i.e.,

P(ŷMB ̸=±y) = P
(
∃ỹ s.t. g(ỹ)≥ g(y)

)
. (A.4.5)

Following the same idea as the proof of Theorem 2.2.1, one could construct such ỹ by

swapping signs of a ∈ V+ and b ∈ V− but fixing others in y. Then we have the decomposition

g(y)−g(ỹ) = ∑
1≤i< j≤N

Ai jyiy j− ∑
1≤i< j≤N

Ai jỹiỹ j (A.4.6)

= ∑
1≤i< j≤N

∑
ℓ∈L

∑
e⊃{i, j}

A(ℓ)
e (yiy j− ỹiỹ j) = ∑

ℓ∈L
∑

e∈Eℓ

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j) (A.4.7)

= ∑
ℓ∈L

∑
e∋a, e̸∋b

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j)︸ ︷︷ ︸
Xa

+ ∑
ℓ∈L

∑
e̸∋a,e∋b

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j)︸ ︷︷ ︸
Xb

(A.4.8)

+ ∑
ℓ∈L

∑
e⊃{a,b}

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j)︸ ︷︷ ︸
Xab

. (A.4.9)

Furthermore, the contributions from Xa, Xb and Xab are independent due to the edge indepen-
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dence. For Xab, note that the terms irrelevant to a and b cancel out, since y and ỹ are the same

except a,b. Then for each e ∈ E (r)
ℓ (a) and e⊃ {a,b},

∑
{i, j}⊂e

(yiy j− ỹiỹ j)

=(yayb− ỹaỹb)+ ∑
{i, j}⊂e\{a,b}

(yiy j− ỹiỹ j)

=(yayb− ỹaỹb)+ya ∑
j∈e\{a,b}

y j− ỹa ∑
j∈e\{a,b}

ỹ j +yb ∑
j∈e\{a,b}

y j− ỹb ∑
j∈e\{a,b}

ỹ j

=(yayb− ỹaỹb)+2ya ∑
i∈e\{a,b}

yi +2yb ∑
j∈e\{a,b}

y j

=0+2ya
(
ℓ−2−2r

)
+2yb

(
ℓ−2−2r

)
= 0.

where in the last line, we used the facts that yayb = ỹaỹb and ya +yb = 0.

For Xa, the contributions of the terms irrelevant to a cancels, since y and ỹ are the same

except a,b. If e ∈ E (r)
ℓ (a), then

∑
{i, j}⊂e

(yiy j− ỹiỹ j) = 2ya ∑
i∈e\{a}

yi = 2ya
(
ℓ−1−2r

)
. (A.4.10)

The same argument holds for Xb similarly. Denote Fv := 1{Xv ≤ 0}, then {Fa = 1}∩{Fb =

1} ⇐⇒ g(y) ≤ g(ỹ), and it suffices to show that {Fa = 1} happens with high probability.

However, Fa and Fa′ are not independent for distinct a,a′ ∈ V+ due to the existence of edges

containing a,a′ simultaneously. Following the same strategy in Appendix A.1, let U ⊂ V be a

subset of vertces of size γNN where |U∩V+|= |U∩V−|= γNN/2 with γN = q−3
N and denote
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W (≥2)
ℓ := {e ∈ [V ]ℓ | e contains at least 2 vertices in U} ⊂ Eℓ. We define

Ya = ∑
ℓ∈L

∑
e∩U={a}

e̸∋b

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j), Za = ∑
ℓ∈L

∑
e∈W (≥2)

ℓ
e∋a, e̸∋b

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j),

Yb = ∑
ℓ∈L

∑
e∩U={b}

e̸∋a

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j), Zb = ∑
ℓ∈L

∑
e∈W (≥2)

ℓ
e∋b, e̸∋a

A(ℓ)
e ∑
{i, j}⊂e

(yiy j− ỹiỹ j).

Note that Ya,Yb,Za,Zb are pairwise independent since there is no common edges. Denote events

Aa =1{Ya ≤−ζNqN}, Ja = 1{Za ≤ ζNqN},

Bb =1{Yb ≤−ζNqN}, Jb = 1{Zb ≤ ζNqN},

where we take ζ = (logqN)
−1. Obviously,

{Aa = 1}∩{Ja = 1} =⇒ {Fa = 1}, {Bb = 1}∩{Jb = 1} =⇒ {Fb = 1}.

Let DAM = 1− ε for some absolute ε > 0 and qN = log(N). With proofs deferred later, we have

the following inequalities

∏
a∈V+∩U

P(Aa = 0)≤ exp
(
− 1

2
Nε+o(1)

)
, P(Ja = 0)≤ N−3+o(1). (A.4.11)
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Then the probability of SDP failing exact recovery is lower bounded by

Pfail

=P(Σ̂ ̸= yyT)≥ P(ŷMB ̸=±y) = P
(
∃ỹ s.t. g(ỹ)≥ g(y)

)
≥P
(
∃a ∈ V+, b ∈ V− s.t. {Fa = 1}∩{Fb = 1}

)
= P

(
∪a∈V+

{Fa = 1}
⋂
∪b∈V−{Fb = 1}

)
=P
(
∪a∈V+

{Fa = 1}
⋂
∪b∈V−{Fb = 1}

∣∣{Ja = 1}∩{Jb = 1}
)
·P({Ja = 1}∩{Jb = 1})

≥P
(
∪a∈V+∩U {Aa = 1}

⋂
∪b∈V−∩U{Bb = 1}

∣∣{Ja = 1}∩{Jb = 1}
)
·P({Ja = 1}∩{Jb = 1})

≥P
(
∪a∈V+∩U {Aa = 1}

)
·P
(
∪b∈V−∩U {Bb = 1}

)
·P(Ja = 1) ·P(Jb = 1)

=
(

1− ∏
a∈V+∩U

P(Aa = 0)
)
·
(

1− ∏
b∈V−∩U

P(Bb = 0)
)
·
(

1−P(Ja = 0)
)
·
(

1−P(Jb = 0)
)

≥1−2exp
(
− Nε+o(1)

2

)
−2N−3+o(1)

−2N−3+o(1) · exp(−Nε+o(1))−2N−6+o(1) · exp
(
− Nε+o(1)

2

)
.

Therefore, as N goes to infinity, with probability tending to 1, SDP (A.4.1) fails exact recovery

when DAM < 1.

Proof of (A.4.11). Note that Ya admits the decomposition

Ya = ∑
ℓ∈L

ℓ−1

∑
r=0

c(ℓ)r Y(ℓ)
r , (A.4.12)

where c(ℓ)r = 2ya(ℓ− 1− 2r) and Y(ℓ)
r ∼ Bin(N(ℓ)

r , p(ℓ)r ) with p(ℓ)r = αℓ if r = 0, otherwise

p(ℓ)r = βℓ, and

N(ℓ)
r =

(N
2 −

γNN
2 −1
r

)(N
2 −

γNN
2 −1

ℓ−1− r

)
=
(
1+o(1)

)
· 1

2ℓ−1

(
ℓ−1

r

)(
N−1
ℓ−1

)
, (A.4.13)

Apply Lemma A.1.2 with gN = 1, δ = 0, ρ
(ℓ)
r = 1

2ℓ−1

(ℓ−1
r

)
, and α

(ℓ)
r = aℓ if r = 0, otherwise
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α
(ℓ)
r = bℓ. We then have

P(Aa = 1) = exp
(
− (1+o(1)) ·D ·qN

)
, (A.4.14)

where the rate function D there becomes

D= max
t≥0

(
− tδ+ ∑

ℓ∈L

ℓ−1

∑
r=0

α
(ℓ)
r ρ

(ℓ)
r (1− e−c(ℓ)r t)

)
= max

t≥0
∑
ℓ∈L

1
2ℓ−1

[
aℓ
(
1− e−(ℓ−1)2t)+bℓ

ℓ−1

∑
r=1

(
ℓ−1

r

)(
1− e−(ℓ−1−2r)2t)]

=DAM in (2.1.6).

We take qN = log(N). Since DAM = 1− ε for some absolute ε > 0, by applying 1− x≤ e−x, we

have

∏
a∈V+

P(Aa = 0) = ∏
a∈V+

(
1−P(Aa = 1)

)
≤ (1−N−(1+o(1))·DAM)

N
2 (A.4.15)

≤ exp
(
− 1

2
N1−(1+o(1))·DAM

)
= exp

(
− 1

2
Nε+o(1)

)
. (A.4.16)

The bound for P(Ja = 0) could be obtained similarly by following the same argument in Lemma

2.3.5.

A.4.2 Sufficiency

The proof strategy for sufficiency follows the same idea as [118]. For some ν ∈R, define

S = D−A+ν11T (A.4.17)

Lemma A.4.2 ([118, Lemma 3]). Suppose that there exists some diagonal matrix D ∈ RN×N

and ν ∈ R such that λN−1(S)> 0, Sy = 000 and S being positive semidefinite, then Σ̂ = yyT is the

unique solution to (A.4.1).
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For each v ∈ V , define

Dv =
|V |

∑
j=1

Av jyvy j. (A.4.18)

Then Dvyv =
|V |
∑
j=1

Av jy j, leading to Dy = Ay. Consequently, Sy = 000 since 1Ty = 0. Then it

suffices to verify that S is positive definite in the subspace orthogonal to y with high probability,

i.e.,

P
(

inf
x⊥y,∥x∥=1

xTSx > 0
)
≥ 1−N−Ω(1). (A.4.19)

Note that A⋆ = E[A] = α+β

2 11T+ α−β

2 yyT−αIN with α,β defined in (2.4.1), then one has

xTSx = xTDx− α−β

2
xTyyTx+

(
ν− α+β

2

)
xT11Tx+α−xT(A−A⋆)x (A.4.20)

≥xTDx+α−xT(A−A⋆)x≥min
v∈V

Dv +α−∥A−A⋆∥, (A.4.21)

where the second to last inequality holds by choosing some proper ν ≥ α+β

2 . Note that

∥A−A⋆∥≲√ρN by Theorem 3.4.2, then the lower bound above is determined by minv∈V Dv.

Following the same strategy in the proof of Theorem 2.2.4, one could do the following decompo-

sition

√
NyvAy = yv ∑

j ̸=v, y j=+1
Av j−yv ∑

j ̸=v, y j=−1
Av j = ∑

j ̸=v, y j=yv

Av j− ∑
j ̸=v, y j ̸=yv

Av j

= ∑
ℓ∈L

∑
e∈E (0)

ℓ (v)

(ℓ−1) ·A(ℓ)
e − ∑

e∈E (ℓ−1)
ℓ (v)

(ℓ−1) ·A(ℓ)
e

+ ∑
ℓ∈L

ℓ−2

∑
r=1

∑
e∈E (r)

ℓ

(
(ℓ−1− r) ·A(ℓ)

e − r ·A(ℓ)
e

)
, (A.4.22)

where the contribution of (A.4.22) does not vanish without the weighting trick, which impairs
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the way of obtaining the correct threshold DGH. By an simple application of Lemma A.1.2,

one could prove that P(
√

NyvAy > δρN)≥ 1−N−DAM+δ/2 when DAM = 1+δ for some δ > 0.

Therefore, Algorithm A.4.1 achieves exact recovery with high probability when DAM > 1.
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Appendix B

Deferred proofs in Chapter 3

B.1 The Kahn-Szemerédi approach and proofs of concentra-
tion

B.1.1 Proof outline of Theorem 3.4.2

We follow the approach in [101, 153, 71] to establish the proof of Theorem 3.4.2.

According to Courant-Fischer-Weyl minimax principle, the spectral norm of any N×N Hermitian

matrix W can be reformulated as

∥W∥ := sup
x∈SN−1

∥Wx∥2 = sup
x∈SN−1

|xTWx| , (B.1.1)

where SN−1 := {x ∈ RN : ∥x∥2 = 1} denotes the unit sphere, and the second equality makes use

of the Hermitian property of W. As indicated by a short continuity argument (Lemma B.1.1), if

one wants to bound the supremum in (B.1.1), it suffices to control xTWx for all x in a suitable

ε-net Nε of SN−1 with cardinality bounded by |Nε| ≤ (1+ 2
ε
)N , while the existence of such Nε

is guranteed by compactness of SN−1 and [195, Corollary 4.2.13].

Lemma B.1.1 ([195, Lemma 4.4.1]). Let W be any Hermitian N×N matrix and Nε be an ε-net

on the unit sphere SN−1 with ε ∈ (0,1), then ∥W∥ ≤ 1
1−ε

supx∈Nε
|⟨Wx,x⟩|.

Proof of Lemma B.1.1. An ε-net for a compact metric space (X ,d) is a finite subset N of X

such that for each point x ∈ X , there is a point x ∈ N ⊂ X with d(x,x) ≤ ε. Note that Nε is
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an ε-net on the unit sphere SN−1, then for any x ∈ SN−1, there exists some x0 ∈ Nε such that

∥x−x0∥2 ≤ ε, and we have

∥Wx∥2−∥Wx0∥2 ≤ ∥Wx−Wx0∥2 ≤ ∥W∥2 · ∥x−x0∥2 ≤ ε∥W∥ ,

leading to ∥Wx∥2− ε∥W∥ ≤ ∥Wx0∥2. If the supremum is taken over x on the left hand side,

then

sup
x∈SN−1

(∥Wx∥2− ε∥W∥) = (1− ε)∥W∥ ≤ ∥Wx0∥2 ≤ sup
y∈Nε

∥Wy∥2.

Consequently, ∥W∥ ≤ 1
1−ε

supx∈Nε
∥Wx∥2 =

1
1−ε

supx∈Nε
|⟨Wx,x⟩|.

Define W := A−EA and take N := N 1
2

with its size bounded by |N | ≤ 5N , then

∥A−EA∥=: ∥W∥ ≤ 2 sup
x∈N
|xTWx| ≤ 2 ·5N · |xTWx|, for some x ∈N . (B.1.2)

Therefore, upper bound of ∥A−EA∥ will be obtained once the concentration of random variable

xTWx is demonstrated for each fixed x := [x1,x2, · · · ,xN ]
T ∈N . Roughly speaking, one might

seek upper bound on |xTWx| of order O(
√

Dmax) which holds with high probability, then a

union bound over N establishes Theorem 3.4.2, as long as concentration of xTWx is sufficient

to beat the cardinality of the net N .

The problem now reduces to prove |xTWx = ∑i ∑ j Wi jxix j| = O(
√

Dmax) with high

probability. However, two main difficulties lie on

1. the dependence between matrix elements Wi j,

2. not every pair Wi jxix j enjoys the sufficient concentration to beat the cardinality of N .

To get rid of those difficulties, we follow Kahn-Szemerédi’s argument [101, Theorem 2.2] to

171



split xTWx into light and heavy pairs according to max(i, j)∈[N]2 |xix j|,

L(x) :=
{
(i, j) : |xix j| ≤

√
Dmax

N

}
, H (x) :=

{
(i, j) : |xix j|>

√
Dmax

N

}
, (B.1.3)

where Dmax := ∑ℓ∈L D(ℓ)
max. By triangle inequality, (B.1.2) adapts the following decomposition,

where contribution from light and heavy couples can be bounded separately,

∥A−EA∥ ≤2 sup
x∈N
|⟨Wx,x⟩|= 2 sup

x∈N

∣∣∣∣ ∑
(i, j)∈[N2]

Wi jxix j

∣∣∣∣
≤2

(
sup
x∈N

∣∣∣∣ ∑
(i, j)∈L(x)

Wi jxix j

∣∣∣∣+ sup
x∈N

∣∣∣∣ ∑
(i, j)∈H (x)

Wi jxix j

∣∣∣∣
)
. (B.1.4)

As will be shown later, the contribution of light pairs is bounded by α
√

Dmax with

probability at least 1−2e−N according to (B.1.7), while contribution of heavy pairs is bounded

by β
√

Dmax with probability at least 1−2N−10 if Dmax ≥ c log(N) for some constant c > 0, as

in Lemma B.1.8. Therefore,

∥A−EA∥ ≤ C(3.4.3)
√

Dmax,

holds with probability at least 1− 2e−N − 2N−10, where C(3.4.3) := 2(α+ β) with α = 5L2,

β = β0
√

β1 +L,

β0 = 16+32L(1+ e2)+1792(1+ e−2)L2,
β1

L
log
(

β1

L

)
− β1

L
+1 >

11
c
,

which completes the proof of Theorem 3.4.2. The remaining of this section is organized as

follows. The bounds for contributions of light and heavy pairs are provided in Appendix B.1.2,

Appendix B.1.3, and the proof of Theorem 3.4.4 will be established in Appendix B.1.4.
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B.1.2 Light couples

The contribution from light pairs can be decomposed into summation of contributions

from independent hyperedges. An application of Bernstein’s inequality (Lemma D.3.4) provides

us with the concentration we need to beat the cardinality |N |= 5N .

For each ℓ-hyperedge e∈Eℓ, define W (ℓ)
e := A(ℓ)

e −EA(ℓ)
e . Then for each fixed x∈ SN−1,

the contribution from light pair can be reformulated as

∑
(i, j)∈L(x)

Wi jxix j = ∑
(i, j)∈L(x)

(
∑
ℓ∈L

∑
e∈Eℓ

e⊃{i, j}

W (ℓ)
e

)
xix j = ∑

ℓ∈L
∑

e∈Eℓ

W (ℓ)
e · ∑

(i, j)∈L(x)
{i, j}⊂e

xix j

= ∑
ℓ∈L

∑
e∈Eℓ

Y (ℓ)
e , (B.1.5)

where we denote Y (ℓ)
e := W (ℓ)

e
(

∑(i, j)∈L(x)
{i, j}⊂e

xix j
)
. Note that e ⊃ (i, j) is an ℓ-hyperedge, then

the number of choices for the pair (i, j) under some fixed e is at most ℓ2. By the definition

of light pair in (B.1.3), Y (ℓ)
e is upper bounded by |Y (ℓ)

e | ≤ ℓ2
√

Dmax
N ≤ L2

√
Dmax
N for all ℓ ∈ L .

Moreover, (B.1.5) is a sum of independent, mean-zero (EY (ℓ)
e = 0) random variables, and its

second moment is bounded by

∑
ℓ∈L

∑
e∈Eℓ

E[(Y (ℓ)
e )2] := ∑

ℓ∈L
∑

e∈Eℓ

[
E[(W (ℓ)

e )2]

(
∑

(i, j)∈L(x)
{i, j}⊂e

xix j

)2]

≤ ∑
ℓ∈L

∑
e∈Eℓ

[
E[A(ℓ)

e ] · ℓ2

(
∑

(i, j)∈L(x)
{i, j}⊂e

x2
i x2

j

)]
≤ ∑

ℓ∈L

(
N−2
ℓ−2

)
· D(ℓ)

max(N−1
ℓ−1

) · ℓ2
∑

(i, j)∈L(x)
x2

i x2
j

≤ ∑
ℓ∈L

ℓ2(ℓ−1)
N− ℓ+2

·D(ℓ)
max ≤

2
N ∑

ℓ∈L
ℓ3 ·D(ℓ)

max ≤
2L3

N
Dmax ,
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where in the last line, we use the facts Dmax = ∑ℓ∈L D(ℓ)
max, x ∈ SN−1, xTx = 1 and

∑
(i, j)∈L(x)

x2
i x2

j ≤ ∑
(i, j)∈[N2]

x2
i x2

j =
N

∑
i=1

x2
i

( N

∑
j=1

x2
j

)
=

N

∑
i=1

x2
i = 1.

Then Bernstein’s inequality (Lemma D.3.4) implies that for any α > 0,

P
(∣∣∣∣ ∑

(i, j)∈L(x)
Wi jxix j

∣∣∣∣≥ α

√
Dmax

)
= P

(∣∣∣∣∑
ℓ∈L

∑
e∈Eℓ

Y (ℓ)
e

∣∣∣∣≥ α

√
Dmax

)

≤2exp
(
−

1
2α2Dmax

2L3

N Dmax +
1
3L2

√
Dmax
N ·α

√
Dmax

)
≤ 2exp

(
− α2N

4L3 + 2α

3 L2

)
.

Consequently by a union bound,

P
(

sup
x∈N

∣∣∣∣ ∑
(i, j)∈L(x)

Wi jxix j

∣∣∣∣≥ α

√
Dmax

)

≤|N | ·P
(∣∣∣∣ ∑

(i, j)∈L(x)
Wi jxix j

∣∣∣∣≥ α

√
Dmax

)

≤2exp
(

log(5) ·N− α2N
4L3 + 2α

3 L2

)
≤ 2e−N , (B.1.7)

where the last inequality holds by taking α = 5L2.

B.1.3 Heavy couples

General Strategy

The contribution of heavy couples can be bounded separately,

∣∣∣∣ ∑
(i, j)∈H (x)

Wi jxix j

∣∣∣∣≤ ∣∣∣∣ ∑
(i, j)∈H (x)

Ai jxix j

∣∣∣∣+ ∣∣∣∣ ∑
(i, j)∈H (x)

(EA)i j xix j

∣∣∣∣. (B.1.8)
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Meanwhile, for any pair (i, j) ∈ [N]2,

(EA)i j ≤ ∑
ℓ∈L

(
N−2
ℓ−2

)
D(ℓ)

max(N−1
ℓ−1

) ≤ ∑
ℓ∈L

(ℓ−1)
N−1

·D(ℓ)
max =

LDmax

N−1
, (B.1.9)

and by definition of heavy pair

∣∣∣∣ ∑
(i, j)∈H (x)

(EA)i j xix j

∣∣∣∣= ∣∣∣∣ ∑
(i, j)∈H (x)

(EA)i j
x2

i x2
j

xix j

∣∣∣∣≤ ∑
(i, j)∈H (x)

LDmax

N−1

x2
i x2

j

|xix j|

≤L
√

Dmax ∑
(i, j)∈H (x)

x2
i x2

j ≤ L
√

Dmax, (B.1.10)

where we use the fact ∑(i, j)∈H (x) x2
i x2

j ≤ 1 again. Therefore it suffices to show that, with high

probability,

∣∣∣∣ ∑
(i, j)∈H (x)

Ai jxix j

∣∣∣∣= O
(√

Dmax
)
. (B.1.11)

Unfortunately, the contribution of heavy couples does not enjoy sufficient concentration to beat

the cardinality of the net N , which was the strategy we used in Appendix B.1.2. Instead, the

key idea here is to prove the discrepancy property (Definition B.1.2) holds with high probability

for the associated random regular graph. Essentially, the edge counts EA(S ,T ) := ∑u∈S ∑v∈T =

1TS A1T are not much larger than their expectation, uniformly over choices of S ,T ⊂ [N], which

can be proved by using tail estimates of random variables EA(S ,T ). Conditioning on the

event that discrepancy property holds, one can show that the contribution of heavy couples is

deterministically of order O(
√

Dmax) by Lemma B.1.3, as long as row and column sums of A

are bounded by
√

Dmax up to some constant.

Definition B.1.2 (Discrepancy property, DP). Let A be an N×N matrix with non-negative
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entries. For subsets S ,T ⊂ [N], define

EA(S ,T ) := ∑
i∈S

∑
j∈T

Ai j.

We say that A has the discrepancy property with parameter δ > 0, κ1 > 1,κ2 ≥ 0, denoted by

DP(δ,κ1,κ2), if for all non-empty S ,T ⊂ [N], at least one of the following hold:

1. EA(S ,T )≤ κ1δ|S ||T |;

2. EA(S ,T ) · log
(EA(S ,T )

δ|S |·|T |
)
≤ κ2(|S |∨ |T |) · log

( eN
|S |∨|T |

)
.

Lemma B.1.3 ([71, Lemma 6.6], DP =⇒ heavy couples are small). Let A be a non-negative

symmetric N×N matrix. Suppose that

1. all row and column sums of A are bounded by d,

2. A has DP(δ,κ1,κ2) with δ = Cd
N for some C > 0,κ1 > 1,κ2 ≥ 0,

then for any x ∈ SN−1, deterministically,

∣∣∣∣ ∑
(i, j)∈H (x)

Ai jxix j

∣∣∣∣≤ β0
√

d,

where β0 = 16+32C(1+κ1)+64κ2(1+ 2
κ1 logκ1

).

Our model

To prove the discrepancy property in our model, we follow the discrepancy analysis

in [100, 71], and consider the weighted graph associated with the adjacency matrix A. By

Lemma B.1.5, the discrepancy property follows with high probability if uniform upper tail

property (Definition B.1.4) holds. Therefore, our tasks reduce to prove that row sums of A

are bounded and UUTP holds with high probability, which are shown in Lemma B.1.6 and

Lemma B.1.7 respectively.
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Definition B.1.4 (Uniform upper tail property, UUTP). Let A be a random symmetric N×N

matrix with non-negative entries. An N×N matrix Q is associated to A through fQ(A) :=

∑
N
i, j=1 Qi jAi j. Define

µ := fQ(EA) =
N

∑
i, j=1

Qi jEAi j, σ̃
2 := fQ◦Q(EA) =

N

∑
i, j=1

Q2
i jEAi j,

where ◦ denotes the Hadamard (entrywise) matrix product. We say that A satisfies the uniform

upper tail property UUTP(c0,γ0) with c0 > 0,γ0 ≥ 0, if for any a, t > 0 and any symmetric

N×N matrix Q satisfying Qi j ∈ [0,a] for all i, j ∈ [N], we have

P
(

fQ(A)≥ (1+ γ0)µ+ t
)
≤ exp

(
− c0

σ̃2

a2 h
( at

σ̃2

))
.

where the function h(x) := (1+ x) log(1+ x)− x for all x >−1.

Lemma B.1.5 ([71, Lemma 6.4], UUTP =⇒ DP). Let A be a symmetric N×N random matrix

with non-negative entries. Assume that

1. EAi j ≤ δ for all i, j ∈ [N] for some δ > 0,

2. A has UUTP(c0,γ0) with parameter c0,γ0 > 0.

Then for any θ > 0, the discrepancy property DP(δ,κ1,κ2) holds for A with probability at least

1−N−θ with κ1 = e2(1+ γ0)
2,κ2 =

2
c0
(1+ γ0)(θ+4).

Lemma B.1.6. Denote Dmax := cqN for some constant c > 0, where qN is the magnitude param-

eter in (3.2.2). Then for some large enough constant β1 > 0 1, satisfying L−1
β1 log(L−1

β1)−

L−1
β1 +1 > 11/c, there exists some c̃ > 0 such that

P
(
Dv > β1Dmax

)
≤ e−c̃ρN . (B.1.12)

1The existence of such β1 is guaranteed since g(x) = x log(x)− x+1 takes its minimum at x = 1 and increases
when x > 1.
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At the same time, the following holds with probability at least 1−Ne−11qN ,

max
1≤i≤n

( N

∑
j=1

Ai j
)
≤ β1Dmax. (B.1.13)

In particular, when qN = log(N), (B.1.13) holds with probability at least 1−N−10.

Proof of Lemma B.1.6. Recall Dv in (3.1.1), and for each fixed v ∈ [N], we have

N

∑
j=1

Av j =
N

∑
j=1

∑
ℓ∈L

∑
e∈Eℓ

e⊃{v, j}

A(ℓ)
e = ∑

ℓ∈L
∑

e∈Eℓ
e∋v

(ℓ−1)A(ℓ)
e ≍ ∑

ℓ∈L
∑
e∋v

A(ℓ)
e = Dv, (B.1.14)

since each ℓ ∈ L is constant. From now on, we work on ∑
N
j=1 Av j for convenience. By Markov

inequality (Lemma D.3.1) and independence between hyperedges, (B.1.12) can be proved as

follows

P
( N

∑
j=1

Av j > β1Dmax

)
= P

(
∑
ℓ∈L

∑
e∈Eℓ
e∋v

(ℓ−1)A(ℓ)
e > β1Dmax

)

≤ inf
θ>0

(
exp(−θβ1Dmax)∏

ℓ∈L
∏

e∈Eℓ
e∋i

Eexp[θ(ℓ−1)A(ℓ)
e ]

)

≤ inf
θ>0

(
exp(−θβ1Dmax)∏

ℓ∈L
∏

e∈Eℓ
e∋i

[
D(ℓ)

max(N−1
ℓ−1

)eθ(ℓ−1)+1− D(ℓ)
max(N−1
ℓ−1

)])

≤ inf
θ>0

(
exp(−θβ1Dmax)∏

ℓ∈L
∏

e∈Eℓ
e∋i

exp
[

D(ℓ)
max(N−1
ℓ−1

)(eθ(ℓ−1)−1)
])

, (1+ x≤ ex)

≤ inf
θ>0

(
exp(−θβ1Dmax) · exp

[
∑
ℓ∈L

D(ℓ)
max(eθ(ℓ−1)−1)

])
, (at most

(
N−1
ℓ−1

)
edges contains i)

≤ inf
θ>0

exp[−Dmax(θβ1− eθL +1)] = exp
[
−Dmax

(
β1

L
log
(

β1

L

)
− β1

L
+1
)]

≤ exp
[
−qN · c

(
β1

L
log
(

β1

L

)
− β1

L
+1
)]
≤ e−11qN = e−c̃ρN ,

where the last line holds since Dmax ≍ ρN as proved in Lemma 3.4.1. The proof of (B.1.13) is
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completed by a union bound using (B.1.12)

P
(

max
1≤i≤n

( N

∑
j=1

Ai j

)
> β1Dmax

)
≤

N

∑
i=1

P
( N

∑
j=1

Ai j > β1Dmax

)
≤ Ne−11qN .

The last part follows directly by plugging qN = log(N).

Lemma B.1.7 (UUTP from Non-uniform Inhomogeneous Hypergraph). Let A be the adjacency

matrix of H = ∪ℓ∈LHm, then A satisfies UUTP(c0,γ0) with c0 = L−2,γ0 = 0.

Proof of Lemma B.1.7. Note that

fQ(A)−µ =
N

∑
i, j=1

Qi j(Ai j−EAi j) =
N

∑
i, j=1

Qi jWi j =
N

∑
i, j=1

Qi j

(
∑
ℓ∈L

∑
e∈Eℓ

e⊃{i, j}

W (ℓ)
e

)

= ∑
ℓ∈L

∑
e∈Eℓ

W (ℓ)
e

(
∑
{i, j}⊂e

Qi j

)
= ∑

ℓ∈L
∑

e∈Eℓ

Z(ℓ)
e ,

where Z(ℓ)
e = W (ℓ)

e
(

∑{i, j}⊂e Qi j
)

are independent centered random variables upper bounded

by |Z(ℓ)
e | ≤ ∑{i, j}⊂e Qi j ≤ L2a for each ℓ ∈ L since Qi j ∈ [0,a]. Moreover, the variance can be

written as

∑
ℓ∈L

∑
e∈Eℓ

E(Z(ℓ)
e )2 := ∑

ℓ∈L
∑

e∈Eℓ

E(W (ℓ)
e )2

(
∑
{i, j}⊂e

Qi j

)2

≤ ∑
ℓ∈L

∑
e∈Eℓ

E[A(ℓ)
e ] · ℓ2

∑
{i, j}⊂e

Q2
i j ≤ L2

N

∑
i, j=1

Q2
i jEAi j = L2

σ̃
2.

where the last inequality holds since by definition EAi j = ∑ℓ∈L ∑ e∈Eℓ
{i, j}⊂e

E[A(ℓ)
e ]. Then by

Bennett’s inequality (Lemma D.3.5), we obtain

P( fQ(A)−µ≥ t)≤ exp
(
− σ̃2

L2a2
h
( at

σ̃2

))
,

where the last line holds since xh(1
x ) = (1+ x) log(1+ 1

x )−1 decreases when x > 0.
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Contribution of (B.1.11)

Lemma B.1.8. If Dmax ≥ c log(N) for some constant c > 0, there exists some constant β such

that with probability at least 1−2N−10,

∣∣∣∣∣ ∑
(i, j)∈H (x)

(Ai j−EAi j)xix j

∣∣∣∣∣≤ β

√
Dmax. (B.1.15)

Proof of Lemma B.1.8. Note that EAi j is bounded ((B.1.9)) and A satisfies UUTP(L−2,0)

(Lemma B.1.7), then by Lemma B.1.5, for any θ > 0, the discrepancy property DP(δ,κ1,κ2)

holds for A with probability at least 1−N−θ, where

δ =
L
N

Dmax, κ1 = e2(1+ γ0)
2 = e2, κ2 =

2
c0
(1+ γ0)(θ+4) = 2L2(θ+4).

Let E1 be the event that all row sums of A are bounded by β1Dmax, and E2 be the event that

DP(δ,κ1,κ2) holds for A, then P(E1∩E2)≥ 1−2N−10 where we take θ = 10 for convenience.

On the event E1 ∩E2, by Lemma B.1.3, (B.1.15) holds with β = β0
√

β1 +L, where β0,β1

satisfying

β0 = 16+32L(1+κ1)+64κ2(1+
2

κ1 log(κ1)
) = 16+32L(1+ e2)+1792(1+ e−2)L2,

β1

L
log
(

β1

L

)
− β1

L
+1 >

11
c
.
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B.1.4 Proof of Theorem 3.4.4

Following the strategy in Appendix B.1.1, for any J ⊂ [N],

∥(A−EA)J ∥ (B.1.16)

≤ 2

(
sup
x∈N

∣∣∣∣ ∑
(i, j)∈L(x)

[
(A−EA)J

]
i jxix j

∣∣∣∣+ sup
x∈N

∣∣∣∣ ∑
(i, j)∈H (x)

[
(A−EA)J

]
i jxix j

∣∣∣∣
)
,

we want to bound the contribution of light and heavy pairs separately.

Light couples

By (B.1.7), with probability at least 1−2e−N ,

sup
x∈N

∣∣∣∣ ∑
(i, j)∈L(x)

[
(A−EA)J

]
i j xix j

∣∣∣∣≤ 5L2
√

Dmax . (B.1.17)

A union bound proves that (B.1.17) holds for any given subset J ⊂ [N] with probability at least

1−2(e/2)−N , since the number of possible choices for J is at most 2N , including the options

J := J1,J2 of our interests.

Heavy couples

Our goal is to prove

sup
x∈N

∣∣∣∣ ∑
(i, j)∈H (x)

[
(A−EA)J

]
i j xix j

∣∣∣∣≤ β

√
Dmax , (B.1.18)

Similar to (B.1.10), deterministically for J := J1,J2.

∣∣∣∣ ∑
(i, j)∈H (x)

[
(EA)J

]
i j

∣∣∣∣≤ L
√

Dmax . (B.1.19)

To control the contribution of heavy pairs, it suffices to show that discrepancy holds for AJ and

all row sums of AJ are bounded by β1Dmax, according to Lemma B.1.3.
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To verify the discrepancy property, it suffices to show that UUTP(L−2,0) holds for

AJ , which is true since AJ is obtained from A by restricting rows and columns to J . Then

by Lemma B.1.5, for any θ > 0, the discrepancy property DP(δ,κ1,κ2) holds for AJ with

probability at least 1−N−θ, where

δ =
L
N

Dmax, κ1 = e2(1+ γ0)
2 = e2, κ2 =

2
c0
(1+ γ0)(θ+4) = 2L2(θ+4).

The remaining is to verify the boundedness of row sums of AJ .

• For J1, Lemma B.1.9 proves that row sums of each v ∈ J1 is bounded by β1Dmax with

probability at least 1−N−c for some constant c > 0 under the regime ρN ≳ log(N).

• Deterministically, it is true for v ∈ J2 := {i ∈ [N],∑N
j=1 Ai j ≤ β1Dmax} by taking β1 = L.

Let E1 be the event that all row sums of AJ are bounded by β1Dmax, while E2 be the event that

DP(δ,κ1,κ2) holds for AJ , then

• For J1, P(E1∩E2)≥ 1−2N−c, where we take θ = c for convenience.

• For J2, P(E1∩E2)≥ 1−N−10, where we take θ = 10 for convenience.

On the event E1∩E2, (B.1.18) holds with β = β0
√

β1 +L, β1 = L,

β0 = 16+32L(1+κ1)+64κ2(1+
2

κ1 log(κ1)
) = 16+32L(1+ e2)+1792(1+ e−2)L2.

Lemma B.1.9. If ρN ≳ log(N), then there exists some constant c > 0 such that row sums of each

v ∈ J1 is bounded by β1Dmax with probability at least 1−N−c.

Proof of Lemma B.1.9. Recall Dv in (3.1.1), which can be further written as

Dv = ∑
ℓ∈L

∑
e∋v

A(ℓ)
e ≍ ∑

ℓ∈L
∑
e∋v

(ℓ−1)A(ℓ)
e =

N

∑
j=1

Av j, (B.1.20)
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since ℓ≥ 2 is some constant for each ℓ∈ L . From now on, we work on ∑
N
j=1 Av j for convenience.

In the following, we calculate the probability that the maximum vertex degree in J1 is greater

than β1Dmax. By the definition of J1,

P
(

max
v∈J1

( N

∑
j=1

Av j

)
> β1Dmax

)
= P

(
#
{

v :
N

∑
j=1

Av j > β1Dmax

}
> ⌊N exp(−d)⌋

)
(Markov)
≤ 1

⌊N exp(−d)⌋+1
E
(

#
{

v :
N

∑
j=1

Av j > β1Dmax

})
=

∑v∈[N]E1
{

v : ∑
N
j=1 Av j > β1Dmax

}
⌊N exp(−d)⌋+1

≤ N
⌊N exp(−d)⌋+1

max
v∈[N]

P
( N

∑
j=1

Av j > β1Dmax

)
≤ 1

exp(−d)
max
v∈[N]

P
( N

∑
j=1

Av j > β1Dmax

)
.

Note that Dmax ≍ ρN as proved in Lemma 3.4.1, then ρN ≳ log(N) is equivalent to say Dmax ≥

c log(N) for some constant c > 0.

• For the numerator, by going through the same procedure in Lemma B.1.6 and a union

bound, one can prove that

max
v∈[N]

P
( N

∑
j=1

Av j > β1Dmax

)
≤ ∑

v∈[N]

P
( N

∑
j=1

Av j > β1Dmax

)
≤ exp

[
− log(N) · c

(
β1

L
log
(

β1

L

)
− β1

L
+1
)
+ log(N)

]
.

• For the denominator, d≤ ξN+ξN/
√

N with probability tending to 1 according to Lemma 3.4.1.

Consequently, when ρN ≳ log(N), by taking β1 large enough satisfying β1
L log

(
β1
L

)
− β1

L +1−
1
c −

ξN
c log(N) ≥ 1, we then have

P
(

max
v∈J1

( N

∑
j=1

Av j

)
> β1Dmax

)
≤ exp(d) · max

v∈[N]
P
( N

∑
j=1

Av j > β1Dmax

)
≤ exp

[
− log(N) · c

(
β1

L
log
(

β1

L

)
− β1

L
+1− 1

c
− ξN

c log(N)

)]
≤ N−c,

which completes the proof. The existence of such β1 is guaranteed since the function f (x) =
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x log(x)−x takes its minimum at x= 1 with minimum f (1)=−1 and c−1 =O(1), ξN/[c log(N)]≲

ξN/ρN = O(1). The requirement ρN ≳ log(N) is crucial since one needs to beat the union bound

as in the proof of (B.1.13).

Putting together

Following the discussions above, (B.1.16) adapts the following upper bound

∥(A−EA)J ∥ ≤ C(3.4.4)
√

Dmax ,

where the constant C(3.4.4) := 2(α+β), with α = 5L2, β = β0
√

β1+L, β0 = 16+32L(1+e2)+

1792(1+ e−2)L2, and β1 = L.

B.2 Proofs in Section 3.3

Proof of Lemma 3.1.1. This can be established by Hoeffding Lemma D.3.2.

Proof of Lemma 3.3.2. Note that Yv = k⋆. Without loss of generality, we assume Q (ℓ)
k⋆⊕w ≲

Q (ℓ)
j⋆⊕w, then Q (ℓ)

k⋆⊕w ≲ DGCH · qN according to Lemma D.1.1. Also, Nw ≍ Nℓ−1 and Q (ℓ)
k⋆⊕w ≍

q(ℓ)k⋆⊕w/Nℓ−1 = o(1), then Nw log(1−Q (ℓ)
k⋆⊕w) =−(1+o(1)) ·NwQ (ℓ)

k⋆⊕w. At the same time, 1≪
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d⋆
j⋆,k⋆(w)≪ N in (3.3.4), then by Stirling’s approximation Lemma D.1.3, for large enough N,

P[D(ℓ)
v,w = d⋆

j⋆,k⋆(w)] =

(
Nw

d⋆
j⋆,k⋆(w)

)
(Q (ℓ)

k⋆⊕w)
d⋆

j⋆,k⋆(w)
(1−Q (ℓ)

k⋆⊕w)
Nw−d⋆

j⋆,k⋆(w)

= exp
{

log
(

Nw
d⋆

j⋆,k⋆(w)

)
+d⋆

j⋆,k⋆(w) · log(Q (ℓ)
k⋆⊕w)+

[
Nw−d⋆

j⋆,k⋆(w)
]
· log(1−Q (ℓ)

k⋆⊕w)
}

= exp
{

d⋆
j⋆,k⋆(w) log

( Nw
d⋆

j⋆,k⋆(w)

)
+d⋆

j⋆,k⋆(w)+d⋆
j⋆,k⋆(w) log

( Q (ℓ)
k⋆⊕w

1−Q (ℓ)
k⋆⊕w

)
+Nw · log(1−Q (ℓ)

k⋆⊕w)+o(q(ℓ)k⋆⊕w)
}

= exp
{

d⋆
j⋆,k⋆(w) · log

( NwQ (ℓ)
k⋆⊕w

d⋆
j⋆,k⋆(w) · (1−Q (ℓ)

k⋆⊕w)

)
−Nw ·Q

(ℓ)
k⋆⊕w +d⋆

j⋆,k⋆(w)+o(q(ℓ)k⋆⊕w)
}

= exp
{
−Nw

[
t⋆
(
Q (ℓ)

j⋆⊕w
)t⋆(Q (ℓ)

k⋆⊕w
)1−t⋆ log

Q (ℓ)
j⋆⊕w

Q (ℓ)
k⋆⊕w

+Q (ℓ)
k⋆⊕w−

(
Q (ℓ)

j⋆⊕w
)t⋆(Q (ℓ)

k⋆⊕w
)1−t⋆

+o(Q (ℓ)
k⋆⊕w)

]}

where in the last inequality, we plug in d⋆
j⋆,k⋆(w) in (3.3.4), and replace Nw with Nw according to

Lemma 3.1.1. Therefore, by hyperedge independence, we have

∏
ℓ∈L

∏
w∈W (ℓ)

j⋆,k⋆

P[D(ℓ)
v,w = d⋆

j⋆,k⋆(w)]

= exp
{
−∑

ℓ∈L
∑

w∈W (ℓ)
j⋆,k⋆

Nw

[
t⋆
(
Q (ℓ)

j⋆⊕w
)t⋆(Q (ℓ)

k⋆⊕w
)1−t⋆ log

(Q (ℓ)
j⋆⊕w

Q (ℓ)
k⋆⊕w

)

+Q (ℓ)
k⋆⊕w−

(
Q (ℓ)

j⋆⊕w
)t⋆(Q (ℓ)

k⋆⊕w
)1−t⋆

+o(Q (ℓ)
k⋆⊕w)

]}
= exp

{
−∑

ℓ∈L
∑

w∈W (ℓ)
j⋆,k⋆

Nw ·
[
t⋆Q (ℓ)

j⋆⊕w +(1− t⋆)Q (ℓ)
k⋆⊕w−

(
Q (ℓ)

j⋆⊕w
)t⋆(Q (ℓ)

k⋆⊕w
)1−t⋆

+o(Q (ℓ)
k⋆⊕w)

]}

= exp(−(1+o(1)) ·DGCH( j,k) ·qN),

where the second to last equality holds according to the first order condition (3.3.3).
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Proof of Lemma 3.3.4. We rewrite DGKL( j,k) as

min
{y(ℓ)}ℓ∈L

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·
{

y(ℓ)w log
y(ℓ)w

Q (ℓ)
k⊕w

+(1−y(ℓ)w ) log
1−y(ℓ)w

1−Q (ℓ)
k⊕w

}
(B.2.2)

s.t. ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·
{
DKL(y

(ℓ)
w ∥ Q (ℓ)

j⊕w)−DKL(y
(ℓ)
w ∥ Q (ℓ)

k⊕w)
}
≤ 0.

By [47], the associated Lagrangian is defined as

L({y(ℓ)}ℓ∈L ,λ) := ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·
{

y(ℓ)w log
y(ℓ)w

Q (ℓ)
k⊕w

+(1−y(ℓ)w ) log
1−y(ℓ)w

1−Q (ℓ)
k⊕w

}

+λ ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·
{

y(ℓ)w log
Q (ℓ)

k⊕w

Q (ℓ)
j⊕w

+(1−y(ℓ)w ) log
1−Q (ℓ)

k⊕w

1−Q (ℓ)
j⊕w

}
.

The optimal choice of {y(ℓ)}ℓ∈L , which minimizes L({y(ℓ)}ℓ∈L ,λ), satisfies the first order

condition

∂L({y(ℓ)}ℓ∈L ,λ)

∂y(ℓ)w
= Nw ·

[(
log

y(ℓ)w

Q (ℓ)
k⊕w

− log
1−y(ℓ)w

1−Q (ℓ)
k⊕w

)
+λ

(
log

Q (ℓ)
k⊕w

Q (ℓ)
j⊕w

− log
1−Q (ℓ)

k⊕w

1−Q (ℓ)
j⊕w

)]
= 0.

Note that Q (ℓ)
k⊕w = o(1) in (3.2.2), then the solution to (B.2.2) has to satisfy y(ℓ)w = o(1) for

each w ∈W C (ℓ−1)
K , otherwise optimal value of (B.2.2) goes to infinity since y(ℓ)w log y(ℓ)w

Q (ℓ)
k⊕w

would

diverge. Thus log 1−y(ℓ)w

1−Q (ℓ)
k⊕w

and log
1−Q (ℓ)

k⊕w

1−Q (ℓ)
j⊕w

converge to 0 as N grows. Then (B.2.2) is minimized at

y(ℓ)w = (Q (ℓ)
j⊕w)

λ · (Q (ℓ)
k⊕w)

1−λ · (1+o(1)) , for each w ∈W C (ℓ−1)
K , ℓ ∈ L .
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Consider the Lagrange dual function

g(λ) := min
{y(ℓ)}ℓ∈L

L({y(ℓ)}ℓ∈L , λ)

= min
{y(ℓ)}ℓ∈L

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·
{

y(ℓ)w log
(Q (ℓ)

k⊕w)
λ−1y(ℓ)w

(Q (ℓ)
j⊕w)

λ

+(1−y(ℓ)w ) log
(1−Q (ℓ)

k⊕w)
λ−1(1−y(ℓ)w )

(1−Q (ℓ)
j⊕w)

λ

}
= min
{y(ℓ)}ℓ∈L

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw · (1−y(ℓ)w ) ·
[
(λ−1) log(1−Q (ℓ)

k⊕w)+ log(1−y(ℓ)w )−λ log(1−Q (ℓ)
j⊕w)

]
= ∑

ℓ∈L
∑

w∈W C (ℓ−1)
K

Nw ·
[
λQ (ℓ)

j⊕w +(1−λ)Q (ℓ)
k⊕w− (Q (ℓ)

j⊕w)
λ · (Q (ℓ)

k⊕w)
1−λ

]
,

where in the last two equalities we use the facts y(ℓ)w = o(1), Q (ℓ)
j⊕w = o(1) and limx→0 log(1+x)=

x. By taking maximum of g(λ), we have

DGKL( j,k) = (B.2.2) = max
λ∈[0,1]

g(λ)

= max
λ∈[0,1]

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·
[
λQ (ℓ)

j⊕w +(1−λ)Q (ℓ)
k⊕w− (Q (ℓ)

j⊕w)
λ · (Q (ℓ)

k⊕w)
1−λ

]
(3.2.2)
= qN · max

λ∈[0,1]
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw(N−1
ℓ−1

) ·[λP (ℓ)
j⊕w +(1−λ)P (ℓ)

k⊕w− (P j⊕w)
λ · (P (ℓ)

k⊕w)
1−λ

]
=(1+o(1)) ·DGCH( j,k) ·qN .

Proof of Lemma 3.3.5. Proof by contradiction. Suppose that there is no such {p(ℓ)}ℓ∈L satisfying

(3.3.13). Then for each {p(ℓ)}ℓ∈L , without loss of generality, we assume

DGKL( j⋆,k⋆) = ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(p
(ℓ)
w ∥ Q (ℓ)

j⋆⊕w)

> ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(p
(ℓ)
w ∥ Q (ℓ)

k⋆⊕w).
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We pick a sequence {p(ℓ)}ℓ∈L , where p(ℓ) = (p(ℓ)w )
w∈W C (ℓ−1)

K
for each ℓ. There exists some

w0 ∈W C (ℓ−1)
K such that DKL(p

(ℓ)
w0 ∥Q (ℓ)

j⋆⊕w0
)>DKL(p

(ℓ)
w0 ∥Q (ℓ)

k⋆⊕w0
)≥ 0, due to the non-negativity

of KL divergence, with their difference f (p(ℓ)w0)> 0 defined as

f (p) := DKL(p ∥ Q (ℓ)
j⋆⊕w0

)−DKL(p ∥ Q (ℓ)
k⋆⊕w0

) = p · log
Q (ℓ)

k⋆⊕w0

Q (ℓ)
j⋆⊕w0

+(1−p) · log
1−Q (ℓ)

k⋆⊕w0

1−Q (ℓ)
j⋆⊕w0

.

By continuity of f (p) and DKL(p ∥ Q (ℓ)
j⋆⊕w0

), one is able to find some t(ℓ)w0 such that DKL(t
(ℓ)
w0 ∥

Q (ℓ)
j⋆⊕w0

) < DKL(p
(ℓ)
w0 ∥ Q (ℓ)

j⋆⊕w0
) but f (t(ℓ)w0) remains positive. As a result, for this fixed ℓ ∈ L ,

there exists some sequence (t(ℓ)w )
w∈W C (ℓ−1)

K
with t(ℓ)w = p(ℓ)w for all w ̸= w0, and t(ℓ)w0 satisfying the

property as before. Consequently, one could construct a new sequence {t(ℓ)}ℓ∈L satisfying

DGKL( j⋆,k⋆) = ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(p
(ℓ)
w ∥ Q (ℓ)

j⋆⊕w)

> ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(t
(ℓ)
w ∥ Q (ℓ)

j⋆⊕w)

> ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(t
(ℓ)
w ∥ Q (ℓ)

k⋆⊕w),

which contradicts to the minimum property in definition of DGKL( j⋆,k⋆) in (3.3.11).

Proof of Lemma 3.3.7. Note that the nodes are interchangeable under Φ, and

PΨ(Λ≤ f (N)) = PΨ(Λ≤ f (N), v⋆ ∈ Verr)+PΨ(Λ≤ f (N), v⋆ /∈ Verr). (B.2.3)

The first term on the right hand side of (B.2.3) can be upper bounded by the following change of
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measure argument,

PΨ(Λ≤ f (N), v⋆ ∈ Verr) =
∫

Λ≤ f (N),v⋆∈Verr

dPΨ =
∫

Λ≤ f (N),v⋆∈Verr

exp(Λ)dPΦ

≤ exp( f (N)) ·PΦ(Λ≤ f (N),v⋆ ∈ Verr)≤ exp( f (N)) ·PΦ(v⋆ ∈ Verr)≤
e f (N) ·EΦ[ηN ]

α j⋆ +αk⋆
,

where the last inequality holds since we can not distinguish v⋆ and any other node v ∈ Vyv⋆ ,

indeed

PΦ(v⋆ ∈ Verr) =PΦ(v ∈ Verr|v ∈ V j⋆ ∪Vk⋆)

≤ PΦ(v ∈ Verr)

PΦ(v ∈ V j⋆ ∪Vk⋆)
=

EΦ[|Verr|]
(α j⋆ +αk⋆)n

=
EΦ[ηN ]

α j⋆ +αk⋆
.

Now, we focus on the second term on the right hand side of (B.2.3). Under the perturbed

model Ψ in 3.3.6, the observed edges do not depend on whether v⋆ belongs to V j⋆ or Vk⋆ , since

the generation of edge e ∋ v⋆ only relies on the distribution of w ∈W C (ℓ−1)
K for the rest ℓ−1

nodes. To determine the community membership of v⋆, one can only use the information from

the edges containing v⋆. Therefore, it doesn’t matter whether v⋆ truly belongs to V j⋆ or Vk⋆ when

assigning v⋆ to V̂ j⋆ . By symmetry, the two conditional probabilities should be the same, and the

following holds

PΨ(v⋆ ∈ V̂ j⋆|v⋆ ∈ V j⋆) =PΨ(v⋆ ∈ V̂ j⋆|v⋆ ∈ Vk⋆), (B.2.4)

PΨ(v⋆ ∈ V̂k⋆|v⋆ ∈ V j⋆) =PΨ(v⋆ ∈ V̂k⋆|v⋆ ∈ Vk⋆).
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Then the second term on the right hand side of (B.2.3) can be bounded as follows

PΨ(Λ≤ f (N), v⋆ /∈ Verr)

≤PΨ(v⋆ /∈ Verr)

=
α j⋆

α j⋆ +αk⋆
PΨ(v⋆ ∈ V̂ j|v⋆ ∈ V j⋆)+

αk⋆

α j⋆ +αk⋆
PΨ(v⋆ ∈ V̂k|v⋆ ∈ Vk⋆)

(B.2.4)
=

α j⋆

α j⋆ +αk⋆
PΨ(v⋆ ∈ V̂ j|v⋆ ∈ V j⋆)+

αk⋆

α j⋆ +αk⋆
PΨ(v⋆ ∈ V̂k|v⋆ ∈ V j⋆)

≤
α j⋆

α j⋆ +αk⋆

(
PΨ(v⋆ ∈ V̂ j|v⋆ ∈ V j⋆)+PΨ(v⋆ ∈ V̂k|v⋆ ∈ V j⋆)

)
≤

α j⋆

α j⋆ +αk⋆
,

where the last line holds since j⋆ < k⋆ and α1≥ . . .≥αK implies α j⋆ ≥αk⋆ , together with the fact

PΨ(v⋆ ∈ V̂ j⋆|v⋆ ∈ V j⋆)+PΨ(v⋆ ∈ V̂k⋆|v⋆ ∈ V j⋆)≤ 1. Therefore the desired result follows.

Proof of Lemma 3.3.8. Since Λ in (3.3.14) is a summation of Bernoulli random variables, a

standard concentration argument shows that
√
VarΨ(Λ)/EΨ(Λ) = o(1), thus EΨ(Λ) dominates.

We present the details by evaluating EΨ[Λ] and VarΨ(Λ). First, the randomness of Λ comes

from edges A(ℓ)
e , then by linearity of expectation,

EΨ[Λ] = ∑
ℓ∈L

∑
e∈Eℓ, e∋v⋆

y(e\v⋆)=w∈W C (ℓ−1)
K

E
(

A(ℓ)
e log

( p(ℓ)w

Q (ℓ)
yv⋆⊕w

)
+(1−A(ℓ)

e ) log
( 1−p(ℓ)w

1−Q (ℓ)
yv⋆⊕w

))

= ∑
ℓ∈L

∑
e∈Eℓ, e∋v⋆

y(e\v⋆)=w∈W C (ℓ−1)
K

(
p(ℓ)w log

( p(ℓ)w

Q (ℓ)
yv⋆⊕w

)
+(1−p(ℓ)w ) log

( 1−p(ℓ)w

1−Q (ℓ)
yv⋆⊕w

))

= ∑
ℓ∈L

∑
ℓ∈W C (ℓ−1)

K

Nw ·DKL(p
(ℓ)
w ∥ Q (ℓ)

yv⋆⊕w) = (1+o(1)) ·DGKL = (1+o(1)) ·DGCH ·qN ,

where the last two equalities hold by Lemmas 3.1.1, 3.3.4, 3.3.5. On the other hand, using the

facts Var(cA(ℓ)
e ) = c2Var(A(ℓ)

e ) and Var(A(ℓ)
e + c) = Var(A(ℓ)

e ) for any deterministic c ∈ R, we
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have

VarΨ(Λ) = ∑
ℓ∈L

∑
ℓ∈W C (ℓ−1)

K

Nwp(ℓ)w (1−p(ℓ)w ) ·
[

log
(p(ℓ)w · (1−Q (ℓ)

yv⋆⊕w)

Q (ℓ)
yv⋆⊕w · (1−p(ℓ)w )

)]2

.

Note that Q (ℓ)
w = o(1) for each w∈W C (ℓ)

K , ℓ∈L , then by the argument above, the so constructed

{p(ℓ)}ℓ∈L in Lemma 3.3.5 satisfies p(ℓ)w = o(1) and Nwp(ℓ)w ≫ 1. Then the desired result follows

since

√
VarΨ(Λ)/EΨ[Λ]≲

1√
DGCH ·qN

= o(1).

B.3 Proofs in Section 3.4

Proof of Lemma 3.4.1. For the first part, ξN ≍ ρN is trivially true when Assumption 3.2.2 holds.

On the other hand, due to the fact α1, . . . ,αK = Ω(1), the conclusion ξN ≍ ρN still holds since

the dense part inside the summation ξN = N−1
∑

N
v=1E[Dv] distinguishes itself.

For the second part, by Bernstein D.3.4, we have

P(d−ξN ≥ ξN/
√

N) = P
(

∑
v∈V

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

(D(ℓ)
v,w−ED(ℓ)

v,w)≥
√

NξN

)

≤2exp
(
−

N ·ξ2
N/2

M
(K+L−1

ℓ−1

)
ξN +

√
NξN/3

)
.

Then d−ξN ≤ ξN/
√

N with probability at least 1− e−N1/2
as long as ξN = ω(1).

For the last part, we assume qN ≥ log(N) in (3.2.2) from now on. We are going to present

some large deviation results. Let d̃ = maxv∈V dv denote realized maximum degree. Define the

random variable D̃ by D̃ = maxv∈V Dv, then ED̃ = Emaxv∈V Dv. Define Wv := Dv−EDv, then

following (3.1.1), Wv = ∑ℓ∈L ∑w∈W C (ℓ−1)
K

W(ℓ)
v,w where W(ℓ)

v,w are mean zero random variables,
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and define

W̃ := max
v∈V

Wv ≤ ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

max
v∈V

W(ℓ)
v,w. (B.3.1)

Note that D(ℓ)
v,w ∼ Bin(Nw,Q

(ℓ)
k⊕w) when Yv = k, then σ2 = E(W(ℓ)

v,w)
2 = NwQ (ℓ)

k⊕w(1−Q (ℓ)
k⊕w) ≤

ED(ℓ)
v,w < ED̃. By Bernstein D.3.4, for any ε > 0, we have

P[W(ℓ)
v,w ≥ (1− ε)ED̃]≤ exp

(
− 3(1− ε)2(ED̃)2

6σ2 +2
√
(1− ε)ED̃

)
≤ exp

(
− 1

2
(1− ε)2ED̃

)
(B.3.2)

Note that ED̃≥ cqN for some c > 0 under regime (3.2.2). By the union bounds

P(W̃≥ (1− ε)ED̃)≤ ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

P(max
v∈V

W(ℓ)
v,w ≥ (1− ε)ED̃)

≤ ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

N

∑
v=1

P[W(ℓ)
v,w ≥ (1− ε)ED̃]≤ (ℓ−1) ·

(
ℓ+K−1

K−1

)
exp
(

log(N)− 1
2
(1− ε)2ED̃

)
≲ exp

{
− log(N) · [(1− ε)2c2/2−1]

} N→∞−→ 0, when c >
√

2/(1− ε),

where the last inequality holds when we choose qN = log(N) and c >
√

2/(1− ε). Note that

DGCH > 1 implies c > 2ℓ−1 for ℓ ∈ L , then it just a matter of choosing proper ε. Similarly,

W̃ ≥ −(1− ε)ED̃ with probability tending to 1. Note that |D̃−ED̃| ≤ |W̃| ≤ (1− ε)ED̃ with

high probability, then

εED̃≤ D̃≤ 2ED̃. (B.3.3)

We now refer to the magnitude of ED̃. By Jensen’s inequality, for any t > 0, we have

exp(tED̃)≤ Eexp(tD̃) = Eexp(t max
v∈V

Dv)≤∏
ℓ∈L

∏
w∈W C (ℓ−1)

K

Eexp(t max
v∈V

D(ℓ)
v,w), (B.3.4)
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since D̃≤ ∑ℓ∈L ∑w∈W C (ℓ−1)
K

maxv∈V D(ℓ)
v,w. By the union bound,

Eexp(t max
v∈V

D(ℓ)
v,w)≤

N

∑
v=1

Eexp(tD(ℓ)
v,w) =

N

∑
v=1

[Q (ℓ)
y(v)⊕wet +(1−Q (ℓ)

y(v)⊕w)]
Nw (B.3.5)

≤N[1+Q (ℓ)
max(et−1)]Nw ≤ exp[log(N)+NwQ (ℓ)

max(et−1)], (B.3.6)

since by definition Q (ℓ)
max = max

w∈W C (ℓ)
K

Q (ℓ)
w and 1+x≤ ex. We adapt the notation in (3.2.2) and

(3.4.2), then Dmax = ∑ℓ∈L NwQ (ℓ)
max. Note that NwQ (ℓ)

max ≤ P (ℓ)
maxqN , By taking t = 1, we have

ED̃≤ ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

(log(N)+(e−1)NwQ (ℓ)
max) (B.3.7)

≤ ∑
ℓ∈L
|W C (ℓ−1)

K | · (log(N)+(e−1)NwQ (ℓ)
max)≲ Dmax , (B.3.8)

where ∑ℓ∈L NwQ (ℓ)
max ≳ log(N) since qN = log(N) and |W C (ℓ−1)

K | =
(ℓ+K−1

K−1

)
= O(1). At the

same time, ED̃ ≥ maxℓ∈L NwQ (ℓ)
max ≍ Dmax. Therefore d̃ ≍ Dmax with high probability. The

desired result follows if Dmax ≍ ρN , which is obviously true when Assumption 3.2.2 holds.

When the assumption is not true, where some specific configuration w ∈W C (ℓ)
K dominates

for some ℓ ∈ L , then the vertex with maximum expected degree should certainly contain this

type of edge. At the same time, Dmax should contain the dominant type w as well. Therefore

Dmax ≍ ρN ≍ d̃ with high probability.

Proof of Lemma 3.4.5. Define the matrix EÃ where EÃi j = EAi j for i ̸= j and EÃii = EAi j for

some j ∈V in the same community as i, i.e., yi = y j, then rank(EÃ) = K. By triangle inequality

and (a+b)2 ≤ 2a2 +2b2,

∥A(K)
J −EAJ ∥2

F ≤ 2∥A(K)
J −EÃJ ∥2

F +2∥EAJ −EÃJ ∥2
F (B.3.9)

The matrices EAJ and EÃJ only differ in diagonal elements while EÃii ≲ N−1Dmax, then

∥EAJ −EÃJ ∥2
F ≲ N−1D2

max. Meanwhile, the rank of A(K)
J −EÃJ is at most 2K, then by rank
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inequality

∥A(K)
J −EÃJ ∥2

F ≤ 2K∥A(K)
J −EÃJ ∥2

2 ≤ 4K
(
∥A(K)

J −AJ ∥2
2 +∥AJ −EÃJ ∥2

2
)
. (B.3.10)

By Eckart–Young–Mirsky Lemma D.2.2, ∥AJ −A(K)
J ∥2 = λK+1 ≤ ∥AJ −EÃJ ∥2. Also, AJ −

EÃJ = AJ −EAJ −diag(EAii). Then desired the argument holds since

∥A(K)
J −EAJ ∥2

F ≲ 8K
(
∥A(K)

J −AJ ∥2
2 +∥AJ −EÃJ ∥2

2
)
+2D2

max/N

≤16K · ∥AJ −EÃJ ∥2
2 +2D2

max/N ≲ 32K · ∥AJ −EAJ ∥2
2 +(32K +2)D2

max/N

Theorem 3.4.4
≤ 32KC2

(3.4.6)Dmax +(32K +2)D2
max/N ≍ ρN +ρ

2
N/N,

where the last step holds since ρN ≍Dmax, as proved in Lemma 3.4.1.

Proof of Lemma 3.4.6. First, we discuss the case both u,v ∈ J , and this is a high probability

event. By construction, the number of vertices not in J1 is upper bounded by ⌊N exp(−d)⌋≲ 1

since ρN ≳ log(N) and d ≍ log(N) with high probability by Lemma 3.4.1. Thus vertex l ∈ J1

with probability at least 1−N−1. Also, by taking β1 = 20L in (B.1.12), the number of vertices

not in J2 is at most Ne−c̃ρN for some constant c̃ > 0, thus l ∈ J2 with probability at least 1−e−c̃ρN .

By definition,

∥(EAJ )u:− (EAJ )v:∥2
2 = ∑

l∈V
[(EAJ )ul− (EAJ )vl]

2. (B.3.11)

For vertex l with zl = t for some t ∈ [K], entry (EAJ )ul denotes the expected number of hyper-

edges containing u and l. Hyperedges can be classified into different categories according to

the distribution of the remaining ℓ−2 nodes among K communities. Assuming that u ∈ V j and

v ∈ Vk with j ̸= k, the membership distribution of e can be represented by j⊕ l⊕w for each

w ∈W C (ℓ−2)
K with Nw ≍ N−(ℓ−2). For each l ∈ J , the difference between (EAJ )ul and (EAJ )vl
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is

(EAJ )ul− (EAJ )vl = ∑
ℓ∈L

∑
w∈W C (ℓ−2)

K

Nw · (Q
(ℓ)
j⊕l⊕w−Q (ℓ)

k⊕l⊕w). (B.3.12)

At the same time, Nw can be replaced by Nw with high probability by Lemma 3.1.1. Then

according to Assumption 3.2.7, it follows that with probability at least 1−N−c,

∥(EAJ )u:− (EAJ )v:∥2
2 ≳ N

[
(EAJ )ul− (EAJ )vl

]2
≳ N−1

ρ
2
N . (B.3.13)

On the other hand, when u and v are from the same cluster, i.e., u ∈ V j and v ∈ Vk with j = k,

since (EAJ )uu = (EAJ )vv = 0 due to the fact that self loops are not allowed in model 1.1.8, it

then follows

∥(EAJ )u:− (EAJ )v:∥2
2 = [(EAJ )uv]

2 +[EAJ )vu]
2 ≲ N−2

ρ
2
N . (B.3.14)

We now turn to the discussion when u ∈ J but v /∈ J , and the conclusion holds similarly.

As for the case u /∈ J , v /∈ J , it follows directly from the definition of EAJ that ∥(EAJ )u:−

(EAJ )v:∥2
2 = 0.

Proof of Lemma 3.4.7. The algorithm inputs r = ⌊N log(d)⌋−1d
2. Note that d ≍ ρN with high

probability at least 1− e−N1/2
by Lemma 3.4.1, then r ≍ r := ⌊N log(ρN)⌋−1ρ2

N . For now on, we

will work on r instead of r.

Define Ok := {v ∈ Vk ∩ J : ∥(A(K)
J )v:− (EAJ )v:∥2

2 > 4r}, while Ik, Uk, Ok and Br(v)

enjoy the following properties.

(i) For each k ∈ [K], Ik ⊂ Br(v) ⊂ Uk for any v ∈ Ik ∩ S , since (EAJ )v: = (EAJ )w: for all

w ∈ Ik,

∥(A(K)
J )v:− (A(K)

J )w:∥2
2 ≤ 2∥(A(K)

J )v:− (EAJ )v:∥2
2 +2∥(EAJ )w:− (A(K)

J )w:∥2
2 ≤ r.
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(ii) For each k ∈ [K], Br(v)⊂Uk for any v ∈ Ik∩S .

(iii) |Ik| ≥ αkN(1−o(1)) for each k ∈ [K], which follows from the fact that almost all nodes

in Vk∩ J are r/4-close to its expected center, since the number of vertices outside Ik is

bounded by

|(Vk∩ J )\ Ik|
N

≤ 1
N
·

∑
v∈(Vk∩J )\Ik

∥(A(K)
J )v:− (EAJ )v:∥2

2

min
v∈(Vk∩J )\Ik

∥(A(K)
J )v:− (EAJ )v:∥2

2

≤ 1
N

∥A(K)
J −EAJ ∥2

F

r/4

≲
1
N

ρN +ρ2
N/N

[N log(ρN)]−1ρ2
N
=

log(ρN)

ρN
+

log(ρN)

N
= o(1),

where the last two equalities hold since ∥A(K)
J −EAJ ∥2

F ≲ ρN +ρ2
N/N (Lemma 3.4.5), r =

[N log(ρN)]
−1ρ2

N and 1≪ ρN≪N. Thus |Ik|= |Vk∩J |−|(Vk∩J )\Ik| ≥αkN(1−o(1)).

(iv) Following from (iii), for all k ∈ [K],

|Uk| ≤ N−|∪ j ̸=k U j| ≤ N−∑
j ̸=k
|I j| ≤ αkN

[
1+O

( log(ρN)

ρN

)]
= αkN(1+o(1)).

(v) |∪K
k=1 Ok| ≤ o(N), since most nodes are in ∪K

k=1Ik, and

|∪K
k=1 Ok| ≤

∑v∈J ∥(A
(K)
J )v:− (EAJ )v:∥2

2

min
v∈(∪K

k=1Ok)
∥(A(K)

J )v:− (EAJ )v:∥2
2

≤
∥A(K)

J −EAJ ∥2
F

4r
= o(N)

(vi) |Br(v)| = o(N) for all v ∈ Ok ∩ S . First, Br(v)∩Uk = /0 because the distance between

v ∈ Ok and w ∈ Ik is larger than r, due to the facts (EAJ )v: = (EAJ )w:, (x− y)2 ≥ 1
2(x−

z)2− (y− z)2, and

∥(A(K)
J )v:− (A(K)

J )w:∥2
2 ≥

1
2
∥(A(K)

J )v:− (EAJ )v:∥2
2−∥(A

(K)
J )w:− (EAJ )w:∥2

2 > r.
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Then as a consequence of (v), |Br(v)| ≤ |∪K
k=1 Ok|= o(N).

(vii) Br(u)∩Br(v) = /0 for any u ∈ U j and v ∈ Uk with j ̸= k. This follows the fact that

|Br(v)∩U j| = 0 when |Br(v)∩Uk| ≥ 1, since the distance between expected centers

∥(EAJ )v:− (EAJ )u:∥2
2 ≳ N−1ρ2

N (Lemma 3.4.6) is much larger than the radius 4r ≍

[N log(ρN)]
−1ρ2

N where ρN = ω(1).

We now prove those three arguments using the properties above.

(a). For each k ∈ [K], the probability that a randomly selected node s ∈ V does not belong to Ik

is

1− |Ik|
N

(iii)
≤ 1−αk(1−o(1)) = ∑

j ̸=k
α j +o(1)< 1, (B.3.15)

where 1 > α1 ≥ ·· · ≥ αK > 0 are some constants by Definition 1.1.5, then the probability that

there exists at least one node s ∈ S ∩ Ik is

1−
(

1− |Ik|
N

)log(N)
≥ 1−

(
∑
j ̸=k

α j +o(1)
)log(N)

= 1−N
− log( 1

∑ j ̸=k α j+o(1) ), (B.3.16)

A simple union bound completes the argument.

(b). We prove part (b) by induction.

(1) k = 1. By part (a), there exists a node v1 in I1 ∩ S , satisfying Br(v1) ⊃ I1 due to (i).

By algorithm procedure, |Br(s1)| is at least |Br(v1)|, then |Br(s1)| ≥ |Br(v1)| ≥ |I1| ≥

α1N(1− o(1)) thanks to (iii). To prove s1 ∈U1, one should verify the failure of other

possibilities, namely, for v /∈U1, the cardinality of Br(v) is too small to make v selected

as a center.

• For any v ∈ Ok∩S for each k ∈ [K], |Br(v)|= o(N)< |Br(s1)| by property (vi).

• For any v ∈ Uk ∩ S with k ̸= 1, |Br(v)|
(ii)
≤ |Uk|

(iv)
≤ αkN(1 + o(1)) < α1N since

α1 > αk.
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(2) 2≤ k ≤ K. Suppose s j ∈U j for all j ∈ [k−1]. Similarly by (i), there exists a node vk ∈

Uk∩S satisfying Br(vk)⊃Uk. By induction hypothesis |V̂ (0)
j |= |Br(v j)\(∪ j−1

l=1 V̂ (0)
l )| ≥

α jN(1−o(1)) for j ∈ [k−1]. Then by (vii), Br(vk)\(
⋃k−1

l=1 V̂ (0)
l ) =Br(vk), and |Br(sk)| ≥

|Br(vk)| ≥ |Uk| ≥ αkN(1− o(1)) thanks to (iii). To prove sk ∈ Uk, one should verify

the failure of other possibilities, namely, for v /∈ Uk, the cardinality of so obtained set

Br(v)\ (∪k−1
l=1 V̂ (0)

l ) is too small to make v selected as a center.

• For any v ∈ Ok∩S for all k ∈ [K], |Br(v)|= o(N)< |Br(sk)| by property (vi).

• For any v ∈U j ∩S where j < k, note that |Br(s j)| ≥ α jN(1− o(1)) by induction,

then

|Br(v)\ (∪k−1
l=1 V̂ (0)

l )|
(vii)
≤ |Br(v)\ V̂ (0)

j |
(ii)
≤ |U j|− |Br(s j)|

(iv)
= o(N) (B.3.17)

< |Br(sk)|= αkN(1+o(1)). (B.3.18)

• For any v ∈U j∩S where j > k,

|Br(v)\ (∪k−1
l=1 V̂ (0)

l )|
(vii)
≤ |Br(v)|

(ii)
≤ |U j|

(iv)
= α jN(1+o(1)) (B.3.19)

< αkN(1+o(1)) = |Br(sk)|, (B.3.20)

where the last inequality holds since αk > α j.

(c). Consequently, {sk}K
k=1 are pairwise far from each other, i.e., for any pair j ̸= k

∥(A(K)
J )s j:− (A(K)

J )sk:∥2
2 ≥

1
2
∥(A(K)

J )s j:− (EAJ )sk:∥2
2−∥(EAJ )sk:− (A(K)

J )sk:∥2
2

≥ 1
2

(
1
2
∥(EAJ )s j:− (EAJ )sk:∥2

2−∥(A
(K)
J )s j:− (EAJ )s j:∥2

2

)
−∥(EAJ )sk:− (A(K)

J )sk:∥2
2 ≳

ρ2
N

N
,

where the last equality holds by since Lemma 3.4.6 ∥(EAJ )s j: − (EAJ )sk:∥2
2 ≳ N−1ρ2

N ≫

[N log(ρN)]
−1ρ2

N ≍ 4r ≥ ∥(EAJ )s j:− (AJ )s j:∥2
2 with ρN = ω(1) by the property that s j ∈U j for
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each j ∈ [K].

Proof of Lemma 3.4.8. Note that (EAJ )v: = (EAJ )si: when v ∈ Vi∩ J where si is the center of

V̂ 0
i obtained in Line 4. There are two scenarios where v ∈ Vi∩ J would be misclassified into

V̂ (0)
j ( j ̸= i).

1. In Line 4 of Algorithm 3.2.2, if v is r-close to center of V̂ (0)
j , i.e., ∥(A(K)

J )v:−(A(K)
J )s j:∥2

2≤

r, then

∥(A(K)
J )v:− (EAJ )si:∥2

2 ≥
1
2
∥(EAJ )si:− (EAJ )s j:∥2

2−∥(A
(K)
J )v:− (EAJ )s j:∥2

2

≥ 1
2
∥(EAJ )si:− (EAJ )s j:∥2

2−2∥(A(K)
J )v:− (A(K)

J )s j:∥2
2−2∥(A(K)

J )s j:− (EAJ )s j:∥2
2 ≳

ρ2
N

N
,

where ∥(EAJ )si:− (EAJ )s j:∥2
2 ≳ N−1ρ2

N by Lemma 3.4.6, and ∥(A(K)
J )s j:− (EAJ )s j:∥2

2 ≤

4r ≍ [N log(ρN)]
−1ρ2

N ≪ ρ2
N/N since ρN = ω(1) and s j ∈U j as proved in Lemma 3.4.7.

2. In Line 8 of Algorithm 3.2.2, when v is closer to the center of V̂ (0)
j than V̂ (0)

i , i.e.,

∥(A(K)
J )s j:− (A(K)

J )v:∥2
2 ≤ ∥(A

(K)
J )si:− (A(K)

J )v:∥2
2. One can verify that v is far from its

expected center, namely,

∥(A(K)
J )v:− (EAJ )si:∥2

2 ≥
1
2
∥(A(K)

J )si:− (A(K)
J )v:∥2

2−∥(EAJ )si:− (A(K)
J )si:∥2

2 ≳
ρ2

N
N

,

where ∥(EAJ )si:− (A(K)
J )si:∥2

2 ≤ 4r ≍ [N log(ρN)]
−1ρ2

N and

∥(A(K)
J )si:− (A(K)

J )v:∥2
2 ≥

1
2

(
∥(A(K)

J )si:− (A(K)
J )v:∥2

2 +∥(A
(K)
J )s j:− (A(K)

J )v:∥2
2

)
≥ 1

4
∥(A(K)

J )si:− (A(K)
J )s j:∥2

2

Lemma 3.4.7 (c)
≳

ρ2
N

N
,

where the last line holds since (x− y)2 ≤ 2(x− z)2 +2(y− z)2.
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B.4 Proofs in Section 3.5

Proof of Lemma 3.5.1. At step 0, let D̂
(0)
w denote the number of ℓ-hyperedges with

ŷ(0)(e) = w = (w1, . . . ,wK),

meaning that wk nodes in V̂ (0)
k for each k ∈ [K]. Recall Q̂ (ℓ)

w = D̂
(0)
w /N̂(0)

w in (3.2.11). Conse-

quently, for any w ∈W C (ℓ)
K , we have

|Q̂ (ℓ)
w −Q (ℓ)

w |=
∣∣D̂(0)

w −Q (ℓ)
w · N̂

(0)
w
∣∣

N̂(0)
w

≤ 1

N̂(0)
w

(∣∣D̂(0)
w −ED̂

(0)
w
∣∣+ ∣∣ED̂

(0)
w −Q (ℓ)

w · N̂
(0)
w
∣∣). (B.4.1)

We will bound the two terms in the numerator separately. For the first term
∣∣D̂(0)

w −ED̂
(0)
w
∣∣,

denote Q (ℓ)
min := min

w∈W C (ℓ)
K

Q (ℓ)
w , Q (ℓ)

max := max
w∈W C (ℓ)

K
Q (ℓ)

w for each ℓ ∈ L . Using (3.2.2), we

write Q (ℓ)
min = P (ℓ)

minq(ℓ)min/
(N−1
ℓ−1

)
, Q (ℓ)

max = P (ℓ)
maxq(ℓ)max/

(N−1
ℓ−1

)
where P (ℓ)

min≍ P (ℓ)
max≍ 1 and q(ℓ)min ≲ q(ℓ)max.

Since N̂(0)
w ≍ Nℓ, we then have

Nq(ℓ)min ≍ N̂(0)
w ·Q

(ℓ)
max ≤ ED̂

(0)
w ≤ N̂(0)

w ·Q
(ℓ)

max ≍ Nq(ℓ)max (B.4.2)

Let V̂ denote the collection of partitions {V̂k}K
k=1 such that

∣∣∣ K⋃
k=1

(Vk \ V̂k)
∣∣∣≤ ηN ·N, ∀{V̂k}K

k=1 ∈ V̂ , (B.4.3)

where ηN is the mismatch ratio defined in (1.2.1) and ηN ≲ (ρN)
−1 with probability at least

1−N−c for some constant c > 0 by (3.4.10). For any {V̂ (0)
k }

K
k=1 ∈ V̂ , thanks to edgewise
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independence, Bernstein (Lemma D.3.4) shows that

P
(∣∣D̂(0)

w −ED̂
(0)
w
∣∣≥ N logq(ℓ)max

)
≤2exp

(
−

(
N logq(ℓ)max

)2
/2

Nq(ℓ)max +N/3 · logq(ℓ)max

)
=2exp

(
−N(logq(ℓ)max)

2/(2q(ℓ)max)
)
,

Meanwhile, the upper bound on the cardinality of V̂ can be computed as follows: first ηNN

many vertices (wrongly classified) are selected, then each of them can be assigned to K different

communities. Thus by Lemma D.1.3, for some universal constant C > 0, the following holds

|V̂ | ≤
(

N
ηNN

)
KηNN ≤

(eNK
ηNN

)ηNN
= exp

(
ηNN log

(eK
ηN

))
≲ exp

(
C

N logρN

ρN

)
(B.4.4)

Note that ρN ≍ ∑ℓ∈L q(ℓ)max and the function h(x) = x/ log(x) increases when x≥ e, then a simple

union bound shows that the following holds with probability at least 1−N−c

P
(
∃{V̂ (0)

k }
K
k=1 ∈ V̂ s.t.

∣∣D̂(0)
w −ED̂

(0)
w
∣∣≥ ·N logq(ℓ)max

)
(B.4.5)

≤|V̂ |
(

K
2

)
·2exp

(
−N

[logq(ℓ)max]
2

2q(ℓ)max

)
≲ exp

(
−N

logq(ℓ)max

q(ℓ)max

)
. (B.4.6)

Consider the second term ED̂
(0)
w = ∑ŷ(0)(e)=w Q (ℓ)

y(e). For hyperedge e ⊂ V \ N̂ (0), i.e.,

ŷ(0)(e) = w = y(e), the contribution of such e inside the |ED̂
(0)
w −Q (ℓ)

w · N̂
(0)
w | cancels out. Thus

it suffices to consider contributions from e which contains at least one node from N̂ (0), and the

number of such hyperedges is at most ηNN ·
(N−1
ℓ−1

)
. According to (3.4.10), ηN ≲ (ρN)

−1 where

ρN ≍ ∑ℓ∈L q(ℓ)max, then the following holds with probability at least 1−N−c for some c > 0

|ED̂
(0)
w −Q (ℓ)

w · N̂
(0)
w | ≤ Q (ℓ)

max ·ηNN
(

N−1
ℓ−1

)
≲ q(ℓ)maxN/ρN ≲ N. (B.4.7)
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Therefore, with probability at least 1− exp(−N logq(ℓ)max/q(ℓ)max),

|Q̂ (ℓ)
w −Q (ℓ)

w |≲
N logq(ℓ)max +N

N̂(0)
w

≲
logq(ℓ)max

Nℓ−1 . (B.4.8)

The second part follows easily since Q (ℓ)
w ≍ qNN−m+1 for each ℓ ∈ L when under Assump-

tion 3.2.2.

Lemma B.4.1. Recall that (3.2.17) holds for some absolute constant ε> 0, where κN log(N)→∞

as N→∞. Then the number of nodes which don’t satisfy either (G1) or (G2) is at most N1−κN/3

with probability at least 1−6e−εκN log(N).

Proof of Lemma B.4.1. Probability of satisfying (G1). Recall Dv in (3.1.1). For each w ∈

W C (ℓ−1)
K where Nw in (3.1.2), D(ℓ)

v,w
∣∣
Yv=k ∼ Bin(Nw,Q

(ℓ)
k⊕w). Denote Q (ℓ)

max = max
w∈W C (ℓ)

K
Q (ℓ)

w .

Note that

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

NwQ (ℓ)
k⊕w ≲ ∑

ℓ∈L
∑

w∈W C (ℓ−1)
K

NwQ (ℓ)
max ≲ ∑

w∈W C (ℓ−1)
K

(
N−1
ℓ−1

)
·Q (ℓ)

max = Dmax.

Thanks to hyperedges independence and Markov inequality, for each v ∈ G , we have

P(Dv > 10Dmax) = P
(

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

D(ℓ)
v,w > 10Dmax

)
≤ inf

θ>0

[
exp(−10θDmax)∏

ℓ∈L
∏

w∈W C (ℓ−1)
K

Eexp(θ ·D(ℓ)
v,w)
]

≤ inf
θ>0

exp(−10θDmax)∏
ℓ∈L

∏
w∈W C (ℓ−1)

K

exp
[
(1−Q (ℓ)

k⊕w)+Q (ℓ)
k⊕weθ

]Nw , (1+ x≤ ex)

≤ inf
θ>0

exp(−10θDmax)exp
(
(eθ−1) ∑

ℓ∈L
∑

w∈W C (ℓ−1)
K

NwQ (ℓ)
k⊕w

)
≤ inf

θ>0
exp
(
(eθ−1−10θ) ·Dmax

)
≤ e−10Dmax,

where the last line holds by taking θ = 2, and P(Dv ≤ 10Dmax) ≤ 1− e−10Dmax → 1 since
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Dmax = ω(1).

Probability of satisfying (G2) Note that DGKL( j,k) = (1+ o(1))DGCH( j,k) · qN by

Lemma 3.3.4. We claim that it suffices to prove the following holds with probability at least

1−2e−
1
2 log(N/s),

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)≤
(

1− log(N)√
N

)
·DGKL( j,k)− Dmax

logqN
, (B.4.9)

where the proof is deferred to Lemma B.4.2. Assuming (B.4.9), subsequent logic is indicated as

follows.

1. Remind that (1− log(N)/
√

N)ℓ−1 ≤ Nw/Nw by Lemma 3.1.1, then by (B.4.9),

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)

≤
(

1− log(N)√
N

)−1
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)< DGKL( j,k).

2. Then by (3.3.11), ∑ℓ∈L ∑w∈W C (ℓ−1)
K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w) ≥ DGKL( j,k), since part (1)

and

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·max
{
DKL(µ

(ℓ)
v,w ∥ Q (ℓ)

j⊕w), DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)
}
≥ DGKL( j,k).

3. Then we use part (2) and (1− log(N)/
√

N)ℓ−1 ≤ Nw/Nw again,

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w)

≥
(

1− log(N)√
N

)
·∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w)≥
(

1− log(N)√
N

)
·DGKL( j,k).
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4. Therefore by part (3) and (B.4.9), ∑ℓ∈L ∑w∈W C (ℓ−1)
K

Nw ·
[
DKL(µ

(ℓ)
v,w ∥ Q (ℓ)

j⊕w)−DKL(µ
(ℓ)
v,w ∥

Q (ℓ)
k⊕w)

]
≥Dmax/ logqN , which proves (G2).

Let s = N1−κN . According to Lemma B.4.2, the probability that there are more than s/3 nodes in

V not satisfying either (G1) or (G2) is upper bounded by Markov inequality as follows,

E[# of nodes that do not satisfy either (G1) or (G2)]
s/3

≤ N ·2e−DGCH·qN

s/3

≤6exp(−DGCH ·qN + log(N/s))≤ 6exp(−ε ·κN · log(N))→ 0,

where the last inequality holds since (3.2.17) and κN · log(N)→ ∞.

Lemma B.4.2. Under Assumption 3.2.2, with probability at least 1− 2e−DGCH·qN , vertex v

satisfies (G1) and (G2) simultaneously.

Proof of Lemma B.4.2. Let X denote the set of degree profiles satisfying (G1), i.e.,

X =
{
{x(ℓ)}ℓ∈L

∣∣∣ x(ℓ) ∈ N|W C (ℓ−1)
K |, s.t. x(ℓ)w = ω(1) for each m,w,

and ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

x(ℓ)w ≤ 10Dmax,
}
.

Since the cardinality |W C (ℓ−1)
K |=

(ℓ+K−1
K−1

)
, for simplicity, we denote

T = ∑
ℓ∈L

(
ℓ+K−1

K−1

)
= O(1). (B.4.10)

Let {D(ℓ)
v,w = x(ℓ)w }ℓw denote the event D(ℓ)

v,w = x(ℓ)w for each ℓ ∈ L , w ∈W C (ℓ−1)
K , then

P({D(ℓ)
v,w = x(ℓ)w }ℓw) = ∏

ℓ∈L
∏

w∈W C (ℓ−1)
K

(
Nw

x(ℓ)w

)
· [Q (ℓ)

k⊕w]
x(ℓ)w · (1−Q (ℓ)

k⊕w)
Nw−x(ℓ)w . (B.4.11)

Note that µ(ℓ)v,w :=D(ℓ)
v,w/Nw where Nw :=∏

K
k=1
(|Vk|

wk

)
≍Nℓ−1. For any C> 0, by Markov inequality,
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we have

P
({

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)> C
}
∩{Dv ≤ 10Dmax}

)

= ∑
{x(ℓ)}∈X

P({D(ℓ)
v,w = x(ℓ)w }ℓw) ·P

(
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)> C
∣∣∣{D(ℓ)

v,w = x(ℓ)w }ℓw
)

≤ ∑
{x(ℓ)}∈X

P({D(ℓ)
v,w = x(ℓ)w }ℓw) · e−C ·E

(
exp
[

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)
]∣∣∣{D(ℓ)

v,w = x(ℓ)w }ℓw
)

≤e−C
∑

{x(ℓ)}∈X
∏
ℓ∈L

∏
w∈W C (ℓ−1)

K

P(D(ℓ)
v,w = x(ℓ)w ) · exp

(
x(ℓ)w log

x(ℓ)w /Nw

Q (ℓ)
k⊕w

+(Nw− x(ℓ)w ) log
1− x(ℓ)w /Nw

1−Q (ℓ)
k⊕w

)
≲e−C exp

(T
2

log(Dmax)
)
, (B.4.12)

where the proof of (B.4.12) is deferred later. By Assumption 3.2.2, C(3.2.3) = O(1) and Dmax ≍

C(3.2.3)DGCH( j,k)qN , then DGKL( j,k) = DGCH( j,k) ·qN ≫ Dmax
logqN

by Lemma 3.3.4. We take

C =
(

1− log(N)√
N

)
·DGKL( j,k)− Dmax

logqN

Lemma 3.3.4
= (1−o(1)) ·DGCH( j,k)qN ≍

Dmax

C(3.2.3)
≫ log(Dmax),

leading to e−C exp
(

T
2 log(Dmax)

)
= e−(1−o(1))·C. Then we are able to establish (B.4.9),

P
({

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw ·DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)≤
(

1− log(N)√
N

)
DGKL( j,k)− Dmax

logqN

}
⋂
{Dv ≤ 10Dmax}

)
≥P(Dv ≤ 10Dmax) ·

(
1− e−C exp

(T
2

log(Dmax)
))

≥P(Dv ≤ 10Dmax)− e−C exp
(T

2
log(Dmax)

)
≥1− e−10Dmax− e−C = 1− e−10Dmax− e−DGCH·qN ≥ 1−2e−DGCH·qN ,
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where the last line holds since DGCH = min1≤ j,k≤K DGCH( j,k), C≫ T log(Dmax) and Dmax ≥

DGCH ·qN as shown in Lemma D.1.1.

Proof of inequality (B.4.12). Note that D(ℓ)
v,w
∣∣
Yv=k ∼ Bin(Nw,Q

(ℓ)
k⊕w), then by Lemma D.1.3,

P(D(ℓ)
v,w = x(ℓ)w ) =

(
Nw

x(ℓ)w

)
exp
(

x(ℓ)w logQ (ℓ)
w +(Nw− x(ℓ)w ) log(1−Q (ℓ)

w )
)

log
(

Nw

x(ℓ)w

)
= − 1

2
log(2πx(ℓ)w )− 1

2
log
(

1− x(ℓ)w
Nw

)
+Nw logNw− x(ℓ)w logx(ℓ)w

− (Nw− x(ℓ)w ) log(Nw)− (Nw− x(ℓ)w ) log
(

1− x(ℓ)w
Nw

)
+o(1)

Thus for each ℓ ∈ L and w ∈W C (ℓ−1)
K , we have

P(D(ℓ)
v,w = x(ℓ)w ) · exp

(
x(ℓ)w log

x(ℓ)w /Nw

Q (ℓ)
k⊕w

+(Nw− x(ℓ)w ) log
1− x(ℓ)w /Nw

1−Q (ℓ)
k⊕w

)
= exp

(
− 1

2
log(2πx(ℓ)w )− 1

2
log(1− x(ℓ)w

Nw
)+o(1)

)
= exp

(
− 1

2
log(2πx(ℓ)w )+o(1)

)
,

where the last equality holds since 1≪ x(ℓ)w ≲ D(ℓ)
max≪ Nℓ−1. Also, for sufficiently large N, the

cardinality of X is bounded by

|X | ≤
(

10Dmax

T

)
≤ (10Dmax)

T

T !
≤ exp

(
T log(Dmax)

)
, (B.4.13)

where T = O(1), then

∑
{x(ℓ)}∈X

∏
ℓ∈L

∏
w∈W C (ℓ−1)

K

P(D(ℓ)
v,w = x(ℓ)w ) · exp

(
x(ℓ)w log

x(ℓ)w /Nw

Q (ℓ)
k⊕w

+(Nw− x(ℓ)w ) log
1− x(ℓ)w /Nw

1−Q (ℓ)
k⊕w

)
≤|X | · exp

(
− T

2
log(2πx(ℓ)w )+o(1)

)
≤ exp

(T
2

log(Dmax)
)
.

Proof of Lemma 3.5.2. Let Eℓ(v,S) denote the set of ℓ-hyperedges containing v with the rest
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ℓ− 1 nodes in S ⊂ V , and Eℓ(S ,S) := ∪v∈S Eℓ(v,S) denote the set of ℓ-hyperedges with all

vertices in S ⊂V , where the repeated edges are dropped, and E(S ,S) :=∪ℓ∈LEℓ(S ,S) similarly.

To conclude the proof, we build the sequence of sets {S (t) ⊂ V }0≤t≤t⋆ as follows.

• S (0) = S , where S denotes the set of nodes which do not satisfy (G1) or (G2). By

Lemma B.4.1, |S | ≤ N1−κN/3 with probability at least 1−6e−εκN log(N).

• For t ≥ 1, S (t) = S (t−1)∪{vt} if there exists vt ∈ V s.t. |E(vt ,S (t−1))|> L(Dmax)
1+δ.

• The sequence ends if no such vertex can be found in V \S (t), and we obtain S (t⋆).

Denote s = N1−κN . Assume that |S (t⋆)| ≥ s. Consider the step t̃ = s− |S (0)|, then

t̃ ≥ 2s/3. By construction, each of the nodes added so far contributes more than L(Dmax)
1+δ

in |E(S (t̃),S (t̃))|. At that point, |S (̃t)| = s. The number of edges |E(S (t̃),S (t̃))| ≥ 2s/3 ·

L(Dmax)
1+δ ≥ 4s/3(Dmax)

1+δ > s(Dmax)
1+δ since L≥ 2. On the other hand, with high proba-

bility, there cannot be any such set |S (t̃)| by Lemma B.4.3. Therefore, |V \G |< s.

Lemma B.4.3. Let δ > 0 be an absolute constant. Denote s = N1−κN where κN ∈ (0,1] satisfies

(3.2.17). Recall Dmax in (G1). Then with probability at least 1−e−s(Dmax)
1+δ/4, there is no subset

S ⊂ V with |S |= s such that |E(S ,S)| ≥ s(Dmax)
1+δ when N is large enough.

Proof of Lemma B.4.3. For any given subset S ⊂ V with |S |= s, by Markov’s inequality,

P(|E(S ,S)| ≥ s(Dmax)
1+δ)

≤ inf
β>0

e−βs(Dmax)
1+δ

E[exp(β · |E(S ,S)|)] = inf
β>0

e−βs(Dmax)
1+δ

∏
ℓ∈L

E[exp(β · |Eℓ(S ,S)|)]

≤ inf
β>0

e−βs(Dmax)
1+δ

∏
ℓ∈L

[Q (ℓ)
max · eβ +(1−Q (ℓ)

max)]
(s
ℓ), (edge independence and 1+ x≤ ex)

≤ inf
β>0

exp
[

∑
ℓ∈L

(
s
ℓ

)
Q (ℓ)

max(eβ−1)−βs(Dmax)
1+δ

]
= exp

{
−
[

∑
ℓ∈L

(
s
ℓ

)
Q (ℓ)

max− s(Dmax)
1+δ

]
− s(Dmax)

1+δ · log
( s(Dmax)

1+δ

∑ℓ∈L
(s
ℓ

)
Q (ℓ)

max

)}
≤ exp

[
− s

2
(Dmax)

1+δ

]
,
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where the second to last inequality holds since the function h(β) = a(eβ− 1)− bβ achieves

its infimum at β = log(b
a), and the last inequality holds since o(1) =

(s
ℓ

)
Q (ℓ)

max≪ s(Dmax)
1+δ

and
(N
ℓ

)
Q (ℓ)

max ≍ Dmax. The number of subsets S ⊂ V with size s is
(N

s

)
≤ (eN

s )s. Then by

Markov inequality, the probability of existing a subset S ⊂ V with |S|= s such that |E(S ,S)|>

s(Dmax)
1+δ is upper bounded by

P
(∣∣{S : |E(S ,S)|> s(Dmax)

1+δ and |S |= s}
∣∣≥ 1

)
≤E
[ ∣∣{S : |E(S ,S)|> s(Dmax)

1+δ and |S |= s}
∣∣ ],

where the term on the right hand side can be further bounded by

E
[ ∣∣{S : |E(S ,S)|> s(Dmax)

1+δ and |S |= s}
∣∣ ]

=

(
N
s

)
·P({|E(S ,S)| ≥ s(Dmax)

1+δ and |S|= s})

≤
(eN

s

)s
· exp

(
− s

2
(Dmax)

1+δ

)
(plug in s = N1−κN )

= exp
(
− s

2
(Dmax)

1+δ + s log
eN
s

)
= exp

(
− N1−κN

2
(Dmax)

1+δ
[
1− 2κN log(N)+1

(Dmax)1+δ

])
≲ exp

(
− N1−κN

4
(Dmax)

1+δ

)
,

where the last inequality holds since Dmax ≳ DGCH ·qN ≥ (1+ ε)κN log(N) by (3.2.17), and

2κN log(N)+1
(Dmax)1+δ

≲
2κN log(N)+1
(DGCH ·qN)1+δ

≲
1

[κN log(N)]δ
= o(1)<

1
2
,

since κN log(N)→ ∞ as N→ ∞.

Proof of Lemma 3.5.3. Let {V̂ (t)
k }

K
k=1 denote the partition at time t. Remind that N̂ (t) :=

∪K
j=1N̂ (t)

j = ∪K
j=1(V̂

(t)
j \V j)∩G , where N̂ (t)

j := ∪k ̸= jN̂
(t)
jk = (V̂ (t)

j \V j)∩G , and N̂ (t)
jk :=

(V̂ (t)
j ∩Vk)∩G , representing the set of vertices in G which belong to Vk but are misclassified in

V̂ (t)
j .

208



For node v ∈ N̂ (t+1)
jk (v ∈ Vk but misclassified in V̂ (t+1)

j ), by Algorithm 3.2.3, it has to

satisfy

0≤ ∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

(
D̂
(t)
v,w · log

Q̂ (ℓ)
j⊕w

Q̂ (ℓ)
k⊕w

+[N̂(t)
w − D̂

(t)
v,w] · log

(1− Q̂ (ℓ)
j⊕w)

(1− Q̂ (ℓ)
k⊕w)

)
(B.4.14)

where D̂
(t)
v,w denotes the number ℓ-hyperedges containing v with the rest ℓ−1 nodes distributed

as w at step t, i.e., w j nodes from V̂ (t)
j for each j ∈ [K]. Let N̂(t)

w denote the capacity of such

hyperedges. Then with the proofs of (B.4.15a), (B.4.15b), (B.4.15c) (B.4.15d) deferred to next
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several pages, we have,

0≤ ∑
1≤ j ̸=k≤K

∑
v∈N̂ (t+1)

jk

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

(
D̂
(t)
v,w · log

Q̂ (ℓ)
j⊕w

Q̂ (ℓ)
k⊕w

+(N̂(t)
w − D̂

(t)
v,w) · log

(1− Q̂ (ℓ)
j⊕w)

(1− Q̂ (ℓ)
k⊕w)

)

= ∑
1≤ j ̸=k≤K

∑
v∈N̂ (t+1)

jk

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

{
D̂
(t)
v,w ·

(
log

Q (ℓ)
j⊕w

Q (ℓ)
k⊕w

+ log
Q̂ (ℓ)

j⊕w

Q (ℓ)
j⊕w

− log
Q̂ (ℓ)

k⊕w

Q (ℓ)
k⊕w

)

+(N̂(t)
w − D̂

(t)
v,w) ·

[
log

(1−Q (ℓ)
j⊕w)

(1−Q (ℓ)
k⊕w)

+ log
(1− Q̂ (ℓ)

j⊕w)

(1−Q (ℓ)
j⊕w)

− log
(1− Q̂ (ℓ)

k⊕w)

(1−Q (ℓ)
k⊕w)

]}

≤ ∑
1≤ j ̸=k≤K

∑
v∈N̂ (t+1)

jk

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

{
D̂
(t)
v,w · log

Q (ℓ)
j⊕w

Q (ℓ)
k⊕w

+(N̂(t)
w − D̂

(t)
v,w) · log

(1−Q (ℓ)
j⊕w)

(1−Q (ℓ)
k⊕w)

}

+ |N̂ (t+1)| ·C(B.4.15a) · logqN (B.4.15a)

≤ ∑
1≤ j ̸=k≤K

∑
v∈N̂ (t+1)

jk

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

{
D(ℓ)

v,w · log
Q (ℓ)

j⊕w

Q (ℓ)
k⊕w

+(Nw−D(ℓ)
v,w) · log

(1−Q (ℓ)
j⊕w)

(1−Q (ℓ)
k⊕w)

}

+2logC(3.2.3) ∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|Eℓ(v,N̂ (t),w)|

+ |N̂ (t+1)| · (C(B.4.15a) · logqN +C(B.4.15b)) (B.4.15b)

≤ −|N̂ (t+1)| · Dmax

logqN
+2logC(3.2.3) ∑

v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|Eℓ(v,N̂ (t),w)|

+ |N̂ (t+1)| · (C(B.4.15a) · logqN +C(B.4.15b)) (B.4.15c)

≤ −|N̂ (t+1)| Dmax

logqN
+C(B.4.15d) ·

√
|N̂ (t)| · |N̂ (t+1)| ·Dmax

+ |N̂ (t+1)| ·
(

C(B.4.15a) · logqN +C(B.4.15b) +2logC(3.2.3) ·∑
ℓ∈L

(
ℓ+K−1

ℓ

))
, (B.4.15d)

where |Eℓ(v,N̂ (t),w)| in (B.4.15b) denotes the number of ℓ-hyperedges e containing v where the

rest ℓ−1 nodes distributed as w among {V̂ (t)
k }

K
k=1 with at least one of those ℓ−1 nodes in N̂ (t),
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and C(B.4.15d) := 2C(3.4.3) logC(3.2.3). Note that C(B.4.15a),C(B.4.15b),C(3.2.3),M,K = O(1), then

Dmax

logqN
≫ C(B.4.15a) · logqN +C(B.4.15b) +2logC(3.2.3) ·∑

ℓ∈L

(
ℓ+K−1

ℓ

)
. (B.4.16)

At the same time, Dmax ≍ qN by the assumption of Theorem 3.4.2. Then for sufficiently large N,

we have

|N̂ (t+1)|
|N̂ (t)|

≤ 2C(3.4.3) logC(3.2.3) ·
[logqN ]

2

Dmax
≤

2C(3.4.3) logC(3.2.3)

C(3.2.3)

[logqN ]
2

qN
≤

logC(3.2.3)

C(3.2.3)

1
e
.

Proof of (B.4.15a). Note that for any q̂,q > 0 with q̂ < 2q, the following holds

∣∣∣ log
q̂
q

∣∣∣≤ log
( q

q−|q̂−q|

)
≤ |q̂−q|

q−|q̂−q|
, (B.4.17)

where the first inequality follows by discussions on cases 2q > q̂ > q and q̂ < q, and the second

comes from log(1+ x) ≤ x. Thus one may focus on bounding |Q̂ (ℓ)
k⊕w−Q (ℓ)

k⊕w|. According

to Lemma 3.5.1, under Assumption 3.2.2, the following holds with probability at least 1−

exp(−N logqN/qN) for each ℓ ∈ L ,

∣∣∣ log
Q̂ (ℓ)

k⊕w

Q (ℓ)
k⊕w

∣∣∣≤ |Q̂ (ℓ)
k⊕w−Q (ℓ)

k⊕w|

Q (ℓ)
k⊕w−|Q̂

(ℓ)
k⊕w−Q (ℓ)

k⊕w|
≲

logqN

qN
, (B.4.18)

∣∣∣ log
(1− Q̂ (ℓ)

k⊕w)

(1−Q (ℓ)
k⊕w)

∣∣∣≤ |Q̂ (ℓ)
k⊕w−Q (ℓ)

k⊕w|

(1−Q (ℓ)
k⊕w)−|Q̂

(ℓ)
k⊕w−Q (ℓ)

k⊕w|
≲

logqN

Nℓ−1 . (B.4.19)

Meanwhile, Dmax = ∑ℓ∈L D(ℓ)
max ≍ qN under Assumption 3.2.2, and D̂

(t)
v,w ≲ Dmax ≪ Nℓ−1 by
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(G1) with N̂(t)
w := ∏

K
k=1
(|V̂ (t)

k |
wk

)
≍ Nℓ−1. Then (N̂(t)

w − D̂
(t)
v,w)≍ Nℓ−1, and

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

D̂
(t)
v,w ·

∣∣∣ log
Q̂ (ℓ)

j⊕w

Q (ℓ)
j⊕w

− log
Q̂ (ℓ)

k⊕w

Q (ℓ)
k⊕w

∣∣∣≲ logqN , (B.4.20)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

(N̂(t)
w − D̂

(t)
v,w) ·

∣∣∣ log
(1− Q̂ (ℓ)

j⊕w)

(1−Q (ℓ)
j⊕w)

− log
(1− Q̂ (ℓ)

k⊕w)

(1−Q (ℓ)
k⊕w)

∣∣∣≲ logqN . (B.4.21)

Consequently, with probability at least 1− exp(−N logqN/qN),

∑
j ̸=k

∑
v∈N̂ (t+1)

jk

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

{
D̂
(t)
v,w ·

∣∣∣ log
Q̂ (ℓ)

j⊕w

Q (ℓ)
j⊕w

− log
Q̂ (ℓ)

k⊕w

Q (ℓ)
k⊕w

∣∣∣
+(N̂(t)

w − D̂
(t)
v,w) ·

∣∣∣ log
(1− Q̂ (ℓ)

j⊕w)

(1−Q (ℓ)
j⊕w)

− log
(1− Q̂ (ℓ)

k⊕w)

(1−Q (ℓ)
k⊕w)

∣∣∣}
≤C(B.4.15a)|N̂ (t+1)| · logqN ,

where C(B.4.15a) > 0 is some constant.

Proof of (B.4.15b). We want to replace D̂
(t)
v,w with D(ℓ)

v,w in this step, where D(ℓ)
v,w (resp. D̂

(t)
v,w)

denotes the number of ℓ-hyperedges containing v with the rest ℓ−1 nodes distributed as w, i.e.,

wl nodes in Vl (resp. V̂ (t)
l ) for each l ∈ [K]. Note that D̂

(t)
v,w ≤ D(ℓ)

v,w + |D̂(t)
v,w−D(ℓ)

v,w| and (N̂(t)
w −

D̂
(t)
v,w)≤ (Nw−D(ℓ)

v,w)+ |(N̂
(t)
w − D̂

(t)
v,w)− (Nw−D(ℓ)

v,w)|, then it suffices to control the contribution

from deviation terms.

• For hyperedge e ∋ v with y(e) = ŷ(t)(e), the contribution of such e inside |D̂(t)
v,w−D(ℓ)

v,w|

cancels out. Thus it suffices to consider e ∈ Eℓ(v,N̂ (t),w), where Eℓ(v,N̂ (t),w) denotes

the set of ℓ-hyperedges e containing v where the rest ℓ−1 nodes distributed as w among

{V̂ (t)
k }

K
k=1 with at least one of those ℓ−1 nodes in N̂ (t). Then under the regime (3.2.2)
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and Assumption 3.2.2,

∑
1≤ j ̸=k≤K

∑
v∈N̂ (t+1)

jk

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|D̂(t)
v,w−D(ℓ)

v,w| · log
Q (ℓ)

j⊕w

Q (ℓ)
k⊕w

≤ logC(3.2.3) · ∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|Eℓ(v,N̂ (t),w)|.

• Meanwhile, (1−ηN)
ℓ−1 ≲

(
|V̂ (t)

k |
|Vk|

)ℓ−1
≍ N̂(t)

w
Nw

≲ (1+ηN)
ℓ−1, where ηN ≲ (ρN)

−1 with

probability at least 1−O(N−c) for some c > 0 according to (3.4.10), then we have

|N̂(t)
w −Nw|= Nw ·

∣∣∣1− N̂(t)
w

Nw

∣∣∣≤ [1− (1−ηN)
ℓ−1]Nw ≤ (ℓ−1)ηNNw ≲ Nℓ−1(ρN)

−1.

Also, log
1−Q (ℓ)

j⊕w

1−Q (ℓ)
k⊕w

= log(1+
Q (ℓ)

k⊕w−Q (ℓ)
j⊕w

1−Q (ℓ)
k⊕w

) =
Q (ℓ)

k⊕w−Q (ℓ)
j⊕w

1−Q (ℓ)
k⊕w

(1+ o(1)) ≍ N−(ℓ−1)ρN , then there

exists some constant C(B.4.15b) > 0 such that

∑
1≤ j ̸=k≤K

∑
v∈N̂ (t+1)

jk

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

∣∣(N̂(t)
w − D̂

(t)
v,w)− (Nw−D(ℓ)

v,w)
∣∣ · log

1−Q (ℓ)
j⊕w

1−Q (ℓ)
k⊕w

(B.4.22)

≤ ∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|N̂(t)
w −Nw| ·

Q (ℓ)
k⊕w−Q (ℓ)

j⊕w

1−Q (ℓ)
k⊕w

(B.4.23)

+ ∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|D̂(t)
v,w−D(ℓ)

v,w)| ·
Q (ℓ)

k⊕w−Q (ℓ)
j⊕w

1−Q (ℓ)
k⊕w

(B.4.24)

≤C(B.4.15b) · |N̂ (t+1)|+ logC(3.2.3) · ∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|Eℓ(v,N̂ (t),w)|. (B.4.25)
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Proof of (B.4.15c). For µ(ℓ)v,w := D(ℓ)
v,w/Nw, Nw ≍ Nℓ−1 in (3.1.2) for w ∈W C (ℓ−1)

K , then

D(ℓ)
v,w · log

Q (ℓ)
j⊕w

Q (ℓ)
k⊕w

+(Nw−D(ℓ)
v,w) · log

(1−Q (ℓ)
j⊕w)

(1−Q (ℓ)
k⊕w)

= Nw ·
[
DKL(µ

(ℓ)
v,w ∥ Q (ℓ)

k⊕w)−DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w)
]
,

where DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w) denotes the KL divergence defined in (3.3.12). It suffices to show

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw · [DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

k⊕w)−DKL(µ
(ℓ)
v,w ∥ Q (ℓ)

j⊕w)]≤−
Dmax

logqN
(B.4.26)

for each v ∈ N̂ (t), which holds true according to (G2) since N̂ (t) ⊂ G .

Proof of (B.4.15d). Note that ρN ≍ Dmax = ∑ℓ∈L D(ℓ)
max ≍ qN under Assumption 3.2.2, where

D(ℓ)
max =

(N−1
ℓ−1

)
Q (ℓ)

max, then

E|Eℓ(v,N̂ (t),w)| ≤ Q (ℓ)
max ·ηNN ·

(
N−2
ℓ−2

)
≤ ηNqN ≲ 1, (B.4.27)

where the last inequality holds since and ηN ≲ (ρN)
−1 by (3.4.10). Then by a union bound, the

following holds

max
v∈V

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

E|Eℓ(v,N̂ (t),w)| ≤ ∑
ℓ∈L

(
ℓ+K−1

ℓ

)
(B.4.28)
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Therefore by Theorem 3.4.2,

∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

|Eℓ(v,N̂ (t),w)|

= ∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

[
|Eℓ(v,N̂ (t),w)|−E|Eℓ(v,N̂ (t),w)|

]
+ ∑

v∈N̂ (t+1)

∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

E|Eℓ(v,N̂ (t),w)|

≤1T
N̂ (t+1)

· (A−EA) ·1N̂ (t) + |N̂ (t+1)| ·∑
ℓ∈L

(
ℓ+K−1

ℓ

)
≤∥1N̂ (t+1)∥2 · ∥A−EA∥2 · ∥1N̂ (t)∥2 + |N̂ (t+1)| ·∑

ℓ∈L

(
ℓ+K−1

ℓ

)
≤C(3.4.3)

√
|N̂ (t)| · |N̂ (t+1)| ·Dmax + |N̂ (t+1)| ·∑

ℓ∈L

(
ℓ+K−1

ℓ

)
.

Define C(B.4.15d) := 2C(3.4.3) logC(3.2.3), then by Theorem 3.4.2, the following holds

2 logC(3.2.3) ∑
v∈N̂ (t+1)

∑
ℓ∈L

∑
w
|Eℓ(v,N̂ (t),w)|+ |N̂ (t+1)| · (C(B.4.15a) logqN +C(B.4.15b))

≤C(B.4.15d) ·
√
|N̂ (t)| · |N̂ (t+1)| ·Dmax

+ |N̂ (t+1)| ·

(
C(B.4.15a) logqN +C(B.4.15b) +2logC(3.2.3) ·∑

ℓ∈L

(
ℓ+K−1

ℓ

))
,

with probability at least 1−2N−10−2e−N .

B.5 Proofs in Section 3.6

Proof of Lemma 3.2.11. Recall that ŷ−v is some estimation of y−v, while H and Y−v denote the

laws of H and y−v, respectively. By definition, the posterior probability is

P(Yv = k |H= H , Y−v = ŷ−v) =
P(Yv = k,H= H , Y−v = ŷ−v)

P(H= H , Y−v = ŷ−v)
. (B.5.1)
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We first evaluate the numerator. Let dv be the observed number of edges in H containing

v with Dv denoting its law. Let H−v be the hypergraph obtained by deleting edges containing

v from H , with H−v denoting its law. Let {Yv = k,Y−v = ŷ−v} denote the event that the

membership vector is Yv = k with the others being ŷ−v. Thanks to the edgewise independence

between H−v and Dv, the following holds

P(H= H , Yv = k, Y−v = ŷ−v) = P(H= H | Yv = k, Y−v = ŷ−v) ·P(Yv = k, Y−v = ŷ−v)

=P(Dv = dv | Yv = k, Y−v = ŷ−v) ·P(H−v = H−v | Yv = k, Y−v = ŷ−v) ·P(Yv = k, Y−v = ŷ−v)

=P(Dv = dv | Yv = k, Y−v = ŷ−v) ·P(H−v = H−v, Yv = k, Y−v = ŷ−v)

=P(Dv = dv | Yv = k, Y−v = ŷ−v) ·P(H−v = H−v, Y−v = ŷ−v | Yv = k) ·P(Yv = k)

=P(Dv = dv | Yv = k, Y−v = ŷ−v) ·P(H−v = H−v, Y−v = ŷ−v) ·P(Yv = k),

where the last equality holds due to two types of independence: first, H−v is independent of

the assignment of {Yv = k} according to the generating process of model 1.1.8; second, the

estimation ŷ−v is independent of the assignment of {Yv = k} as well due to assumption. Then

by edgewise independence between Dv and H−v, and the derivation above, we have

P(Yv = k |H= H , Y−v = ŷ−v) =
P(Yv = k,H= H , Y−v = ŷ−v)

P(H= H , Y−v = ŷ−v)

=
P(Dv = dv | Yv = k, Y−v = ŷ−v) ·P(H−v = H−v, Y−v = ŷ−v) ·P(Yv = k)

P(Dv = dv, Y−v = ŷ−v) ·P(H−v = H−v, Y−v = ŷ−v)

=P(Dv = dv | Yv = k, Y−v = ŷ−v) ·P(Yv = k) · [P(Dv = dv, Y−v = ŷ−v)]
−1.

Note that the denominator P(Dv = dv, Y−v = ŷ−v) can be written as follows

P(Dv = dv, Y−v = ŷ−v) = P(Dv = dv | Y−v = ŷ−v) ·P(Y−v = ŷ−v)

=P(Y−v = ŷ−v) · ∑
j∈[K]

P(Dv = dv | Yv = j, Y−v = ŷ−v),
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which is irrelevant to any specific assignment of {Yv = k}. Then it can be factored from the

MAP, and the proof of the desired argument follows directly

ẑMAP
v =arg max

k∈[K]

P(Yv = k |H= H , Y−v = ŷ−v)

=arg max
k∈[K]

P(Dv = dv|Yv = k, Y−v = ŷ−v) ·P(Yv = k) · [P(Dv = dv, Y−v = ŷ−v)]
−1

=arg max
k∈[K]

P(Dv = dv|Yv = k, Y−v = ŷ−v) ·P(Yv = k).

Another way to verify the derivation above is to directly employ the independence between

{Yv = k} and {Y−v = ŷ−v}, i.e., P(Yv = k, Y−v = ŷ−v) = P(Yv = k) ·P(Y−v = ŷ−v), which

then gives us

P(Dv = dv|Yv = k, Y−v = ŷ−v) ·P(Yv = k) · [P(Dv = dv, Y−v = ŷ−v)]
−1 (B.5.2)

=
P(Yv = k, Dv = dv, Y−v = ŷ−v)

P(Dv = dv, Y−v = ŷ−v)
· P(Yv = k)
P(Yv = k, Y−v = ŷ−v)

(B.5.3)

=P(Yv = k|Dv = dv, Y−v = ŷ−v) · [P(Y−v = ŷ−v)]
−1, (B.5.4)

where both P(Y−v = ŷ−v) and P(Dv = dv, Y−v = ŷ−v) on two sides of the equation can be

factored out from MAP since they are not relevant to any specific assignment {Yv = k}. Then

the MAP becomes

ẑMAP
v =arg max

k∈[K]

P(Yv = k|Dv = dv, Y−v = ŷ−v) (B.5.5)

=arg max
k∈[K]

P(Dv = dv|Yv = k, Y−v = ŷ−v) ·P(Yv = k). (B.5.6)
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Proof of Lemma 3.6.1. For ease of presentation, define the event Ê jk to be

Ê jk := 1

{
P̂ j(Dv = dv) ·α j > P̂k(Dv = dv) ·αk

}
(B.5.7)

Equivalently, assuming Yv = k, the probability of v being misclassified is

Perr(v) = ∑
dv

Pk(Dv = dv) ·P
(
∃ j ̸= k, s.t. {Ê jk = 1}

)
. (B.5.8)

Then the upper bound in (3.6.7) in follows by a simple union bound, i.e.,

P
(
∃ j ̸= k, s.t. {Ê jk = 1}

)
≤

K

∑
j=1, j ̸=k

P(Ê jk = 1) =
K

∑
j=1, j ̸=k

(
1−P(Ê jk = 0)

)
. (B.5.9)

On the other hand, P(Ê jk = 0)≥∏
K
j=1, j ̸=kP(Ê jk = 0) for any j ∈ [K] with j ̸= k, then

K

∑
j=1, j ̸=k

P(Ê jk = 0)≥ (K−1)
K

∏
j=1, j ̸=k

P(Ê jk = 0)

⇐⇒
K

∑
j=1, j ̸=k

(
1−P(Ê jk = 0)

)
≤ (K−1)

(
1−

K

∏
j=1, j ̸=k

P(Ê jk = 0)
)

Then the lower bound in(3.6.7) follows since

P
(
∃ j ̸= k, s.t. {Ê jk = 1}

)
= 1−

K

∏
j=1, j ̸=k

P(Ê jk = 0)≥ 1
K−1

K

∑
j=1, j ̸=k

(
1−P(Ê jk = 0)

)
.

Proof of Lemma 3.6.4. According to (3.4.11), the mismatch ratio after the initial stage satisfies

ηN ≲ ρ
−1
N = o(1) with probability at least 1−N−10. Recall that N̂ (0) in Lemma 3.5.3 denotes

the set of nodes misclassified by Algorithm 3.2.2, then |N̂ (0)|≲ ηNN. Let Eℓ(v,N̂ (0)) denote the

set of ℓ-hyperedges e containing v and at least one node in e belongs to N̂ (0), then the capacity

of such ℓ-hyperedge is at most N(ℓ)
v := ηNN

(N−2
ℓ−2

)
≲ Nℓ−1/ρN . Without loss of generality, we
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assume v ∈ Vk. Note that W C (ℓ−1)
K is a finite set, then there exist w1,w2,w3,w4 ∈W C (ℓ−1)

K

such that

C(ℓ)
k := max

w,w′∈W C (ℓ−1)
K

Q (ℓ)
k⊕w

Q (ℓ)
k⊕w′

=
Q (ℓ)

k⊕w1

Q (ℓ)
k⊕w2

,
1−Q (ℓ)

k⊕w3

1−Q (ℓ)
k⊕w4

= max
w,w′∈W C (ℓ−1)

K

1−Q (ℓ)
k⊕w

1−Q (ℓ)
k⊕w′

, (B.5.10)

where we can derive the facts Q (ℓ)
k⊕w1

≥Q (ℓ)
k⊕w2

and Q (ℓ)
k⊕w4

≥Q (ℓ)
k⊕w3

. Then for edge e∈Eℓ(v,N̂ (0)),

the ratio P̂k(A
(ℓ)
e = 1)/Pk(A

(ℓ)
e = 1) can be bounded as below

Q (ℓ)
k⊕w2

Q (ℓ)
k⊕w1

≤ P̂k(A
(ℓ)
e = 1)

Pk(A
(ℓ)
e = 1)

≤
Q (ℓ)

k⊕w1

Q (ℓ)
k⊕w2

,
1−Q (ℓ)

k⊕w4

1−Q (ℓ)
k⊕w3

≤ P̂k(A
(ℓ)
e = 0)

Pk(A
(ℓ)
e = 0)

≤
1−Q (ℓ)

k⊕w3

1−Q (ℓ)
k⊕w4

. (B.5.11)

By Definition 3.6.2, G(v) = 1 if Gℓ(v) = 1 for each ℓ ∈ L , i.e., |Eℓ(v,N̂ (0))| ≤ c(ℓ)N where we

denote c(ℓ)N = 4q(ℓ)max/ log(q(ℓ)max) for simplicity. Consequently, the ratio P̂k(Dv = dv)/Pk(Dv = dv)

can be bounded from both sides by Uk and 1/Uk respectively, where

P̂k(Dv = dv)

Pk(Dv = dv)
≤∏

ℓ∈L

(
Q (ℓ)

k⊕w1

Q (ℓ)
k⊕w2

)c(ℓ)N
(

1−Q (ℓ)
k⊕w3

1−Q (ℓ)
k⊕w4

)N(ℓ)
v −c(ℓ)N

=: Uk , (B.5.12a)

P̂k(Dv = dv)

Pk(Dv = dv)
≥∏

ℓ∈L

(
Q (ℓ)

k⊕w2

Q (ℓ)
k⊕w1

)c(ℓ)N
(

1−Q (ℓ)
k⊕w4

1−Q (ℓ)
k⊕w3

)N(ℓ)
v −c(ℓ)N

=: 1/Uk . (B.5.12b)

Furthermore, we rewrite the terms above in the following way

(Q (ℓ)
k⊕w1

Q (ℓ)
k⊕w2

)c(ℓ)N

= exp
(

log
(Q (ℓ)

k⊕w1

Q (ℓ)
k⊕w2

)
· c(ℓ)N

)
(B.5.13)

(1−Q (ℓ)
k⊕w3

1−Q (ℓ)
k⊕w4

)N(ℓ)
v −c(ℓ)N

= exp
(

log
(

1+
Q (ℓ)

k⊕w4
−Q (ℓ)

k⊕w3

1−Q (ℓ)
k⊕w4

)
· (N(ℓ)

v − c(ℓ)N )

)
. (B.5.14)
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Moreover, by using the facts that log(1+ x) = x for x = o(1), we have

logUk = ∑
ℓ∈L

(
log
(

1+
Q (ℓ)

k⊕w4
−Q (ℓ)

k⊕w3

1−Q (ℓ)
k⊕w4

)
· (N(ℓ)

v − c(ℓ)N )+ log
(Q (ℓ)

k⊕w1

Q (ℓ)
k⊕w2

)
· c(ℓ)N

)

= ∑
ℓ∈L

(
N(ℓ)

v · log
(

1+
Q (ℓ)

k⊕w4
−Q (ℓ)

k⊕w3

1−Q (ℓ)
k⊕w4

)
+ log

(Q (ℓ)
k⊕w1

(1−Q (ℓ)
k⊕w4

)

Q (ℓ)
k⊕w2

(1−Q (ℓ)
k⊕w3

)

)
· c(ℓ)N

)

≲ ∑
ℓ∈L

N(ℓ)
v Q (ℓ)

k⊕w4
+(1+o(1)) ·∑

ℓ∈L
log
(Q (ℓ)

k⊕w1

Q (ℓ)
k⊕w2

)
· c(ℓ)N .

For the first term, note that Q (ℓ)
k⊕w
(N−1
ℓ−1

)
= P (ℓ)

k⊕w ·q
(ℓ)
k⊕w≫ 1 for any w ∈W C (ℓ−1)

K , and

N(ℓ)
v = ηNN

(N−2
ℓ−2

)
≲ Nℓ−1/ρN . Since (ρN)

−1 = o(1) and ∑ℓ∈L q(ℓ)k⊕w4
≲ DGCH( j,k) · qN by

Assumption 3.2.7, then for any j ̸= k, the following holds with probability at least 1−N−10

∑
ℓ∈L

N(ℓ)
v Q (ℓ)

k⊕w4
≍ (ρN)

−1
∑
ℓ∈L

q(ℓ)k⊕w4
≪ DGCH( j,k) ·qN . (B.5.15)

For the second term, Q (ℓ)
k⊕w1

/Q (ℓ)
k⊕w2

≤ q(ℓ)max/q(ℓ)min. Since log(q(ℓ)max/q(ℓ)min)/ log(q(ℓ)max) =

o(1) by (3.2.20) and ∑ℓ∈L q(ℓ)max ≍ ρN ≍ DGCH( j,k)qN by Assumption 3.2.7, we then have

log
(Q (ℓ)

k⊕w1

Q (ℓ)
k⊕w2

)
· c(ℓ)N ≤ log(q(ℓ)max/q(ℓ)min) ·

4q(ℓ)max

log(q(ℓ)max)
≪ DGCH( j,k) ·qN (B.5.16)

for any j ̸= k. Therefore logUk≪ DGCH( j,k) ·qN , and the desired argument follows.

Proof of inequality (3.6.13). Conditioning on v ∈ Vk and G(v) = 1, when v is misclassified to

V̂ j by MAP, i.e., {P̂ j(Dv = dv) ·α j > P̂k(Dv = dv) ·αk}, then {U j ·α jP j(Dv = dv) > 1/Uk ·

αkPk(Dv = dv)} is true as well, since the following holds by Lemma 3.6.4

1/Uk ·αkPk(Dv = dv)≤ αkP̂k(Dv = dv)< α jP̂ j(Dv = dv)≤U j ·α jP j(Dv = dv). (B.5.17)
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We then expand 1 as follows, where the R̂k|1 in (3.6.10) is written as a union bound

1 = ∑Pk(Dv = dv) · R̂k|1 ·P(G(v) = 1)

= ∑
dv

P(G(v) = 1) ·Pk(Dv = dv)

·
K

∑
j=1, j ̸=k

P
{
P̂ j(Dv = dv) ·α j > P̂k(Dv = dv) ·αk | G(v) = 1

}
=

K

∑
j=1, j ̸=k

∑
dv

P(G(v) = 1) ·Pk(Dv = dv)

·P
{
P̂ j(Dv = dv) ·α j > P̂k(Dv = dv) ·αk | G(v) = 1

}
≤

K

∑
j=1, j ̸=k

∑
dv

P(G(v) = 1) ·Pk(Dv = dv)

·P
{

U j ·α jP j(Dv = dv)> 1/Uk ·αkPk(Dv = dv) | G(v) = 1
}

=
K

∑
j=1, j ̸=k

∑
dv

P(G(v) = 1) ·Pk(Dv = dv) ·E1{U j·α jP j(Dv=dv)>1/Uk·αkPk(Dv=dv)}

≤
K

∑
j=1, j ̸=k

∑
dv

P(G(v) = 1) ·Pk(Dv = dv) ·1{U j·α jP j(Dv=dv)>1/Uk·αkPk(Dv=dv)}

Suppose {U j ·α jP j(Dv = dv)> 1/Uk ·αkPk(Dv = dv)}, we then have

Pk(Dv = dv)≤ α jU jUk/αkP j(Dv = dv).

Note that P(G(v) = 1)≤ 1, U j,Uk ≳ 1 and α j,αk ≍ 1, it then implies

Pk(Dv = dv)≲ α jU jUk/αk ·min{P j(Dv = dv),Pk(Dv = dv)}
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Then we can bound 1 as follows

1 ≤
K

∑
j=1, j ̸=k

∑
dv

P(G(v) = 1) ·
α j

αk
·U jUk ·min{P j(Dv = dv),Pk(Dv = dv)}

≤
K

∑
j=1, j ̸=k

α j

αk
U jUk ∑

dv

min{P j(Dv = dv), Pk(Dv = dv)} (Lemma B.5.1)

≤
K

∑
j=1, j ̸=k

α j

αk
U jUk · exp(−(1+o(1)) ·DGCH( j,k) ·qN) (Lemma 3.6.4)

≤(K−1) · 1−αk

αk
· exp

(
− (1+o(1)) ·qN · min

j∈[K], j ̸=k
DGCH( j,k)+ logUk

)
≤(K−1) · (1−αk)/αk · exp

(
− (1+o(1)) ·DGCH ·qN

)

where the last inequality holds since logUk ≪ DGCH( j,k) · qN for any j ̸= k, and DGCH =

min1≤ j<k≤K DGCH( j,k).

Lemma B.5.1. For some j ̸= k and j ∈ [K], we have

∑
dv

min
{
P j(Dv = dv), Pk(Dv = dv)

}
≤ exp(−(1−o(1)) ·DGCH( j,k) ·qN). (B.5.18)

Proof of Lemma B.5.1. Let L denote the maximum element of set L . According to the indepen-

dence between different layers, for any t ∈ [0,1], we have

∑
dv

min
{
P j(Dv = dv), Pk(Dv = dv)

}
= ∑

d(2)
v

· · ·∑
d(L)

v

min
{

∏
ℓ∈L

P j(D
(ℓ)
v = d(ℓ)

v ), ∏
ℓ∈L

Pk(D
(ℓ)
v = d(ℓ)

v )
}

≤ ∑
d(2)

v

· · ·∑
d(L)

v

(
∏
ℓ∈L

P j(D
(ℓ)
v = d(ℓ)

v )
)t
·
(

∏
ℓ∈L

Pk(D
(ℓ)
v = d(ℓ)

v )
)1−t

= ∑
d(2)

v

· · ·∑
d(L)

v

∏
ℓ∈L

(
P j(D

(ℓ)
v = d(ℓ)

v )
)t(

Pk(D
(ℓ)
v = d(ℓ)

v )
)1−t

= ∏
ℓ∈L

[
∑
d(ℓ)

v

(
P j(D

(ℓ)
v = d(ℓ)

v )
)t(

Pk(D
(ℓ)
v = d(ℓ)

v )
)1−t

]
, ∀t ∈ [0,1].
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Note that D(ℓ)
v,w|Yv=k ∼ Bin(Nw,Q

(ℓ)
k⊕w) with Nw denoting the capacity of such ℓ-hyperedges, then

Pk(D
(ℓ)
v = d(ℓ)

v ) = ∏
w∈W C (ℓ−1)

K

Pk[D
(ℓ)
v,w = d(ℓ)

v,w]. (B.5.19)

Note that d(ℓ)
v = {d(ℓ)

v,w}w∈W C (ℓ−1)
K

and d(ℓ)
v,w will go through all elements in sample space. Conse-

quently for any t ∈ [0,1], by exchanging the order of sum and product, we have the

∑
d(ℓ)

v

(
P j(D

(ℓ)
v = d(ℓ)

v )
)t(

Pk(D
(ℓ)
v = d(ℓ)

v )
)1−t

= ∑
d(ℓ)

v

∏
w∈W C (ℓ−1)

K

(
P j[D

(ℓ)
v,w = d(ℓ)

v,w]
)t
·
(
Pk[D

(ℓ)
v,w = d(ℓ)

v,w]
)1−t

≤ ∏
w∈W C (ℓ−1)

K

∑
d(ℓ)

v,w

(
P j[D

(ℓ)
v,w = d(ℓ)

v,w]
)t
·
(
Pk[D

(ℓ)
v,w = d(ℓ)

v,w]
)1−t

.

By plugging in the probability Pk[D
(ℓ)
v,w = d(ℓ)

v,w] =
(Nw

d(ℓ)
v,w

)
[Q (ℓ)

k⊕w]
d(ℓ)

v,w · [1−Q (ℓ)
k⊕w]

Nw−d(ℓ)
v,w , we have

∑
d(ℓ)

v,w

(
P j[D

(ℓ)
v,w = d(ℓ)

v,w]
)t ·
(
Pk[D

(ℓ)
v,w = d(ℓ)

v,w]
)1−t

= ∑
d(ℓ)

v,w

(
Nw

d(ℓ)
v,w

)( [Q (ℓ)
j⊕w]

t

[Q (ℓ)
k⊕w]

t−1

)d(ℓ)
v,w
·
( [1−Q (ℓ)

j⊕w]
t

[1−Q (ℓ)
k⊕w]

t−1

)Nw−d(ℓ)
v,w

=
(
[Q (ℓ)

j⊕w]
t · [Q (ℓ)

k⊕w]
1−t +[1−Q (ℓ)

j⊕w]
t · [1−Q (ℓ)

k⊕w]
1−t
)Nw

, ∀t ∈ [0,1],
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where the last equality holds by Binomial theorem. Then we put pieces together

∑
dv

min
{
P j(Dv = dv), Pk(Dv = dv)

}
≤∏

ℓ∈L
∏

w∈W C (ℓ−1)
K

(
[Q (ℓ)

j⊕w]
t · [Q (ℓ)

k⊕w]
1−t +[1−Q (ℓ)

j⊕w]
t · [1−Q (ℓ)

k⊕w]
1−t
)Nw

= exp

{
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw · log
(
[Q (ℓ)

j⊕w]
t · [Q (ℓ)

k⊕w]
1−t +[1−Q (ℓ)

j⊕w]
t · [1−Q (ℓ)

k⊕w]
1−t
)}

.

Note that for sufficiently small x and y, log(1− x) =−x+O(x2) and

(1− x)t(1− y)1−t = exp(t log(1− x)+(1− t) log(1− y)) = exp(−tx− (1− t)y+O(x2 + y2))

=1− tx− (1− t)y+O(x2 + y2).

Note that Q (ℓ)
k⊕w = o(1) under (3.2.2). Let t⋆ ∈ [0,1] be the maximizer of (3.2.6). By replacing

Nw with Nw using Lemma 3.1.1, we then have

∑
dv

min
{
P j(Dv = dv), Pk(Dv = dv)

}
≤ exp

{
∑
ℓ∈L

∑
w∈W C (ℓ−1)

K

Nw

· log
[
[Q (ℓ)

j⊕w]
t⋆ · [Q (ℓ)

k⊕w]
1−t⋆ +1− t⋆Q (ℓ)

j⊕w− (1− t⋆)Q (ℓ)
k⊕w +O

(
(Q (ℓ)

k⊕w)
2)]}

= exp
{
−∑

ℓ∈L
∑

w∈W C (ℓ−1)
K

Nw ·
[

t⋆Q (ℓ)
j⊕w +(1− t⋆)Q (ℓ)

k⊕w− [Q (ℓ)
j⊕w]

t⋆ · [Q (ℓ)
k⊕w]

1−t⋆ +O
(
(Q (ℓ)

k⊕w)
2)]}

= exp
{
−∑

ℓ∈L
∑

w∈W C (ℓ−1)
K

(1+o(1)) ·Nw ·
[

t⋆Q (ℓ)
j⊕w +(1− t⋆)Q (ℓ)

k⊕w− [Q (ℓ)
j⊕w]

t⋆ · [Q (ℓ)
k⊕w]

1−t⋆
]}

= exp(−(1+o(1)) ·DGCH( j,k) ·qN),

which completes the proof of the desired argument.
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Proof of Lemma 3.6.3. For the sake of convenience, denote c(ℓ)N = 4q(ℓ)max/ log(q(ℓ)max). The event

{G(v) = 0} means that for at least one of ℓ ∈ L , the cardinality of the edge set Eℓ(v,N̂ (0)) (each

edge contains v and at least one node from N̂ (0) ) is not small, i.e.,

Pk(G(v) = 0)≤ ∑
ℓ∈L

Pk(Gℓ(v) = 0) = ∑
ℓ∈L

P
(
|Eℓ(v,N̂ (0))|> c(ℓ)N

)
.

Since L is a finite set, we only need to focus on extreme event for each ℓ ∈ L . By (3.4.11), with

probability at least 1−N−10, the number of misclassified nodes in ŷ(0) is at most ηNN where

ηN ≲ (ρN)
−1. Then the cardinality of the edge set Eℓ(v,N̂ (0)) is at most ηNN

(N−2
ℓ−2

)
≲ Nℓ−1/ρN ,

since we can choose the remaining ℓ− 2 nodes (beside v and the misclassified one) from all

N−2 nodes. Since ρN ≍ ∑ℓ∈L q(ℓ)max, then

E
(
|Eℓ(v,N̂ (0))|

)
≤ ηNN

(
N−2
ℓ−2

)
·Q (ℓ)

max ≲
q(ℓ)max

ρN
≲

1

q(ℓ)max

·q(ℓ)max ≍ 1.

We choose γ
(ℓ)
N := 1/q(ℓ)max, and ζ

(ℓ)
N := 4/ log(q(ℓ)max), which satisfies ζ

(ℓ)
N ≥ γ

(ℓ)
N , and

ζ
(ℓ)
N log(ζ(ℓ)N /γ

(ℓ)
N )+(γ

(ℓ)
N −ζ

(ℓ)
N )

≥ 4

log(q(ℓ)max)

(
log
( 4q(ℓ)max

log(q(ℓ)max)

)
+

log(q(ℓ)max)

4q(ℓ)max

−1
)

=4
(

log(4q(ℓ)max)− log log(q(ℓ)max)

log(q(ℓ)max)
+

1

4q(ℓ)max

− 1

log(q(ℓ)max)

)
≥ 4+o(1).

Consequently, according to Lemma D.3.6, for any j ̸= k, we have

P
(
|Eℓ(v,N̂ (0))|> c(ℓ)N

)
≤e−4q(ℓ)max ≤ exp(−4 ·DGCH( j,k) ·qN),

where the last inequality holds since q(ℓ)max ≳ DGCH ·qN by (3.2.6) and Assumption 3.2.7. The

desired argument then follows since DGCH = min1≤ j<k≤K DGCH( j,k).

225



Appendix C

Deferred proofs in Chapter 4

C.1 Proof of Theorem 4.3.2 and Theorem 4.3.4

C.1.1 Discretization

To prove Theorem 4.3.2, we start with a standard ε-net argument.

Lemma C.1.1 ([195, Lemma 4.4.1] ). Let W be any N×N Hermitian matrix and let Nε be an

ε-net on the unit sphere SN−1 with ε ∈ (0,1), then ∥W∥ ≤ 1
1−ε

supx∈Nε
|⟨Wx,x⟩|.

By [195, Corollary 4.2.13], the size of Nε is bounded by |Nε| ≤ (1+2/ε)N . We would

have log |Nε| ≤ N log(5) when Nε is taken as an (1/2)-net of SN . Define W := A−EA, then

Wii = 0 for each i ∈ [N] by the definition of adjacency matrix in (4.2.4), and we obtain

∥A−EA∥= ∥W∥ ≤ 2 sup
x∈N
|⟨Wx,x⟩| . (C.1.1)

For any fixed x ∈ SN−1, consider the light and heavy pairs as follows.

L(x) =

{
(i, j) : |xix j| ≤

√
d

N

}
, H (x) =

{
(i, j) : |xix j|>

√
d

N

}
, (C.1.2)
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where d = ∑ℓ∈L(ℓ−1)dℓ. Thus by the triangle inequality,

|⟨x,Wx⟩| ≤

∣∣∣∣∣ ∑
(i, j)∈L(x)

Wi jxix j

∣∣∣∣∣+
∣∣∣∣∣∣ ∑
(i, j)∈H (x)

Wi jxix j

∣∣∣∣∣∣ .
We denote N := Nε for convenience. Then by (C.1.1),

∥A−EA∥ ≤ 2 sup
x∈N

∣∣∣∣∣ ∑
(i, j)∈L(x)

Wi jxix j

∣∣∣∣∣+2 sup
x∈N

∣∣∣∣∣ ∑
(i, j)∈H (x)

Wi jxix j

∣∣∣∣∣ . (C.1.3)

C.1.2 Contribution from light pairs

For each ℓ-hyperedge e ∈ Eℓ, we define W (ℓ)
e := A(ℓ)

e −EA(ℓ)
e . Then for any fixed

x ∈ SN−1, the contribution from light couples can be written as

∑
(i, j)∈L(x)

Wi jxix j = ∑
(i, j)∈L(x)

∑
ℓ∈L

∑
e∈Eℓ
{i, j}⊂e

W (ℓ)
e

xix j

= ∑
ℓ∈L

∑
e∈Eℓ

W (ℓ)
e

 ∑
(i, j)∈L(x)

i̸= j,{i, j}⊂e

xix j

= ∑
ℓ∈L

∑
e∈Eℓ

Y (ℓ)
e , (C.1.4)

where the constraint i ̸= j comes from the fact Wii = 0 and we denote

Y (ℓ)
e := W (ℓ)

e

 ∑
(i, j)∈L(x)

i̸= j,{i, j}⊂e

xix j

 .

Note that EY (ℓ)
e = 0, and by the definition of light pair (C.1.2),

|Y (ℓ)
e | ≤ ℓ(ℓ−1)

√
d/N ≤ ℓ(ℓ−1)

√
d/N , ∀ℓ ∈ L .
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Moreover, (C.1.4) is a sum of independent, mean-zero random variables, and

∑
ℓ∈L

∑
e∈Eℓ

E[(Y (ℓ)
e )2] := ∑

ℓ∈L
∑

e∈Eℓ

[
E[(W (ℓ)

e )2]

(
∑

(i, j)∈L(x)
i ̸= j,{i, j}⊂e

xix j

)2]

≤ ∑
ℓ∈L

∑
e∈Eℓ

[
E[A(ℓ)

e ] · ℓ(ℓ−1)

(
∑

(i, j)∈L(X )
i ̸= j,{i, j}⊂e

x2
i x2

j

)]

≤ ∑
ℓ∈L

dℓ · ℓ(ℓ−1)(N−1
ℓ−1

) (
N

ℓ−2

)
∑

(i, j)∈[N]2
x2

i x2
j

≤ ∑
ℓ∈L

dℓℓ(ℓ−1)2

N− ℓ+2
≤ 2

N ∑
ℓ∈L

dℓ(ℓ−1)3 ≤ 2d(ℓ−1)2

N
,

when N≥ 2ℓ−2, where dℓ=maxd[i1,...,iℓ] and d =∑ℓ∈L(ℓ−1)dℓ. Then Bernstein’s (Lemma D.3.4)

implies that for any α > 0,

P

(∣∣∣∣∣ ∑
(i, j)∈L(x)

Wi jxix j

∣∣∣∣∣≥ α
√

d

)
= P

(∣∣∣∣∣∑
ℓ∈L

∑
e∈Eℓ

Y (ℓ)
e

∣∣∣∣∣≥ α
√

d

)

≤2exp

(
−

1
2α2d

2d
N (ℓ−1)2 + 1

3(ℓ−1)L
√

d
N α
√

d

)
≤ 2exp

(
− α2N

4(ℓ−1)2 + 2α(ℓ−1)L
3

)
.

Therefore by taking a union bound,

P

(
sup
x∈N

∣∣∣∣∣ ∑
(i, j)∈L(x)

Wi jxix j

∣∣∣∣∣≥ α
√

d

)
≤ |N | ·P

(∣∣∣∣∣ ∑
(i, j)∈L(x)

Wi jxix j

∣∣∣∣∣≥ α
√

d

)

≤2exp

(
log(5) ·N− α2N

4(ℓ−1)2 + 2α(ℓ−1)L
3

)
≤ 2e−N , (C.1.6)

where we choose α = 5ℓ(ℓ−1) in the last line.
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C.1.3 Contribution from heavy pairs

Note that for any i ̸= j,

EAi j ≤ ∑
ℓ∈L

(
N−2
ℓ−2

)
dℓ(N−1
ℓ−1

) ≤ ∑
ℓ∈L

(ℓ−1)dℓ
N

=
d
N
. (C.1.7)

and

∣∣∣∣∣ ∑
(i, j)∈H (x)

EAi jxix j

∣∣∣∣∣=
∣∣∣∣∣ ∑
(i, j)∈H (x)

EAi j
x2

i x2
j

xix j

∣∣∣∣∣ (C.1.8)

≤ ∑
(i, j)∈H (x)

d
N

x2
i x2

j

|xix j|
≤
√

d ∑
(i, j)∈H (x)

x2
i x2

j ≤
√

d.

Therefore it suffices to show that, with high probability,

∑
(i, j)∈H (x)

Ai jxix j = O
(√

d
)
. (C.1.9)

Here we use the discrepancy analysis from [100, 71]. We consider the weighted graph associated

with the adjacency matrix A.

Definition C.1.2 (Uniform upper tail property, UUTP). Let M be an N×N random symmetric

matrix with non-negative entries and Q be an N×N symmetric matrix with entries Qi j ∈ [0,a]

for all i, j ∈ [N]. Define

µ :=
N

∑
i, j=1

Qi jEMi j, σ̃
2 :=

N

∑
i, j=1

Q2
i jEMi j.

We say that M satisfies the uniform upper tail property UUTP(c0,γ0) with c0 > 0,γ0 ≥ 0, if for

any a, t > 0,

P

(
fQ(M)≥ (1+ γ0)µ+ t

)
≤ exp

(
− c0

σ̃2

a2 h

(
at
σ̃2

))
.
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where function fQ(M) : RN×N 7→ R is defined by fQ(M) := ∑
N
i, j=1 Qi jMi j for M ∈ RN×N , and

function h(X ) := (1+ x) log(1+ x)− x for all x >−1.

Lemma C.1.3. Let A be the adjacency matrix of non-uniform hypergraph H = ∪ℓ∈LHℓ, then A

satisfies UUTP(c0,γ0) with c0 = [ℓ(ℓ−1)]−1,γ0 = 0.

Proof of Lemma C.1.3. Note that

fQ(A)−µ =
N

∑
i, j=1

Qi j(Ai j−EAi j) =
N

∑
i, j=1

Qi jWi j

=
N

∑
i, j=1

Qi j

(
∑
ℓ∈L

∑
e∈Eℓ

i ̸= j,{i, j}⊂e

W (ℓ)
e

)
= ∑

ℓ∈L
∑

e∈Eℓ

W (ℓ)
e

(
∑

{i, j}⊂e, i̸= j
Qi j

)
= ∑

ℓ∈L
∑

e∈Eℓ

Z(ℓ)
e ,

where Z(ℓ)
e = W (ℓ)

e
(

∑{i, j}⊂e,i̸= j Qi j
)

are independent centered random variables upper bounded

by |Z(ℓ)
e | ≤ ∑{i, j}⊂e, i ̸= j Qi j ≤ ℓ(ℓ−1)a for each ℓ ∈ {2, . . . ,M} since Qi j ∈ [0,a]. Moreover, the

variance of the sum can be written as

∑
ℓ∈L

∑
e∈Eℓ

E(Z(ℓ)
e )2 = ∑

ℓ∈L
∑

e∈Eℓ

E(W (ℓ)
e )2

(
∑

{i, j}⊂e, i ̸= j
Qi j

)2

≤ ∑
ℓ∈L

∑
e∈Eℓ

E[A(ℓ)
e ] · ℓ(ℓ−1) ∑

{i, j}⊂e,i ̸= j
Q2

i j ≤ ℓ(ℓ−1)
N

∑
i, j=1

Q2
i jEAi j = ℓ(ℓ−1)σ̃2.

where the last inequality holds since by definition EAi j = ∑ℓ∈L ∑ e∈Eℓ
{i, j}⊂e

E[A(ℓ)
e ]. Then by

Bennett’s inequality Lemma D.3.5, we obtain

P( fQ(A)−µ≥ t)≤ exp

(
− σ̃2

ℓ(ℓ−1)a2 h

(
at
σ̃2

))

where the inequality holds since the function x ·h(1/x) = (1+ x) log(1+1/x)−1 is decreasing

with respect to X .

Definition C.1.4 (Discrepancy property, DP). Let M be an N×N matrix with non-negative

entries. For S,T ⊂ [N], define eM(S,T ) = ∑i∈S, j∈T Mi j. We say M has the discrepancy property
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with parameter δ > 0, κ1 > 1,κ2 ≥ 0, denoted by DP(δ,κ1,κ2), if for all non-empty S,T ⊂ [N],

at least one of the following hold:

1. eM(S,T )≤ κ1δ|S||T |;

2. eM(S,T ) · log

(
eM(S,T )
δ|S|·|T |

)
≤ κ2(|S|∨ |T |) · log

(
en

|S|∨|T |

)
.

Lemma C.1.5 shows that if a symmetric random matrix A satisfies the upper tail property

UUTP(c0,γ0) with parameter c0 > 0,γ0 ≥ 0, then the discrepancy property holds with high

probability.

Lemma C.1.5 ([71, Lemma 6.4]). Let M be an N×N symmetric random matrix with non-

negative entries. Assume that for some δ> 0, EMi j ≤ δ for all i, j ∈ [N] and M has UUTP(c0,γ0)

with parameter c0,γ0 > 0. Then for any θ > 0, the discrepancy property DP(δ,κ1,κ2) holds for

M with probability at least 1−N−θ with κ1 = e2(1+ γ0)
2,κ2 =

2
c0
(1+ γ0)(θ+4).

When the discrepancy property holds, then deterministically the contribution from heavy

pairs is O(
√

d), as shown in the following lemma.

Lemma C.1.6 ([71, Lemma 6.6]). Let M be a non-negative symmetric N×N matrix with all row

sums bounded by d. Suppose M has DP(δ,κ1,κ2) with δ =Cd/N for some C > 0,κ1 > 1,κ2 ≥ 0.

Then for any x ∈ SN−1,

∣∣∣∣∣ ∑
(i, j)∈H (X )

Mi jxix j

∣∣∣∣∣≤ α0
√

d,

where α0 = 16+32C(1+κ1)+64κ2(1+ 2
κ1 logκ1

).

Lemma C.1.7 proves that A has bounded row and column sums with high probability.

Lemma C.1.7. For any θ > 0, there is a constant α1 > 0 such that with probability at least

1−N−θ,

max
1≤i≤N

N

∑
j=1

Ai j ≤ α1d (C.1.10)
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with α1 = 4+ 2(ℓ−1)(1+θ)
3c and d ≥ c logN.

Proof. For a fixed i ∈ [N],

N

∑
j=1

Ai j = ∑
ℓ∈L

∑
e∈Eℓ:i∈e

(ℓ−1)A(ℓ)
e ,

N

∑
j=1

(Ai j−EAi j) = ∑
ℓ∈L

∑
e∈Eℓ:i∈e

(ℓ−1)W (ℓ)
e ,

N

∑
j=1

EAi j ≤ ∑
ℓ∈L

(
N−1
ℓ−1

)
(ℓ−1)dℓ(N−1

ℓ−1

) = d,

∑
ℓ∈L

(ℓ−1)2
∑

e∈Eℓ:i∈e
E[(W (ℓ)

e )2]≤ ∑
ℓ∈L

(ℓ−1)2
∑

e∈Eℓ:i∈e
E[A(ℓ)

e ]≤ (ℓ−1)d .

Then for α1 = 4+ 2(ℓ−1)(1+θ)
3c , by Bernstein’s inequality, with the assumption that d ≥ c logN,

P

(
N

∑
j=1

Ai j ≥ α1d

)
≤ P

(
N

∑
j=1

Ai j−EAi j ≥ (α1−1)d

)

≤ exp

(
−

1
2(α1−1)2d2

(ℓ−1)d + 1
3(ℓ−1)(α1−1)d

)
≤ N−

3c(α1−1)2

(ℓ−1)(2α1+4) ≤ N−1−θ.

(C.1.12)

Taking a union bound over i ∈ [N], then (C.1.10) holds with probability 1−N−θ.

Now we are ready to obtain (C.1.9).

Lemma C.1.8. For any θ> 0, there is a constant β depending on θ,c,L such that with probability

at least 1−2N−θ,

∣∣∣∣∣ ∑
(i, j)∈H (X )

Ai jxix j

∣∣∣∣∣≤ β
√

d. (C.1.13)

Proof. By Lemma C.1.3, A satisfies UUTP( 1
ℓ(ℓ−1) ,0). From (C.1.7) and Lemma C.1.5, the

property DP(δ,κ1,κ2) holds for A with probability at least 1−N−θ with

δ =
d
N
, κ1 = e2, κ2 = 2ℓ(ℓ−1)(θ+4).
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Let E1 be the event that DP(δ,κ1,κ2) holds for A. Let E2 be the event that all row sums of A

are bounded by α1d. Then P(E1∩E2) ≥ 1− 2N−θ. On the event E1∩E2, by Lemma C.1.6,

(C.1.13) holds with β = α0α1, where

α0 = 16+32(1+ e2)+128ℓ(ℓ−1)(θ+4)(1+ e−2), α1 = 4+
2(ℓ−1)(1+θ)

3c
.

C.1.4 Proof of Theorem 4.3.2

Proof. From (C.1.6), with probability at least 1− 2e−N , the contribution from light pairs in

(C.1.3) is bounded by 2α
√

d with α = 5ℓ(ℓ−1). From (C.1.8) and (C.1.13), with probability

at least 1− 2N−θ, the contribution from heavy pairs in (C.1.3) is bounded by 2
√

d + 2β
√

d.

Therefore with probability at least 1−2e−N−2N−θ,

∥A−EA∥ ≤ CL
√

d,

where CL is a constant depending only on c,θ,L such that CL = 2(α+ 1+ β). In particular,

we can take α = 5ℓ(ℓ−1), β = 512ℓ(ℓ−1)(θ+5)
(

2+ (ℓ−1)(1+θ)
c

)
, and CL = 512ℓ(ℓ−1)(θ+

6)
(

2+ (ℓ−1)(1+θ)
c

)
. This finishes the proof of Theorem 4.3.2.

C.1.5 Proof of Theorem 4.3.4

Let S ⊂ [N] be any given subset. From (C.1.6), with probability at least 1−2e−N ,

sup
x∈N

∣∣∣∣∣ ∑
(i, j)∈L(x)

(
AS −EAS

)
i j

xix j

∣∣∣∣∣≤ 5ℓ(ℓ−1)
√

d. (C.1.14)

Since there are at most 2N many choices for S , by taking a union bound, with probability at least

1−2(e/2)−N , we have for all S ⊂ [N], (C.1.14) holds. In particular, by taking S = I = {i ∈ [N] :
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row(i)≤ τd}, with probability at least 1−2(e/2)−N , we have

sup
x∈N

∣∣∣∣∣ ∑
(i, j)∈L(x)

[(A−EA)I ]i jxix j

∣∣∣∣∣≤ 5ℓ(ℓ−1)
√

d. (C.1.15)

Similar to (C.1.8), deterministically,

∣∣∣∣∣ ∑
(i, j)∈H (x)

[(EA)I ]i jxix j

∣∣∣∣∣≤ (ℓ−1)
√

d. (C.1.16)

Next we show the contribution from heavy pairs for AI is bounded.

Lemma C.1.9. For any θ > 0, there is a constant βτ depending on θ,c,L,τ such that with

probability at least 1−N−θ,

∣∣∣∣∣ ∑
(i, j)∈H (x)

[(A)I ]i jxix j

∣∣∣∣∣≤ βτ

√
d. (C.1.17)

Proof. Note that A satisfies UUTP
(

1
ℓ(ℓ−1) ,0

)
from Lemma C.1.3. According to Lemma C.1.5,

with probability at least 1−N−θ, DP(δ,κ1,κ2) holds for A with

δ =
d
N
, κ1 = e2, κ2 = 2ℓ(ℓ−1)(θ+4).

The DP(δ,κ1,κ2) property holds for AI as well, since AI is obtained from A by restricting to I .

Note that all row sums in AI are bounded by τd. By Lemma C.1.6,

∣∣∣∣∣ ∑
(i, j)∈H (x)

[AI ]i jxix j

∣∣∣∣∣≤ α0
√

τd, (C.1.18)

where we can take α0 = 16+ 32
τ
(1+ e2)+128ℓ(ℓ−1)(θ+4)

(
1+ 1

e2

)
.

We can then take βτ = α0
√

τ in Equation (C.1.17). Therefore, combining (C.1.15),

(C.1.16), Equation (C.1.18), with probability at least 1−2(e/2)−N−N−θ, there exists a constant
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Cτ depending only on τ,M,K such that ∥(A−EA)I∥ ≤ Cτ

√
d, where Cτ = 2((5L+1)(ℓ−1)+

α0
√

τ). This finishes the proof of Theorem 4.3.4.

C.2 Deferred proofs

C.2.1 Proofs of Lemmas in Section 4.2

Proof of Lemma 4.2.4. By Weyl’s inequality (Lemma D.2.1), the difference between eigenvalues

of ẼA and EA can be upper bounded by

|λ j(ẼA)−λ j(EA)| ≤ ∥ẼA−EA∥2 ≤ ∥ẼA−EA∥F

≤
[

2K · N
K
·
√

N log(N) · (α−β)2
]1/2

= O
(

N3/4 log1/2(N)(α−β)
)
.

The lemma follows, as λ j(EA) = Ω(N(α−β)) for all 1≤ j ≤ K.

C.2.2 Proofs of Lemmas in Section 4.5.1

Proof of Lemma 4.5.5. We first compute the singular values of B1. From (4.5.5), the rank of

matrix B1 is K, and the least non-trivial singular value of B1 is

σK(B1) =
N

2
√

2K
(α−β) =

N
2
√

2K ∑
ℓ∈L

(3N
4K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) ,

where L is obtained from Algorithm 4.4.1. By the definition of A1 in (4.5.9), the least non-trivial

singular value of A1 is

σK(A1) = σK(B1) =
N

2
√

2K
(α−β) =

N
2
√

2K ∑
ℓ∈L

(3N
4K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) .
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Recall that Ni, defined in (4.5.1), denotes the number of vertices in Z∩Vi, which can be written

as Ni = ∑v∈Vi
1{v∈Z}. The expectation of Ni is ENi = N/(2K). By Hoeffding’s Lemma D.3.2,

P
(∣∣∣∣Ni−

N
2K

∣∣∣∣≥√N log(N)

)
≤ 2exp

(
−K log2(N)

)
.

Similarly, Ñi, defined in (4.5.2), satisfies

P
(∣∣∣∣Ñi−

N
4K

∣∣∣∣≥√N log(N)

)
≤ 2exp

(
−K log2(N)

)
.

As defined in (4.5.3) and (4.5.5), both B̃1 and B1 are deterministic block matrices. Then with

probability at least 1− 2K exp
(
−K log2(N)

)
, the dimensions of each block inside B̃1 and B1

are approximately the same, with deviations up to
√

N log(N). Consequently, the matrix Ã1,

which was defined in (4.5.8), can be treated as a perturbed version of A1. By Weyl’s inequality

(Lemma D.2.1), for any i ∈ [K],

|σi(B1)−σi(B̃1)|= |σi(A1)−σi(Ã1)| ≤ ∥A1− Ã1∥2 ≤ ∥A1− Ã1∥F

≤
[

2K · N
K
·
√

N log(N) · (α−β)2
]1/2

= O
(

N3/4 log1/2(N) · (α−β)
)
.

As a result, with probability at least 1−2K exp(−K log2(N)), we have

|σK(A1)−σK(Ã1)|
σK(A1)

=
|σK(B1)−σK(B̃1)|

σK(B1)
= O

(
N−1/4 log1/2(N)

)
.

Therefore, singular values of Ã1 can be approximated by singular values of A1 with vanishing

errors.

Proof of Lemma 4.5.6. Let X ⊂ V be a subset of vertices in hypergraph H = (V ,E) with size

|X |= cN for some c ∈ (0,1) to be decided later. Suppose X is a set of vertices with high degrees

that we want to zero out. We first count the ℓ-uniform hyperedges on X separately, then weight
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them by (ℓ−1), and finally sum over ℓ to compute the row sums in A corresponding to each

vertex in X . Let Eℓ(X ) denote the set of ℓ-uniform hyperedges with all vertices located in X , and

Eℓ(X ∁) denote the set of ℓ-uniform hyperedges with all vertices in X ∁ = V \X , respectively. Let

Eℓ(X ,X ∁) denote the set of ℓ-uniform hyperedges with at least 1 endpoint in X and 1 endpoint

in X ∁. The relationship between total row sums and the number of non-uniform hyperedges in

the vertex set X can be expressed as

∑
v∈X

row(v)≤ ∑
ℓ∈L

(ℓ−1)
(
ℓ|Eℓ(X )|+(ℓ−1)|Eℓ(X ,X ∁)|

)
(C.2.3)

If the row sum of each vertex v ∈ X is at least 20Ld, where d := ∑ℓ∈L(ℓ−1)aℓ, it follows

∑
ℓ∈L

(ℓ−1)
(
ℓ|Eℓ(X )|+(ℓ−1)|Eℓ(X ,X ∁)|

)
≥ cN · (20Ld) . (C.2.4)

Then either

∑
ℓ∈L

ℓ(ℓ−1)|Eℓ(X )| ≥ 4LcNd, or ∑
ℓ∈L

(ℓ−1)2|Eℓ(X ,X ∁)| ≥ 16LcNd.

Concentration of ∑ℓ∈L ℓ(ℓ−1)|Eℓ(X )|

Recall that
∣∣Eℓ(X )

∣∣ denotes the number of ℓ-uniform hyperedges with all vertices located

in X , which can be viewed as the sum of independent Bernoulli random variables T(aℓ)
e and T(bℓ)

e

given by

T(aℓ)
e ∼ Bernoulli

(
aℓ(N−1
ℓ−1

)) , T(bℓ)
e ∼ Bernoulli

(
bℓ(N−1
ℓ−1

)) . (C.2.5)

Let {V1, . . . ,VK} be the true partition of V . Suppose that there are ηicN vertices in block Vi∩X

for each i ∈ [K] with restriction ∑
K
i=1 ηi = 1, then

∣∣Eℓ(X )
∣∣ can be written as

∣∣Eℓ(X )
∣∣= ∑

e∈Eℓ(X ,aℓ)
T(aℓ)

e + ∑
e∈Eℓ(X ,bℓ)

T(bℓ)
e ,
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where Eℓ(X ,aℓ) := ∪K
i=1Eℓ(Vi∩X ) denotes the union for sets of hyperedges with all vertices in

the same block Vi∩X for some i ∈ [K], and

Eℓ(X ,bℓ) := Eℓ(X )\Eℓ(X ,aℓ) = Eℓ(X )\
(
∪K

i Eℓ(Vi∩X )
)

denotes the set of hyperedges with vertices crossing different Vi ∩X . We can compute the

expectation of
∣∣Eℓ(X )

∣∣ as

E|Eℓ(X )|=
K

∑
i=1

(
ηicN
ℓ

)
aℓ−bℓ(N−1
ℓ−1

) +

(
cN
ℓ

)
bℓ(N−1
ℓ−1

) . (C.2.6)

Then

∑
ℓ∈L

ℓ(ℓ−1) ·E|Eℓ(X )|= ∑
ℓ∈L

ℓ(ℓ−1)

[
K

∑
i=1

(
ηicN
ℓ

)
aℓ−bℓ(N−1
ℓ−1

) +

(
cN
ℓ

)
bℓ(N−1
ℓ−1

)]. (C.2.7)

As
K
∑

i=1
ηi = 1, it follows that ∑

K
i=1
(

ηicN
ℓ

)
≤
(cN
ℓ

)
by induction, thus

aℓ−bℓ(N−1
ℓ−1

) K

∑
i=1

(
ηicN
ℓ

)
+

bℓ(N−1
ℓ−1

)(cN
ℓ

)
=

aℓ(N−1
ℓ−1

) K

∑
i=1

(
ηicN
ℓ

)
+

bℓ(N−1
ℓ−1

) ((cN
ℓ

)
−

K

∑
i=1

(
ηicN
ℓ

))

where both terms on the right are positive numbers. Using this and taking bℓ = aℓ, we obtain the

following upper bound for all N,

∑
ℓ∈L

ℓ(ℓ−1)E|Eℓ(X )| ≤ ∑
ℓ∈L

ℓ(ℓ−1)
(

cN
ℓ

)
aℓ(N−1
ℓ−1

) ≤ cN ∑
ℓ∈L

(ℓ−1)aℓ = cNd .
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Note that ∑ℓ∈L ℓ(ℓ−1)|Eℓ(X )| is a weighted sum of independent Bernoulli random variables

(corresponding to hyperedges), each upper bounded by L2. Also, its variance is bounded by

σ
2 :=Var

(
∑
ℓ∈L

ℓ(ℓ−1)|Eℓ(X )|

)
= ∑

ℓ∈L
L2(ℓ−1)2Var(|Eℓ(X )|)

≤ ∑
ℓ∈L

L2(ℓ−1)2E|Eℓ(X )| ≤ L2cNd.

We can apply Bernstein’s Lemma D.3.4 and obtain

P

(
∑
ℓ∈L

ℓ(ℓ−1)|Eℓ(X )| ≥ 4LcNd

)

≤P

(
∑
ℓ∈L

ℓ(ℓ−1)(|Eℓ(X )|−E|Eℓ(X )|)≥ 3LcNd

)

≤ exp
(
− (3LcNd)2

L2cNd +L2cNd/3

)
≤ exp(−6cNd) . (C.2.8)

Concentration of ∑ℓ∈L(ℓ−1)2|Eℓ(X ,X ∁)|

For any finite set S , let [S ] j denote the family of j-subsets of S, i.e., [S ] j = {Z|Z ⊆

S , |Z| = j}. Let Eℓ([Y ] j, [Z]ℓ− j) denote the set of ℓ-hyperedges, where j vertices are from

Y and ℓ− j vertices are from Z within each ℓ-hyperedge. We want to count the number of

ℓ-hyperedges between X and X ∁, according to the number of vertices located in X ∁ within

each ℓ-hyperedge. Suppose that there are j vertices from X ∁ within each ℓ-hyperedge for some

1≤ j ≤ ℓ−1.

(i) Assume that all those j vertices are in the same [Vi \X ] j. If the remaining ℓ− j vertices are

from [Vi∩X ]ℓ− j, then this ℓ-hyperedge is connected with probability aℓ/
(N−1
ℓ−1

)
, otherwise

bℓ/
(N−1
ℓ−1

)
. The number of this type ℓ-hyperedges can be written as

K

∑
i=1

 ∑
e∈E (aℓ)

j,i

T(aℓ)
e + ∑

e∈E (bℓ)
j,i

T(bℓ)
e

 ,
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where E (aℓ)
j,i := Eℓ([Vi∩X ∁] j, [Vi∩X ]ℓ− j), and

E (bℓ)
j,i := Eℓ

(
[Vi∩X ]∁] j, [X ]ℓ− j \ [Vi∩X ]ℓ− j

)

denotes the set ℓ-hyperedges with j vertices in [Vi∩X ∁] j and the remaining ℓ− j vertices

in [X ] j \ [Vi∩X ] j. We compute all possible choices and upper bound the cardinality of

E (aℓ)
j,i and E (bℓ)

j,i by

∣∣E (aℓ)
j,i

∣∣≤(( 1
K −ηic)N

j

)(
ηicN
ℓ− j

)
,
∣∣E (bℓ)

j,i

∣∣≤ (( 1
K −ηic)N

j

)[(
cN
ℓ− j

)
−
(

ηicN
ℓ− j

)]
.

(ii) If those j vertices in [V \X ] j are not in the same [Vi∩X ] j (which only happens j ≥ 2),

then the number of this type hyperedges can be written as ∑
e∈E (bℓ)

j
T(bℓ)

e , where

E (bℓ)
j :=Eℓ

(
[V \X ] j \

(
∪K

i=1 [Vi \X ] j), [X ]ℓ− j
)
,

∣∣E (bℓ)
j

∣∣≤ [((1− c)N
j

)
−

K

∑
i=1

(
( 1

K −ηic)N
j

)](
cN
ℓ− j

)
.

Therefore, |Eℓ(X ,X ∁)| can be written as a sum of independent Bernoulli random variables,

|Eℓ(X ,X ∁)|=
ℓ−1

∑
j=1

K

∑
i=1

 ∑
e∈E (aℓ)

j,i

T(aℓ)
e + ∑

e∈E (bℓ)
j,i

T(bℓ)
e

+ ℓ−1

∑
j=2

∑
e∈E (bℓ)

j

T(bℓ)
e . (C.2.10)
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Note that
((1−c)N

1

)
= ∑

K
i=1
((1/k−ηic)N

1

)
and

∣∣E (bℓ)
1

∣∣= 0. Then E(|Eℓ(X ,X ∁)|) can be computed

as follows:

E
(
|Eℓ(X ,X ∁)|

)
(C.2.11)

=
ℓ−1

∑
j=1

K

∑
i=1

(
( 1

K −ηic)N
j

){(
ηicN
ℓ− j

)
aℓ(N−1
ℓ−1

) +[( cN
ℓ− j

)
−
(

ηicN
ℓ− j

)]
bℓ(N−1
ℓ−1

)}

+
ℓ−1

∑
j=1

[(
(1− c)N

j

)
−

K

∑
i=1

(
( 1

K −ηic)N
j

)](
cN
ℓ− j

)
bℓ(N−1
ℓ−1

)
=

ℓ−1

∑
j=1

K

∑
i=1

(
( 1

K −ηic)N
j

)(
ηicN
ℓ− j

)
aℓ−bℓ(N−1
ℓ−1

) +
ℓ−1

∑
j=1

(
(1− c)N

j

)(
cN
ℓ− j

)
bℓ(N−1
ℓ−1

)
=

K

∑
i=1

[(N
K
ℓ

)
−
(

ηicN
ℓ

)
−
(
( 1

K −ηic)N
ℓ

)]
aℓ−bℓ(N−1
ℓ−1

) +

[(
N
ℓ

)
−
(

cN
ℓ

)
−
(
(1− c)N

ℓ

)]
bℓ(N−1
ℓ−1

) ,
where we used the fact

((1−c)N
1

)
= ∑

K
i=1
((1/k−ηic)N

1

)
in the first equality and Vandermonde’s

identity
(N1+N2

ℓ

)
= ∑

ℓ
j=0
(N1

j

)( N2
ℓ− j

)
in last equality. Note that

fc :=
(

N
ℓ

)
−
(

cN
ℓ

)
−
(
(1− c)N

ℓ

)

counts the number of subsets of V with ℓ elements such that at least one element belongs to X

and at least one element belongs to X ∁. On the other hand,

gc =
K

∑
i=1

[(N
K
ℓ

)
−
(

ηicN
ℓ

)
−
(
( 1

K −ηic)N
ℓ

)]
.

counts the number of subsets of V with ℓ elements such that all elements belong to a single

Vi, and given such an i, that at least one element belongs to X ∩Vi and at least one belongs to

X ∁∩Vi. As in Figure C.1, gc only counts the blue pairs while fc counts red pairs in addition. By

virtue of the fact that there are fewer conditions imposed on the sets included in the count for fc,
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Figure C.1. Comparison of fc and gc

we must have fc ≥ gc. Thus, rewriting (C.2.11), we obtain

E(|Eℓ(X ,X ∁)|) = gc
aℓ(N−1
ℓ−1

) +( fc−gc)
bℓ(N−1
ℓ−1

) .

Since both terms in the above sum are positive, we can upper bound by taking aℓ = bℓ to obtain

E
(
|Eℓ(X ,X ∁)|

)
≤ fc

aℓ(N−1
ℓ−1

) = [(N
ℓ

)
−
(

cN
ℓ

)
−
(
(1− c)N

ℓ

)]
aℓ(N−1
ℓ−1

) .
By summing over ℓ, the expectation of ∑ℓ∈L(ℓ−1)2|Eℓ(X ,X ∁)| satisfies

∑
ℓ∈L

(ℓ−1)2 ·E
(
|Eℓ(X ,X ∁)|

)
≤ ∑

ℓ∈L
(ℓ−1)2

[(
N
ℓ

)
−
(

cN
ℓ

)
−
(
(1− c)N

ℓ

)]
aℓ(N−1
ℓ−1

) ,
≤ 2N ∑

ℓ∈L
(1− cℓ− (1− c)ℓ)(ℓ−1)aℓ ≤ 8LcNd ,

where the last line holds when c ∈ (0,21/L−1], since

[(1− c)+ c]ℓ− cℓ− (1− c)ℓ

=

(
ℓ

1

)
(1− c)ℓ−1c+

(
ℓ

2

)
(1− c)ℓ−2c2 + · · ·+

(
ℓ

ℓ−1

)
(1− c)1cℓ−1

≤
(
ℓ

1

)
c+
(
ℓ

2

)
c2 + · · ·+

(
ℓ

ℓ−1

)
cℓ−1 ≤ (1+ c)ℓ−1≤ 2ℓc , (C.2.13)
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where the last inequality holds by the following Claim.

Claim 1. Let ℓ≥ 2 be some finite integer. Then for 0< c<= 21/ℓ−1, it follows that (1+c)ℓ−1≤

2ℓc.

Proof of the Claim. We finish the proof by induction. First, the argument (1+ c) j− 1 ≤ 2 jc

holds true for the base cases j = 1,2 . Suppose that the argument holds for the case j ≥ 2. For

the case j+1≤ ℓ, it follows that

(1+ c) j+1−1 = (1+ c) j + c(1+ c) j−1≤ 2 jc+ c(1+ c) j ≤ 2( j+1)c,

where the last inequality holds true if c(1+ c) j ≤ 2c, and it holds since c≤ 21/ℓ−1≤ 21/ j−1

for all j ≤ ℓ.

Similarly, we apply Bernstein Lemma D.3.4 again with K = L2, σ2 ≤ 8L3cNd and obtain

P

(
∑
ℓ∈L

(ℓ−1)2|Eℓ(X ,X ∁)| ≥ 16LcNd

)

≤ P

(
∑
ℓ∈L

(ℓ−1)2(|Eℓ(X ,X ∁)|−E|Eℓ(X ,X ∁)|)≥ 8LcNd

)
≤ exp(−6cNd/L) . (C.2.14)

By the binomial coefficient upper bound
(N

K

)
≤ (eN

K )K for 1≤ K ≤ N, there are at most

(
N
cN

)
≤
(e

c

)cN
= exp(−c(log(c)−1)N) (C.2.15)

many subsets X of size |X | = cN. Let d be sufficiently large so that d−3 ≤ c0. Substituting

c = d−3 in (C.2.15), we have

(
N

d−3N

)
≤ exp

[
3d−3 log(d)N

]
.
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Taking c = d−3 in (C.2.8) and (C.2.14), we obtain

P

(
∑
ℓ∈L

(ℓ−1)(ℓ|Eℓ(X )|+(ℓ−1)|Eℓ(X ,X ∁)|)≥ 20Ld−2N

)
≤ 2exp(−2d−2N/L) .

Taking a union bound over all possible X with |X | = d−3N, we obtain with probability at

least 1− 2exp(3d−3 log(d)N− 2d−2N/L) ≤ 1− 2exp(−d−2N/L), no more than d−3N many

vertices have total row sum greater than 20Ld. Note that we have imposed the condition that

c = d−3 ∈ (0,21/L− 1] in (C.2.13), thus d ≥ (21/L− 1)−1/3, producing the lower bound in

Assumption 4.1.5.

Proof of Lemma 4.5.10. Throughout the proof, let π(i) denote the membership of vertex i ∈ V .

Let ui( j) denote the j-th entry of the vector ui ∈ RN . Let ⟨ui,ei⟩ denote the inner product of two

vectors.

Note that U is spanned by first K singular vectors of (A1)I1 . Let {ui}K
i=1 be an orthonor-

mal basis of the U. For each fixed i∈Vπ(i)∩Y2∩{i1, · · · , is}, the projection PU := ∑
K
k=1⟨uk, · ⟩uk

is defined via

PUei =
K

∑
k=1
⟨uk,ei⟩uk, ∥PUei∥2

2 =
K

∑
k=1
⟨uk,ei⟩2.

As a consequence of independence between entries in A1 and entries in A2, defined in (4.5.7), it is

known that {uk}K
k=1 and ei are independent of each other, since ei are columns of E2 := A2− Ã2.

If the expectation is taken over {A(ℓ)}ℓ∈L conditioning on {uk}K
k=1, then

E{A(ℓ)}ℓ∈L

[
⟨uk,ei⟩

∣∣∣{uk}K
k=1

]
=

N

∑
j=1

uk( j) ·E
([

(A2) ji− (EA2) ji

])
= 0 ,

E{A(ℓ)}ℓ∈L

[
∥PUei∥2

2

∣∣∣{uk}K
k=1

]
=

K

∑
k=1

E{A(ℓ)}ℓ∈L

[
⟨uk,ei⟩2

∣∣∣{uk}K
k=1

]
,

244



where L is obtained from Algorithm 4.4.1. We expand each ⟨uk,ei⟩2 and rewrite it into 2 parts,

⟨uk,ei⟩2 =
K

∑
j1=1

K

∑
j2=1

uk( j1)ei( j1)uk( j2)ei( j2)

=
K

∑
j=1

[uk( j)]2[ei( j)]2︸ ︷︷ ︸
(a)

+ ∑
j1 ̸= j2

uk( j1)ei( j1)uk( j2)ei( j2)︸ ︷︷ ︸
(b)

, ∀k ∈ [K] . (C.2.16)

Part (a) is the contribution from graph, i.e., 2-uniform hypergraph, while part (b) is the contribu-

tion from ℓ-uniform hypergraph with ℓ≥ 3, which only occurs in hypergraph clustering. The

expectation of part (a) in (C.2.16) in is upper bounded by α as defined in (4.2.5), since for any

k ∈ [K],

E{A(ℓ)}ℓ∈L

[
K

∑
j=1

[uk( j)]2[ei( j)]2
∣∣∣∣∣{uk}K

k=1

]
=

N

∑
j=1

[uk( j)]2 ·Var
(
(A2) ji

)
≤

N

∑
j=1

[uk( j)]2 · (EA2) ji ≤ α = ∑
ℓ∈L

[(N
K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

) +

(
N

ℓ−2

)
bℓ(N−1
ℓ−1

)]

≤ ∑
ℓ∈L

(
N

ℓ−2

)
aℓ(N−1
ℓ−1

) ≤ 2
N ∑

ℓ∈L
(ℓ−1)aℓ =

2d
N
,

where ∥uk∥2
2 = ∑

N
j=1[uk( j)]2 = 1. For part (b) in (C.2.16),

E{A(ℓ)}ℓ∈L

[
∑

j1 ̸= j2

uk( j1)ei( j1)uk( j2)ei( j2)

∣∣∣∣∣{uk}K
k=1

]

= ∑
j1 ̸= j2

uk( j1)uk( j2)E
[(

(A2) j1i− (EA2) j1i

)(
(A2) j2i− (EA2) j2i

)]
= ∑

j1 ̸= j2

uk( j1)uk( j2)E

(
∑
ℓ∈L

∑
e∈Eℓ[Y2∪Z]
{i, j1}⊂e

(A(ℓ)
e −EA(ℓ)

e )

)(
∑
ℓ∈L

∑
e∈Eℓ[Y2∪Z]
{i, j2}⊂e

(A(ℓ)
e −EA(ℓ)

e )

)
.

According to Definition 1.1.3 of the adjacency tensor, A(ℓ)
e1 and A(ℓ)

e2 are independent if hyperedge

e1 ̸= e2, then only the terms with hyperedge e⊃ {i, j1, j2} have nonzero contribution. Then the
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expectation of part (b) can be rewritten as

E{A(ℓ)}ℓ∈L

[
∑

j1 ̸= j2

uk( j1)ei( j1)uk( j2)ei( j2)

∣∣∣∣∣{uk}K
k=1

]

= ∑
j1 ̸= j2

uk( j1)uk( j2) ∑
ℓ∈L

∑
e∈Eℓ[Y2∪Z]
{i, j1, j2}⊂e

E
(
A(ℓ)

e −EA(ℓ)
e
)2

≤ ∑
j1 ̸= j2

uk( j1)uk( j2) ∑
ℓ∈L

∑
e∈Eℓ[Y2∪Z]
{i, j1, j2}⊂e

EA(ℓ)
e

= ∑
j1 ̸= j2

uk( j1)uk( j2) ∑
ℓ∈L

∑
e∈Eℓ[Y2∪Z]
{i, j1, j2}⊂e

aℓ(N−1
ℓ−1

) . (C.2.18)

Note that |Y2∪Z| ≤ N, then the number of possible hyperedges e, while e ∈ Eℓ[Y2∪Z] and

e⊃ {i, j1, j2}, is at most
( N
ℓ−3

)
. Thus (C.2.18) is upper bounded by

∑
j1 ̸= j2

uk( j1)uk( j2) ∑
ℓ∈L

(
N

ℓ−3

)
aℓ(N−1
ℓ−1

)
≤ ∑

j1 ̸= j2

uk( j1)uk( j2) ∑
ℓ∈L

(ℓ−1)(ℓ−2)
(N− ℓ)2 aℓ ≤

dL
N2 ∑

j1 ̸= j2

uk( j1)uk( j2)

≤ dL
2N2 ∑

j1 ̸= j2

(
[uk( j1)]2 +[uk( j2)]2

)
≤ dL(N−1)

2N2

(
N

∑
j1=1

[uk( j1)]2 +
N

∑
j2=1

[uk( j2)]2
)

≤dL
N

,

where ∥uk∥2 = 1, d = ∑ℓ∈L(ℓ−1)aℓ. With the upper bounds for part (a) and (b) in (C.2.16),

the conditional expectation of ∥PUei∥2
2 is then bounded by

E{A(ℓ)}ℓ∈L

[
∥PUei∥2

2

∣∣∣{uk}K
k=1

]
=

K

∑
k=1

E{A(ℓ)}ℓ∈L

[
⟨uk,ei⟩2

∣∣∣{uk}K
k=1

]
≤ Kd

N
(L+2) ,
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Let Xi be the Bernoulli random variable defined by

Xi = 1{∥PUei∥2>2
√

Kd(L+2)/N
} , i ∈ {i1, . . . , is} .

By Markov’s inequality,

EXi = P
(
∥PUei∥2 > 2

√
Kd(L+2)/N

)
≤

E{A(ℓ)}ℓ∈L

[
∥PUei∥2

2

∣∣∣{uk}K
k=1

]
4Kd(L+2)/N

≤ 1
4
.

Let δ := s[2∑
s
j=1EXi j ]

−1−1 where s = 2K log2(N). By Hoeffding Lemma D.3.2,

P

(
s

∑
j=1

Xi j ≥
s
2

)
= P

(
s

∑
j=1

(Xi j −EXi j)≥ δ

s

∑
j=1

EXi j

)

≤ exp

(
−

2δ2(
∑

s
j=1EXi j

)2

s

)
= O

(
1

NK log(N)

)
.

Therefore, with probability 1−O(N−K log(N)), at least s/2 of the vectors ei1 , . . . ,eis satisfy

∥PUei∥2 ≤ 2
√

Kd(L+2)/N.

Meanwhile, for any c∈ (0,2), there exists some large enough constant C2 ≥ 2L+1
√

(L+2)/K/c

such that if ∑ℓ∈L(ℓ−1)(aℓ−bℓ)> C2KL−1
√

d, then

∥δδδi∥2 =

√
N(ᾱ− β̄)

2
=

√
N

2 ∑
ℓ∈L

(3N
4K −2
ℓ−2

)
aℓ−bℓ(N−1
ℓ−1

)
=
(1+o(1))

2
√

N ∑
ℓ∈L

( 3
4K

)ℓ−2
(ℓ−1)(aℓ−bℓ)≥

K
(2K)L−1

√
N ∑

ℓ∈L
(ℓ−1)(aℓ−bℓ),

>
C2KL

√
d

(2K)L−1
√

N
≥

2L+1
√

(L+2)KL
√

d

c(2K)L−1
√

kn

>
2
c

2

√
Kd(L+2)

N
>

2
c
∥PUei∥2.
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Proof of Lemma 4.5.12. Split the vertex set V into V̂+ = {i|vi > 0} and V̂− = {i|vi ≤ 0}. With-

out loss of generality, assume that the first N
K entries of v are positive. We can write v in terms of

its orthogonal projection onto v. Choose εεε such that εεε⊥ v and ∥εεε∥2 < c with c1 ≥
√

1− c2, then

we can write

v = c1v+ εεε =
[
ε1 +

c1√
N
, · · · ,ε N

K
+

c1√
N
, ε N

K +1−
c1√
N
, · · · ,εN−

c1√
N

]T
, (C.2.20)

The number of entries in εεε smaller than −
√

1− c2/
√

N is at most c2(1− c2)−1N. Note that

c1 ≥
√

1− c2, thus at least N
K −

c2

1−c2 N indices i with vi =
1√
N

will have vi > 0. Then the ratio

we are seeking is at least

N
K −

c2

1−c2 N
N
K

= 1− Kc2

1− c2 > 1− 4K
3

c2.

Proof of Lemma 4.5.13. We start with the following simple claim: for any ℓ ≥ 2 and any ν ∈

[1/2,1),

ν
ℓ+(1−ν)ℓ <

(
1+ν

2

)ℓ

. (C.2.21)

Indeed, one quick way to see this is by induction on ℓ; we will induct from ℓ to ℓ+2. Assume

248



the inequality is true for ℓ; then

ν
ℓ+2 +(1−ν)ℓ+2 = ν

2
ν
ℓ+(1−ν)2(1−ν)ℓ

= ν
2
ν
ℓ+(1−2ν+ν

2)(1−ν)ℓ ≤ ν
2
ν
ℓ+ν

2(1−ν)ℓ

= ν
2(νℓ+(1−ν)ℓ) < (ν2 +(1−ν)2)(νℓ+(1−ν)ℓ)

<

(
1+ν

2

)2(1+ν

2

)ℓ

=

(
1+ν

2

)ℓ+2

,

where we have used the induction hypothesis together with 1−2ν≤ 0 and (1−ν)2 > 0. After

easily checking that the inequality works for ℓ= 2,3, the induction is complete.

We shall now check that the quantities defined in Lemma 4.5.13 obey the relationship

µ2 ≥ µ1 and µ2−µ1 = Ω(N), for N large enough. First, note that the only thing we need to check

is that, for sufficiently large N,

(
νN
2K
ℓ

)
+

( (1−ν)N
2K
ℓ

)
≤
( (1+ν)N

4K
ℓ

)
+(K−1)

( (1−ν)N
4K(K−1)

ℓ

)
;

in fact, we will show the stronger statement that for any ℓ≥ 2 and N large enough,

(
νN
2K
ℓ

)
+

( (1−ν)N
2K
ℓ

)
<

( (1+ν)N
4K
ℓ

)
, (C.2.22)

and this will suffice to see that the second part of the assertion, µ2− µ1 = Ω(N), is also true.

Asymptotically,
( νN

2K
ℓ

)
∼ νℓ

ℓ!

( N
2K

)ℓ, ( (1−ν)N
2K
ℓ

)
∼ (1−ν)ℓ

ℓ!

( N
2K

)ℓ, and
( (1+ν)N

4K
ℓ

)
∼ ( 1+ν

2 )
ℓ

ℓ!

( N
2K

)ℓ. Then the

inequality (C.2.22) follows from the claim (C.2.21).

Let {V1, . . . ,VK} be the true partition of V . Recall that hyperedges in H = ∪ℓ∈LHℓ are

colored red and blue with equal probability in Algorithm 4.1.2. Let Eℓ(X ) denote the set of blue

ℓ-uniform hyperedges with all vertices located in the vertex set X . Assume |X ∩Vk|= ηk|X |

with ∑
K
k=1 ηk = 1. For each ℓ ∈ L , the presence of hyperedge e ∈ Eℓ(X ) can be represented by
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independent Bernoulli random variables

T(aℓ)
e ∼ Bernoulli

(
aℓ

2
(N−1
ℓ−1

)) , T(bℓ)
e ∼ Bernoulli

(
bℓ

2
(N−1
ℓ−1

)) ,

depending on whether e is a hyperedge with all vertices in the same community. Denote by

Eℓ(X ,aℓ) := ∪K
i=1Eℓ(Vi∩X )

the union of all ℓ-uniform sets of hyperedges with all vertices in the same Vi∩X for some i∈ [K],

and by

Eℓ(X ,bℓ) := Eℓ(X )\Eℓ(X ,aℓ) = Eℓ(X )\
(
∪K

i Eℓ(Vi∩X )
)

the set of ℓ-uniform hyperedges with vertices across different blocks Vi∩X . Then the cardinality

|Eℓ(X )| can be written as the

|Eℓ(X )|= ∑
e∈Eℓ(X ,aℓ)

T(aℓ)
e + ∑

e∈Eℓ(X ,bℓ)
T(bℓ)

e ,

and by summing over ℓ, the weighted cardinality |E(X )| is written as

|E(X )| := ∑
ℓ∈L

ℓ(ℓ−1)|Eℓ(X )|= ∑
ℓ∈L

ℓ(ℓ−1)

{
∑

e∈Eℓ(X ,aℓ)
T(aℓ)

e + ∑
e∈Eℓ(X ,bℓ)

T(bℓ)
e

}
,

with its expectation

E|E(X )|= ∑
ℓ∈L

ℓ(ℓ−1)

{
K

∑
i=1

(
ηi

N
2K
ℓ

)
aℓ−bℓ
2
(N−1
ℓ−1

) +( N
2K
ℓ

)
bℓ

2
(N−1
ℓ−1

)} , (C.2.23)
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since

|Eℓ(X ,aℓ)|=
K

∑
i=1
|Eℓ(Vi∩X )|=

K

∑
i=1

(
ηi

N
2K
ℓ

)
, |Eℓ(X ,bℓ)|=

( N
2K
ℓ

)
−

K

∑
i=1

(
ηi

N
2K
ℓ

)
,

Next, we prove the two Statements in Lemma 4.5.13 separately. First, assume that

|X ∩Vi| ≤ ν|X | ( i.e., ηi ≤ ν) for each i ∈ [K]. Then

E|E(X )| ≤ 1
2 ∑
ℓ∈L

ℓ(ℓ−1)

{[(
νN
2K
ℓ

)
+

( (1−ν)N
2K
ℓ

)]
aℓ−bℓ(N−1
ℓ−1

) +

( N
2K
ℓ

)
bℓ(N−1
ℓ−1

)}=: µ1 .

To justify the above inequality, note that since
K
∑

i=1
ηi = 1, the sum ∑

K
i=1
(

ηi
N
2K
ℓ

)
is maximized when

all but 2 of the ηi are 0, and since all ηi ≤ ν, this means that

K

∑
i=1

(
ηi

N
2K
ℓ

)
≤
(

νN
2K
ℓ

)
+

( (1−ν)N
2K
ℓ

)
.

Note that ℓ(ℓ−1)(T(aℓ)
e −ET(aℓ)

e ) and ℓ(ℓ−1)(T(bℓ)
e −ET(bℓ)

e ) are independent mean-zero random

variables bounded by ℓ(ℓ− 1) for all ℓ ∈ L , and Var(|E(X )|) ≤ L2(ℓ− 1)2E|E(X )| = Ω(N).

Recall that µT := (µ1 +µ2)/2. Define t = µT−E|E(X )|, then 0 < (µ2−µ1)/2≤ t ≤ µT, hence

t = Ω(N). By Bernstein’s Lemma D.3.4, we have

P
(
|E(X )| ≥ µT

)
= P

(
|E(X )|−E|E(X )| ≥ t

)
≤ exp

(
− t2/2

Var(|E(X )|)+ℓ(ℓ−1)t/3

)
= O(e−cN) ,

where c > 0 is some constant. On the other hand, if |X ∩Vi| ≥ 1+ν

2 |X | for some i ∈ [K], then

E|E(X )| ≥ 1
2 ∑
ℓ∈L

ℓ(ℓ−1)

{[( (1+ν)N
4K
ℓ

)
+(K−1)

( (1−ν)N
4K(K−1)

ℓ

)]
aℓ−bℓ(N−1
ℓ−1

) +

( N
2K
ℓ

)
bℓ(N−1
ℓ−1

)}=: µ2 .

The above can be justified by noting that at least one |X ∩Vi| ≥ 1+ν

2 |X |, and that the rest of the

vertices will yield a minimal binomial sum when they are evenly split between the remaining
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V j. Similarly, define t = µT−E|E(X )|, then 0 < (µ2− µ1)/2 ≤ −t = Ω(N), and Bernstein’s

Lemma D.3.4 gives

P
(
|E(X )| ≤ µT

)
=P
(
|E(X )|−E|E(X )| ≤ −t

)
≤ exp

(
− t2/2
Var(|E(X )|)+ ℓ(ℓ−1)(−t)/3

)
= O(e−c′N) ,

where c′ > 0 is some other constant.

Proof of Lemma 4.5.15. If vertex i is uniformly chosen from Y2, the probability that i /∈ Vk for

some k ∈ [K] is

P(i /∈ Vk|i ∈ Y2) =
P(i /∈ Vk, i ∈ Y2)

P(i ∈ Y2)
= 1− |Vk∩Y2|

|Y2|
= 1−

N
K −Nk− Ñk

N−∑
K
t=1(Nt + Ñt)

, k ∈ [K] ,

where Nt and Ñt , defined in (4.5.1) and (4.5.2), denote the cardinality of Z ∩Vt and Y1 ∩Vt

respectively. As proved in Lemma 4.5.5, with probability at least 1−2exp(−K log2(N)), we

have

|Nt−N/(2K)| ≤
√

N log(N), |Ñt−N/(4K)| ≤
√

N log(N).

Then P(i /∈ Vk|i ∈ Y2) = 1− 1
K

(
1+o(1)

)
. After K log2(N) samples from Y2, the probability

that there exists at least one node which belongs to Vk is at least

1−
(

1− 1+o(1)
K

)K log2(N)

= 1−N−(1+o(1))K log( K
K−1 ) logN .

The proof is completed by a union bound over k ∈ [K].
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C.2.3 Proofs of Lemmas in Section 4.5.2

Proof of Lemma 4.5.16. We calculate P(Ŝ
(0)
11 (u) ≤ µC) first. Define t1C := µC−EŜ

(0)
11 (u), then

by Bernstein Lemma D.3.4,

P
(

Ŝ
(0)
11 (u)≤ µC

)
= P

(
Ŝ
(0)
11 (u)−EŜ

(0)
11 (u)≤ t1C

)
≤ exp

(
−

t2
1C/2

Var[Ŝ
(0)
11 (u)]+(L−1) · t1C/3

)
≤ exp

(
−

3t2
1C/(L−1)

6(L−1) ·EŜ
(0)
11 (u)+2t1C

)

≤ exp

− [(ν)L−1− (1−ν)L−1]2

(L−1)2 ·22L+3 ·

[
∑ℓ∈L(ℓ−1)

(
aℓ−bℓ
Kℓ−1

)]2

∑ℓ∈L(ℓ−1)
(

aℓ−bℓ
Kℓ−1 +bℓ

)
 ,

where L is obtained from Algorithm 4.4.1 with L denoting the maximum value in L , and the last

two inequalities hold since Var[Ŝ
(0)
11 (u)]≤ (L−1)2EŜ

(0)
11 (u), and for sufficiently large N,

t1C :=µC−EŜ
(0)
11 (u) =−

1
2 ∑
ℓ∈L

(ℓ−1) ·

[(
νN
2K

ℓ−1

)
−
( (1−ν)N

2K
ℓ−1

)]
aℓ−bℓ
2
(N−1
ℓ−1

)
≤ − 1

2 ∑
ℓ∈L

(ν)ℓ−1− (1−ν)ℓ−1

2ℓ
· (ℓ−1)

aℓ−bℓ
Kℓ−1 (1+o(1))

≤ − (ν)L−1− (1−ν)L−1

2L+2 ∑
ℓ∈L

(ℓ−1) · aℓ−bℓ
Kℓ−1 ,

as well as the following bound on the expectation

6(L−1)EŜ
(0)
11 (u)+2t1C = 2µC +(6L−8)EŜ

(0)
11 (u)

= ∑
ℓ∈L

(ℓ−1)

{[
(6L−7)

(
νN
2K

ℓ−1

)
+

( (1−ν)N
2K

ℓ−1

)]
aℓ−bℓ
2
(N−1
ℓ−1

) +6(L−1)
( N

2K
ℓ−1

)
bℓ

2
(N−1
ℓ−1

)}

= ∑
ℓ∈L

(ℓ−1)
[
(6L−7) · (ν)ℓ−1 +(1−ν)ℓ−1

2ℓ
· aℓ−bℓ

Kℓ−1 +
(6L−6)bℓ

2ℓKℓ−1

]
(1+o(1))

≤ ∑
ℓ∈L

(6L−7) · (ν)ℓ−1 +(1−ν)ℓ−1

2ℓ
· (ℓ−1)

(
aℓ−bℓ
Kℓ−1 +bℓ

)
(1+o(1))

≤ 3(L−1)
2 ∑

ℓ∈L
(ℓ−1)

(
aℓ−bℓ
Kℓ−1 +bℓ

)
.
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Similarly, for P(Ŝ
(0)
1 j (u)≥ µC), define tjC := µC−EŜ

(0)
1 j (u) for j ̸= 1, by Bernstein’s Lemma D.3.4,

P
(

Ŝ
(0)
1 j (u)≥ µC

)
= P

(
Ŝ
(0)
1 j (u)−EŜ

(0)
1 j (u)≥ tjC

)
≤ exp

− t2
jC/2

Var[Ŝ
(0)
1 j (u)]+(L−1) · tjC/3

≤ exp

− 3t2
jC/(L−1)

6(L−1) ·EŜ
(0)
1 j (u)+2tjC


≤ exp

− [(ν)L−1− (1−ν)L−1]2

(L−1)2 ·22L+3 ·

[
∑ℓ∈L(ℓ−1)

(
aℓ−bℓ
Kℓ−1

)]2

∑ℓ∈L(ℓ−1)
(

aℓ−bℓ
Kℓ−1 +bℓ

)
 .

The last two inequalities holds since Var[Ŝ
(0)
1 j (u)]≤ (L−1)2EŜ

(0)
1 j (u), and for sufficiently large

N,

tjC :=µC−EŜ
(0)
1 j (u) =

1
2 ∑
ℓ∈L

(ℓ−1) ·

[(
νN
2K

ℓ−1

)
−
( (1−ν)N

2K
ℓ−1

)]
aℓ−bℓ
2
(N−1
ℓ−1

)
≥ (ν)L−1− (1−ν)L−1

2L+2 ∑
ℓ∈L

(ℓ−1) · aℓ−bℓ
Kℓ−1 ,

as well as the following bound on the expectation

6EŜ
(0)
1 j (u)+2tjC = 2µC +(6L−8)EŜ

(0)
1 j (u)

= ∑
ℓ∈L

(ℓ−1)

{[(
νN
2K

ℓ−1

)
+(6L−7)

( (1−ν)N
2K

ℓ−1

)]
aℓ−bℓ
2
(N−1
ℓ−1

) +6(L−1)
( N

2K
ℓ−1

)
bℓ

2
(N−1
ℓ−1

)}

= ∑
ℓ∈L

(ℓ−1) ·
(
(ν)ℓ−1 +(6L−7) · (1−ν)ℓ−1

2ℓ
· aℓ−bℓ

Kℓ−1 +
(6L−6) ·bℓ

2ℓKℓ−1

)
(1+o(1))

≤ ∑
ℓ∈L

(ν)ℓ−1 +(6L−7) · (1−ν)ℓ−1

2ℓ
· (ℓ−1)

(
aℓ−bℓ
Kℓ−1 +bℓ

)
(1+o(1))

≤ 3(L−1)
2 ∑

ℓ∈L
(ℓ−1)

(
aℓ−bℓ
Kℓ−1 +bℓ

)
.
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C.3 Algorithm correctness for the binary case

We will show the correctness of Algorithm 4.1.1 and prove Theorem 4.1.6 in this section.

Without loss of generality, we assume N is even to guarantee the existence of a binary partition of

size N/2. The method to deal with the odd N case was discussed in Lemma 4.2.4. The analysis

will mainly follow from the analysis in Section 4.5. We only detail the differences.

First, with α and β defined in (4.2.5), (4.2.4) becomes

A := EA =

αJ N
2

βJ N
2

βJ N
2

αJ N
2

−αIN , (C.3.1)

Second, let the index set be I = {i ∈ V : row(i) ≤ 20Ld}, as shown in (4.3.3). Let ui

(resp. ui) denote the eigenvector associated to λi(AI ) (resp. λi(A)) for i = 1,2. Define two

linear subspaces U := Span{u1,u2} and U := Span{u1,u2}, then the angle between U and U is

defined as sin∠(U,U) := ∥PU−PU∥, where PU and PU are the orthogonal projections onto U

and U, respectively.

C.3.1 Proof of Lemma 4.4.4

Bound the angle between U and U

The strategy to bound the angle is similar to Section 4.5.1, except that we apply Davis-

Kahan Theorem (Lemma D.2.5) here.

Define E := A−A and its restriction on I , namely EI := (A−A)I = AI −AI , as well

as δδδ := AI −A. Then the deviation AI −A is decomposed as

AI −A = (AI −AI )+(AI −A) = EI +δδδ .

Theorem 4.3.4 indicates ∥EI∥ ≤ C3
√

d with probability at least 1−N−2 when taking

τ = 20L,θ = 3, where C3 is a constant depending only on L. Moreover, Lemma 4.5.6 shows that
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the number of vertices with high degrees is relatively small. Consequently, an argument similar

to Corollary 4.5.7 leads to the conclusion ∥δδδ∥ ≤
√

d with high probability. Together with upper

bounds for ∥EI∥ and ∥δδδ∥, Lemma C.3.1 shows that the angle between U and U is relatively

small with high probability.

Lemma C.3.1. For any c ∈ (0,1), there exists a constant C2 depending on L and c such that if

∑
ℓ∈L

(ℓ−1)(aℓ−bℓ)≥ C2 ·2L+2
√

d,

then sin∠(U,U)≤ c with probability 1−N−2.

Proof of Lemma C.3.1. First, with probability 1−N−2, we have

∥AI −A∥ ≤ ∥EI∥+∥δδδ∥ ≤ (C3 +1)
√

d.

According to the definitions in (4.2.5), α ≥ β and α = O(1/N), β = O(1/N). Meanwhile,

Lemma 4.2.3 shows that |λ2(A)|= [−α+(α−β)N/2] and |λ3(A)|= α. Then

|λ2(A)|− |λ3(A)|= N
2
(α−β)−2α≥ 3

4
· N

2
(α−β) =

3N
8 ∑

ℓ∈L

(N
2 −2
ℓ−2

)
(aℓ−bℓ)(N−1

ℓ−1

)
≥ 1

4 ∑
ℓ∈L

(ℓ−1)(aℓ−bℓ)
2ℓ−2 ≥ 1

2L ∑
ℓ∈L

(ℓ−1)(aℓ−bℓ)≥ 4C2
√

d .

Then for some large enough C2, the following condition for Davis-Kahan Theorem (Lemma D.2.5)

is satisfied

∥AI −A∥ ≤ (1−1/
√

2)
(
|λ2(A)|− |λ3(A)|

)
.

Then for any c ∈ (0,1), we can choose C2 = (C3 +1)/c such that

∥PU−PU∥ ≤
2∥AI −A∥

|λ2(A)|− |λ3(A)|
≤ 2(C3 +1)

√
d

4C2
√

d
=

c
2
≤ c .
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Now, we focus on the accuracy of Algorithm 4.4.5, once the conditions in Lemma C.3.1

are satisfied.

Lemma C.3.2 ([64, Lemma 23]). If sin∠(U,U)≤ c≤ 1
4 , there exists a unit vector v ∈ U such

that the angle between u2 and v satisfies sin∠(u2,v)≤ 2
√

c.

Proof of Lemma C.3.2. Recall that U := Span{u1,u2}, U := Span{u1,u2}, where

u1 = [
1√
N
, · · · , 1√

N
]T,

u2 = [
1√
N
, · · · , 1√

N
,− 1√

N
, · · · ,− 1√

N
]T .

By assumption, the angle between U and U is bounded by

sin∠(U,U) := ∥PU−PU∥ ≤ c≤ 1
4
,

Define vk := PUuk and xk = uk−vk for k = 1,2. Note that vk ∈ U and uk ∈ U, then

∥xk∥2 = ∥uk−vk∥2 ≤ ∥PU−PU∥ · ∥uk∥2 ≤ c.

Meanwhile, vk = uk−xk, then it implies ∥vk∥2 ≥ 1− c. Since uT
1 u2 = 0, we have

|vT1 u2|= |uT
1 u2−xT1 u2| ≤ |uT

1 u2|+ |xT1 u2| ≤ c .

Together with the fact that |vT1 x2| ≤ c, |vT2 x1| ≤ c, we have

|vT1 v2|= |uT
1 u2−xT1 v2−vT1 x2 +xT1 x2|

≤|xT1 v2|+ |vT1 x2|+ |xT1 x2| ≤ 2c+ c2 .
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Note that |xTk uk| ≤ ∥xk∥2 ≤ c for k = 1,2, then

|vTk uk|= |uT
k uk−xTk uk| ≥ |uT

k uk|− |xTk uk| ≥ 1− c.

Let v⊥ = v2−v1
vT1 v2

∥v1∥2
2
∈ U, using the estimates above, we then have

|vT⊥u2|= |vT2 u2−
vT1 v2

∥v1∥2
2

vT1 u2|

≥|vT2 u2|−
∣∣∣∣ vT1 v2

∥v1∥2
2

vT1 u2

∣∣∣∣
≥(1− c)− (2c+ c2)c

(1− c)2 ≥ 1−2c.

Define the unit vector v := v⊥
∥v⊥∥2

, then we have

sin∠(v,u2) =

√
1−|uT

2 v|2 ≤
√

1− (1−2c)2 = 2
√

c ,

which is the desired result.

The vector v constructed by Algorithm 4.4.5 is the unit vector perpendicular to PU1N ,

where PU1N is the projection of all-ones vector onto U. Lemma C.3.1 and Lemma C.3.2 together

give the following corollary.

Corollary C.3.3. For any c ∈ (0,1), there exists a unit vector v ∈ U such that the angle between

u2 and v satisfies sin∠(u2,v)≤ c < 1 with probability 1−O(e−N).

Proof. For any c∈ (0,1), we could choose constants C2, C3 in Lemma C.3.1 such that sin∠(U,U)≤
c2

4 < 1. Then by Lemma C.3.2, we construct v such that sin∠(u2,v)≤ c.

The proof of Lemma 4.4.4 is then completed by choosing C2, C3 in Lemma C.3.1 such

that c≤ 1
4 , and applying Lemma 4.5.12 with K = 2.
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C.3.2 Proof of Lemma 4.4.5

The proof strategy is similar to Section 4.5.2 and Section 4.5.3. In Algorithm 4.1.1, we

first color the hyperedges with red and blue with equal probability. By running Algorithm 4.4.6 on

the red graph, we obtain a ν-correct partition V̂1, V̂2 of V = V1∪V2, i.e., |Vk∩ V̂k| ≥ νN/2 for

k = 1,2. We condition on this event in the rest of the proof. Meanwhile, we shall also condition

the event that the maximum red degree of a vertex is at most log2(N) with high probability,

which is a simple consequence of concetration by Bernstein’s inequality (Lemma D.3.4).

Similarly, we consider the probability of a hyperedge e = {i1, . . . , iℓ} being blue con-

ditioning on the event that e is not a red hyperedge in each underlying ℓ-uniform hypergraph

separately. If vertices i1, . . . , iℓ are all from the same true cluster, then the probability is ψℓ,

otherwise φℓ, where ψℓ and φℓ are defined in (4.5.28) and (4.5.29), and the presence of those

hyperedges are represented by random variables ζ
(aℓ)
e ∼ Bernoulli(ψℓ), ξ

(bℓ)
e ∼ Bernoulli(φℓ),

respectively.

Following a similar argument in Section 4.5.2, the row sum of u can be written as

Ŝ
(0)
k j (u) := ∑

ℓ∈L
(ℓ−1) ·

 ∑
e∈E (aℓ)

k, j

ζ
(aℓ)
e + ∑

e∈E (bℓ)
k, j

ξ
(bℓ)
e

 , u ∈ Vk ,

where E (aℓ)
k, j := Eℓ([Vk]

1, [Vk ∩ V̂ (0)
j ]ℓ−1) denotes the set of ℓ-hyperedges with 1 vertex from

[Vk]
1 and the other ℓ−1 vertices from [Vk∩ V̂ (0)

j ]ℓ−1, while

E (bℓ)
k, j := Eℓ

(
[Vk]

1, [V̂ (0)
j ]ℓ−1 \ [Vk∩ V̂ (0)

j ]ℓ−1
)

denotes the set of ℓ-hyperedges with 1 vertex in [Vk]
1 while the remaining ℓ− 1 vertices in

259



[V̂ (0)
j ]ℓ−1 \ [Vk∩ V̂ (0)

j ]ℓ−1, with their cardinalities

|E (aℓ)
k, j | ≤

(
|Vk∩ V̂ (0)

j |
ℓ−1

)
, |E (bℓ)

k, j | ≤

[(
|V̂ (0)

j |
ℓ−1

)
−
(
|Vk∩ V̂ (0)

j |
ℓ−1

)]
.

According to the facts |Vk∩ V̂ (0)
k | ≥ νN/2, |Vk|= N/2, |V̂ (0)

k |= N/2 for k = 1,2, we have

|E (aℓ)
k,k | ≥

(
νN
2

ℓ−1

)
, |E (aℓ)

k, j | ≤
( (1−ν)N

2
ℓ−1

)
, j ̸= k .

To simplify the calculation, we take the lower and upper bound of |E (aℓ)
k,k | and |E (aℓ)

k, j |( j ̸= k)

respectively. Taking expectation with respect to ζ
(aℓ)
e and ξ

(bℓ)
e , for any u ∈ Vk, we have

EŜ
(0)
kk (u) = ∑

ℓ∈L
(ℓ−1) ·

[(
νN
2

ℓ−1

)
(ψℓ−φℓ)+

( N
2

ℓ−1

)
φℓ

]
,

EŜ
(0)
k j (u) = ∑

ℓ∈L
(ℓ−1) ·

[( (1−ν)N
2

ℓ−1

)
(ψℓ−φℓ)+

( N
2

ℓ−1

)
φℓ

]
, j ̸= k .

By assumptions in Theorem 4.1.7, EŜ
(0)
kk (u)−EŜ

(0)
k j (u) = Ω(1). We define

µC :=
1
2 ∑
ℓ∈L

(ℓ−1) ·

{[(
νN
2

ℓ−1

)
+

( (1−ν)N
2

ℓ−1

)]
(ψℓ−φℓ)+2

( N
2

ℓ−1

)
φℓ

}
.

After Algorithm 4.4.6, if a vertex u ∈Vk is mislabelled, one of the following events must happen

• Ŝ
(0)
kk (u)≤ µC, meaning that u fails to have enough neighbors in V̂ (0)

k to be correctly labeled

as k;

• Ŝ
(0)
k j (u) ≥ µC, for some j ̸= k, meaing that u survived Algorithm 4.4.6 without being

corrected.
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By an argument similar to Lemma 4.5.16, we can prove that

ρ̂
(0)
1 = P

(
Ŝ
(0)
kk (u)≤ µC

)
≤ ρ , ρ̂

(0)
2 = P

(
Ŝ
(0)
k j (u)≥ µC

)
≤ ρ ,

where ρ = exp(−CL(2,ν) ·SNRL(2)) and

CL(2,ν) :=
[(ν)L−1− (1−ν)L−1]2

8(L−1)2 , SNRL(2) :=

[
∑ℓ∈L(ℓ−1) · (aℓ−bℓ)2−ℓ+1]2

∑ℓ∈L(ℓ−1)
(
(aℓ−bℓ)2−ℓ+1 +bℓ

) .
As a result, the probability that either of those events happened is bounded by ρ. The number of

mislabeled vertices in V1 after Algorithm 4.4.3 is at most

R̂
(0)
k = ∑

v∈Vk\V̂k

Γv + ∑
v∈Vk∩V̂k

Λv ,

where Γv (resp. Λv) are i.i.d indicator random variables with mean ρ̂
(0)
1 (resp. ρ̂

(0)
2 ). Then

ER̂
(0)
k ≤

N
2

ρ̂
(0)
1 +

(1−ν)N
2

ρ̂
(0)
2 = (1−ν/2)Nρ .

where ν is the correctness after Algorithm 4.4.2. Let tk := (1+ ν/2)Nρ, then by Chernoff

Lemma D.3.3,

P
(

R̂
(0)
k ≥ Nρ

)
= P

[
R̂
(0)
k − (1−ν/2)Nρ≥ tk

]
≤ P

(
R̂
(0)
k −ER̂

(0)
k ≥ tk

)
≤ e−ctk = O(e−Nρ) ,

which means that with probability 1−O(e−Nρ), the fraction of mislabeled vertices in Vk is

smaller than 2ρ, i.e., the correctness is at least γ := max{ν, 1−2ρ}.
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Appendix D

Technical Lemmas

D.1 Calculus

Lemma D.1.1. For a,b > 0, define the function g(a,b) := maxt∈[0,1] f (t), where

f (t) = ta+(1− t)b−atb1−t .

When a≍ b but a/b ̸= 1, g(a,b)≍ a. Otherwise when a≫ b, g(a,b) = a · (1−o(1)).

Proof of Lemma D.1.1. By basic calculus, the maximizer t⋆ is unique, and it satisfies

d f
dt

∣∣∣
t=t⋆

= a−b−b(a/b)t⋆ log(a/b) = 0 =⇒ t⋆ =
1

log(a/b)
log
( a/b−1

log(a/b)

)
.

Consequently,

g(a,b) = f (t⋆) = (a−b)t⋆+b
(
1− (a/b)t⋆)

=
a−b

log(a/b)

(
log(a/b−1)− log log(a/b)

)
+b− a−b

log(a/b)

= a · (1−b/a)
( log(a/b−1)

log(a/b)
− log log(a/b)−1

log(a/b)

)
+b.

The first part follows obviously. When a≫ b, then b/a = o(1), log(a/b− 1)/ log(a/b) =

1−o(1), (log log(a/b)−1)/ log(a/b) = o(1), thus g(a,b) = a(1−o(1)).
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Lemma D.1.2. The function f : N+ 7→ N+, defined by f (N) =
(N
ℓ

)
, is convex for any ℓ≥ 2. In

particular, if N1+N2+ · · ·+NK =N for some K ∈N+, then f (N1)+ f (N2)+ · · ·+ f (Nk)≤ f (N).

Proof. By induction, it suffices to check when K = 2, which can be verified by direction

calculation
(N1
ℓ

)
+
(N2
ℓ

)
≤
(N1+N2

ℓ

)
.

Lemma D.1.3. For integers n,k ≥ 1, we have

log(n!) =n log(n)−n+
1
2

log(2πn)+O(n−1)

log
(

n
k

)
=

1
2

log
n

2πk(n− k)
+n log(n)− k log(k)− (n− k) log(n− k)+O

(1
n
+

1
k
+

1
n− k

)
log
(

n
k

)
=k log

(n
k
−1
)
− 1

2
log(2πk)+o(k−1) , for k = ω(1) and

k
n
= o(1).

Moreover, for any 1≤ k ≤
√

n, we have

nk

4 · k!
≤
(

n
k

)
≤ nk

k!
, log

(
n
k

)
≥ k log

(en
k

)
− 1

2
log(k)− 1

12k
− log(4

√
2π) .

Proof of Lemma D.1.3. According to Stirling’s series [80], for any n≥ 1,

√
2πn

(n
e

)n
e

1
12n+1 n!

√
2πn

(n
e

)n
e

1
12n .

Then the following asymptotic expansion holds:

∣∣∣ log(n!)−
(1

2
log(2πn)+n log(n)−n

)∣∣∣≤ 1
12n

.

Thus for any k ≥ 1, we have log
(n

k

)
= log(n!)− log(k!)− log((n− k)!), as well as

∣∣∣ log
(

n
k

)
−
(1

2
log

n
2πk(n− k)

+n log(n)− k log(k)− (n− k) log(n− k)
)∣∣∣≤ 1

12

(1
n
+

1
k
+

1
n− k

)
.
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When k = ω(1) but k
n = o(1), we have log(1− k

n) =−
k
n +O(N−2), and

log
(

n
k

)
= − 1

2
log(2πk)− 1

2
log
(

1− k
n

)
+n log(n)− k log(k)

− (n− k) log(n)− (n− k) log
(

1− k
n

)
+o(1)

=k log(n)− k log(k)+ k+o(k).

At the same time, we write

(
n
k

)
=

n(n−1) · · ·(n− k+1)
k!

=
nk

k!
·
(

1− 1
n

)(
1− 2

n

)
· · ·
(

1− k−1
n

)
≥ nk

k!

(
1− k−1

n

)k−1

The upper bound is trivial. For the lower bound, let f (x) = (1− x/n)x denote the function. It is

easy to see that f (x) is decreasing with respect to x, and

(
1− k−1

n

)k−1
≥
(

1− 1√
n

)√n
.

Let g(t) = (1−1/t)t and we know that g(t) is increasing when t ≥ 1, hence g(t)≥ g(2) = 1/4

for any t ≥ 2 and the desired lower bound follows. Then for any k ≤
√

n, we have

log
(

n
k

)
≥ log

nk

4 · k!

≥ log

(
nk

4 ·
√

2πk (k
e)

ke
1

12k

)
= k log

(en
k

)
− 1

2
log(k)− 1

12k
− log(4

√
2π) .

D.2 Matrix inequalities

Lemma D.2.1 (Weyl’s inequality, [203]). Let A,E ∈ Rm×n be two real m× n matrices, then

|σi(A+E)−σi(A)| ≤ ∥E∥ for every 1≤ i≤min{m,n}. Furthermore, if m = n and A,E∈Rn×n

are real symmetric, then |λi(A+E)−λi(A)| ≤ ∥E∥ for all 1≤ i≤ n.
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Lemma D.2.2 (Eckart–Young–Mirsky Theorem [90]). Suppose that the matrix A ∈ Rm×n

(m≤ n) adapts the singular value decomposition A = UΣΣΣVT, where U = [u1, . . . ,um] ∈ Rm×m,

V = [v1, . . . ,vn] ∈ Rn×n and ΣΣΣ ∈ Rm×n contains diagonal elements σ1 ≥ . . .≥ σm. Let A(K) =

∑
K
k=1 σkukvTk be the rank-K approximation of A. Then ∥A−A(K)∥2 = σK+1 ≤ ∥A−B∥2 for any

matrix B with rank(B) = K.

Lemma D.2.3 (Davis-Kahan Theorem, [74, 208]). Let A and A⋆ be n×n symmetric matrices

with eigenpairs {(λi,ui)}
|V |
i=1 and {(λ⋆

i ,u⋆
i )}
|V |
i=1 respectively, where eigenvalues are sorted in

the decreasing order. We take λ0 := +∞ and λn+1 := −∞. For fixed j ∈ V , assume that

δ = min{λ j−1−λ j,λ j−λ j+1}> 0. Then for eigenpairs of (λ j,u j) of A and (λ⋆
j ,u⋆

j) of A⋆, if

⟨u j,u⋆
j⟩ ≥ 0, one has

∥u j−u⋆
j∥2 ≤

√
8∥A−A⋆∥

δ
.

Lemma D.2.4 (Generalized Davis-Kahan Theorem, [91, 78]). Consider the generalized eigen-

value problem Au = λDu where A ∈ Rn×n being symmetric and D ∈ Rn×n being diagonal.

Let D−1 ∈ Rn×n denote the Moore-Penrose inverse of D, that is (D−1)vv = (Dv)
−1 if Dv ̸= 0,

otherwise (D−1)vv = 0. Then the matrix D−1A ∈ Rn×n is diagonalizable, which admits the

decomposition

D−1A =
|V |

∑
i=1

λiuiuT
i =

[
U U⊥

]Λ 000

000 Λ⊥


UT

UT
⊥


Let P = U⊥UT

⊥ = I−UUT denote the projection onto the subspace orthogonal to the space

spanned by columns of U. Let δ = mini |(Λ⊥)ii− λ̂| denote the absolute separation of some λ̂

from Λ⊥, then for any vector û,

∥Pû∥ ≤ ∥(D
−1A− λ̂I)û∥

δ
.
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Proof of Lemma D.2.4. First, note that

(D−1A− λ̂I)û =

[
U U⊥

]Λ− λ̂I 000

000 Λ⊥− λ̂I


UTû

UT
⊥û,


thus

UT
⊥û = (Λ⊥− λ̂I)−1UT

⊥(D
−1A− λ̂I)û

Note that columns of U⊥ are pairwise orthogonal, therefore

∥Pû∥=∥U⊥UT
⊥û∥= ∥U⊥(Λ⊥− λ̂I)−1UT

⊥(D
−1A− λ̂I)û∥

≤
∥U⊥UT

⊥∥ · ∥(D
−1A− λ̂I)û∥

δ
≤ ∥(D

−1A− λ̂I)û∥
δ

.

Lemma D.2.5 (Davis-Kahan’s sinΘ Theorem, [58, Theorem 2.7], [74, 208] ). Let M and

M = M+E be two real symmetric N ×N matrices, with eigenvalue decompositions given

respectively by

M =
N

∑
i=1

λiuiui
T =

[
U U⊥

]Λ 000

000 Λ⊥


UT

UT
⊥

 ,

M =
N

∑
i=1

λiuiuT
i =

[
U U⊥

]Λ 000

000 Λ⊥


UT

UT
⊥

 .

Here, {λi}N
i=1(resp. {λi}N

i=1) stand for the eigenvalues of M(resp. M), and ui(resp. ui) denotes
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the eigenvector associated λi(resp. λi). Additionally, for some fixed integer r ∈ [N], we denote

Λ := diag{λ1, . . . ,λr}, Λ⊥ :=diag{λr+1, . . . ,λN},

U := [u1, . . . ,ur] ∈ RN×r, U⊥ :=[ur+1, . . . ,uN ] ∈ RN×(N−r).

The matrices Λ, Λ⊥, U, U⊥ are defined analogously. Assume that

eigenvalues(Λ)⊆ [α,β] , eigenvalues(Λ⊥)⊆ (−∞,α−∆]∪ [β+∆,∞), α,β ∈ R ,∆ > 0 ,

and the projection matrices are given by PU := UUT, PU := UUT, then one has ∥PU−PU∥ ≤

(2∥E∥/∆). In particular, suppose that |λ1| ≥ |λ2| ≥ · · · ≥ |λr| ≥ |λr+1| ≥ · · · |λN | (resp. |λ1| ≥

· · · ≥ |λN |). If ∥E∥ ≤ (1−1/
√

2)(|λ|r−|λ|r+1), then one has

∥PU−PU∥ ≤
2∥E∥

|λr|− |λr+1|
.

Lemma D.2.6 (Wedin’s sinΘ Theorem, [58, Theorem 2.9], [201, 208]). Let M and M = M+E

be two N1×N2 real matrices and N1 ≥ N2, with SVDs given respectively by

M =
N1

∑
i=1

σiuivi
T =

[
U U⊥

]Σ 000 000

000 Σ⊥ 000


VT

VT
⊥


M =

N1

∑
i=1

σiuivTi =

[
U U⊥

]Σ 000 000

000 Σ⊥ 000


VT

VT
⊥

 .
Here, σ1 ≥ ·· · ≥ σN1 (resp. σ1 ≥ ·· · ≥ σN1) stand for the singular values of M(resp. M), ui(resp.

ui) denotes the left singular vector associated with the singular value σi(resp. σi), and vi(resp.

vi) denotes the right singular vector associated with the singular value σi(resp. σi). In addition,
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for any fixed integer r ∈ [N1], we denote

Σ := diag{σ1, . . . ,σr}, Σ⊥ :=diag{σr+1, . . . ,σN1},

U := [u1, . . . ,ur] ∈ RN1×r, U⊥ :=[ur+1, . . . ,uN1] ∈ RN1×(N1−r),

V := [v1, . . . ,vr] ∈ RN2×r, V⊥ :=[vr+1, . . . ,vN2] ∈ RN2×(N2−r).

The matrices Σ, Σ⊥, U, U⊥, V, V⊥ are defined analogously. If E = M−M satisfies ∥E∥ ≤

σr−σr+1, then with the projection matrices PU := UUT, one has

max
{
∥PU−PU∥,∥PV−PV∥

}
≤
√

2max
{
∥ETU∥,∥EV∥

}
σr−σr+1−∥E∥

.

In particular, if ∥E∥ ≤ (1−1/
√

2)(σr−σr+1), then one has

max
{
∥PU−PU∥,∥PV−PV∥

}
≤
√

2∥E∥
σr−σr+1

.

D.3 Concentration inequalities

Lemma D.3.1 (Markov’s inequality, [195, Proposition 1.2.4]). For any non-negative random

variable X and t > 0, we have

P(X > t)≤ E(X)/t.

Lemma D.3.2 (Hoeffding’s inequality, [195, Theorem 2.2.6]). Let X1, . . . ,XN be independent

random variables with Xi ∈ [ai,bi], then for any, t ≥ 0, we have

P

(∣∣∣∣ N

∑
i=1

(Xi−EXi)

∣∣∣∣≥ t

)
≤ 2exp

(
− 2t2

∑
N
i=1(bi−ai)2

)
.

Lemma D.3.3 (Chernoff’s inequality, [195, Theorem 2.3.1]). Let Xi be independent Bernoulli
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random variables with parameters pi. Consider their sum SN = ∑
N
i=1 Xi and denote its mean by

µ = ESN . Then for any t > µ,

P
(
SN ≥ t

)
≤ e−µ

(eµ
t

)t
.

Lemma D.3.4 (Bernstein’s inequality, [195, Theorem 2.8.4]). Let X1, . . . ,XN be independent

mean-zero random variables such that |Xi| ≤ K for all i. Let σ2 = ∑
N
i=1EX2

i . Then for every

t ≥ 0,

P

(∣∣∣ N

∑
i=1

Xi

∣∣∣≥ t

)
≤ 2exp

(
− t2/2

σ2 +Kt/3

)
.

Lemma D.3.5 (Bennett’s inequality, [195, Theorem 2.9.2] ). Let X1, . . . ,XN be independent

random variables. Assume that |Xi−EXi| ≤ K almost surely for every i. Then for any t > 0, we

have

P

(
N

∑
i=1

(Xi−EXi)≥ t

)
≤ exp

(
− σ2

K2 ·h
(

Kt
σ2

))
,

where σ2 = ∑
N
i=1Var(Xi) is the variance of the sum and h(u) := (1+u) log(1+u)−u.

Lemma D.3.6 (Variants of Chernoff). Let Xi be independent Bernoulli random variable with

mean pi. Consider their sum SN := ∑
N
i=1 Xi and denote its mean by µ := ESN .

1. Let µ = γ ·qN for some γ > 0 and qN ≫ 1, then for any ζ > γ, we have

P(SN ≥ ζqN)≤ exp
(
−qN ·

[
(γ−ζ)+ζ log(ζ/γ)

])
Specifically, P(SN ≥ t)≤ N−[ζ log ζ

γ
+(γ−ζ)] when qN = log(N).

2. If µ = γN ·qN for some vanishing sequence {γN}N≥1 with γN = o(1), then for any vanishing
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sequence {ζN}N≥1 with ζN = ω(γN), we have

P(SN ≥ ζN ·qN)≤ exp(−qN · [ζN log
ζN

γN
(1+o(1))]).

Proof of Lemma D.3.6. Chernoff Lemma D.3.3 gives

P(SN ≥ t) ≤ e−µ
(eµ

t

)t
= exp

(
− (µ− t)− t log

( t
µ

))

Let f (t) = t log( t
µ)+(µ− t), where f (µ) = 0 and f

′
(t) = log( t

µ)> 0 for t > µ, thus f (t)> 0 for

all t > µ.

1. By taking t = ζqN , we have

P(SN ≥ t)≤ exp
(
− (γ−ζ)qN−ζ log(ζ/γ) ·qN

)
.

2. Note that γN = o(1), ζN = o(1) but ζN
γN

= ω(1), then γN−ζN
ζN log(ζN/γN)

= o(1), hence follows.

270



Bibliography

[1] Emmanuel Abbe. “Community Detection and Stochastic Block Models: Recent Devel-

opments”. In: Journal of Machine Learning Research 18.177 (2018), pp. 1–86. DOI:

https://doi.org/10.48550/arXiv.1703.10146. URL: http://jmlr.org/papers/v18/16-480.html

(cit. on pp. 2, 6, 7, 12, 13, 22, 61, 92, 93, 105).

[2] Emmanuel Abbe, Afonso S Bandeira, and Georgina Hall. “Exact recovery in the stochas-

tic block model”. In: IEEE Transactions on Information Theory 62.1 (2016), pp. 471–487.

DOI: 10.1109/TIT.2015.2490670 (cit. on pp. 5, 15, 16, 22, 23, 25, 28, 34, 49, 64, 92, 94).

[3] Emmanuel Abbe, Jianqing Fan, and Kaizheng Wang. “An ℓp theory of PCA and spectral

clustering”. In: The Annals of Statistics 50.4 (2022), pp. 2359–2385. DOI: https://doi.org/

10.1214/22-AOS2196 (cit. on pp. 2, 6, 27, 33, 41, 42, 54, 64, 66).

[4] Emmanuel Abbe, Jianqing Fan, Kaizheng Wang, and Yiqiao Zhong. “Entrywise eigen-

vector analysis of random matrices with low expected rank”. In: Annals of statistics 48.3

(2020), pp. 1452–1474. DOI: https://doi.org/10.1214/19-AOS1854 (cit. on pp. 2, 6, 15,

23, 25, 27, 44, 49, 54, 64, 66, 94).

[5] Emmanuel Abbe and Colin Sandon. “Community Detection in General Stochastic Block

models: Fundamental Limits and Efficient Algorithms for Recovery”. In: 2015 IEEE

56th Annual Symposium on Foundations of Computer Science (2015), pp. 670–688. DOI:

10.1109/FOCS.2015.47 (cit. on pp. 5, 6, 15, 22, 23, 27, 49, 54, 57, 61, 63–65, 67, 91,

94).

271

https://doi.org/https://doi.org/10.48550/arXiv.1703.10146
http://jmlr.org/papers/v18/16-480.html
https://doi.org/10.1109/TIT.2015.2490670
https://doi.org/https://doi.org/10.1214/22-AOS2196
https://doi.org/https://doi.org/10.1214/22-AOS2196
https://doi.org/https://doi.org/10.1214/19-AOS1854
https://doi.org/10.1109/FOCS.2015.47


[6] Emmanuel Abbe and Colin Sandon. “Detection in the stochastic block model with

multiple clusters: proof of the achievability conjectures, acyclic bp, and the information-

computation gap”. In: arXiv preprint arXiv:1512.09080 (2015) (cit. on p. 6).

[7] Emmanuel Abbe and Colin Sandon. “Proof of the Achievability Conjectures for the

General Stochastic Block Model”. In: Communications on Pure and Applied Mathematics

71.7 (2018), pp. 1334–1406. DOI: https: / /doi .org/10.1002/cpa.21719. URL: https:

//onlinelibrary.wiley.com/doi/abs/10.1002/cpa.21719 (cit. on p. 92).

[8] Emmanuel Abbe and Colin Sandon. “Recovering Communities in the General Stochastic

Block Model Without Knowing the Parameters”. In: Advances in Neural Information

Processing Systems 28 (2015). URL: https://proceedings.neurips.cc/paper/2015/file/

cfee398643cbc3dc5eefc89334cacdc1-Paper.pdf (cit. on pp. 6, 15, 59).

[9] Naman Agarwal, Afonso S Bandeira, Konstantinos Koiliaris, and Alexandra Kolla. “Mul-

tisection in the stochastic block model using semidefinite programming”. In: Compressed

Sensing and its Applications: Second International MATHEON Conference 2015 (2017),

pp. 125–162 (cit. on pp. 5, 6, 22).

[10] Joshua Agterberg, Zachary Lubberts, and Jesús Arroyo. “Joint Spectral Clustering in Mul-
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[19] Johannes Alt, Raphaël Ducatez, and Antti Knowles. “Extremal eigenvalues of critical
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[76] Aurélien Decelle, Florent Krzakala, Cristopher Moore, and Lenka Zdeborová. “Asymp-

totic analysis of the stochastic block model for modular networks and its algorithmic

applications”. In: Physical Review E 84.6 (2011), p. 066106 (cit. on p. 5).

[77] Chong Deng, Xin-Jian Xu, and Shihui Ying. “Strong Consistency of Spectral Clustering

for the Sparse Degree-Corrected Hypergraph Stochastic Block Model”. In: IEEE Trans-

actions on Information Theory 70.3 (2024), pp. 1962–1977. DOI: 10.1109/TIT.2023.

3302283 (cit. on p. 94).

[78] Shaofeng Deng, Shuyang Ling, and Thomas Strohmer. “Strong Consistency, Graph

Laplacians, and the Stochastic Block Model”. In: Journal of Machine Learning Research

22 (2021), pp. 1–44 (cit. on pp. 25, 265).

[79] Yash Deshpande, Subhabrata Sen, Andrea Montanari, and Elchanan Mossel. “Contextual

stochastic block models”. In: Advances in Neural Information Processing Systems 31

(2018) (cit. on p. 6).

[80] Persi Diaconis and David Freedman. “An Elementary Proof of Stirling’s Formula”.

In: The American Mathematical Monthly 93.2 (1986), pp. 123–125. ISSN: 00029890,

19300972. URL: http://www.jstor.org/stable/2322709 (cit. on p. 263).

[81] Xue Ding and Tiefeng Jiang. “Spectral distributions of adjacency and Laplacian matrices

of random graphs”. In: The Annals of Applied Probability 20.6 (2010), pp. 2086–2117.

DOI: 10.1214/10-AAP677. URL: https://doi.org/10.1214/10-AAP677 (cit. on pp. 2, 3).

[82] Ioana Dumitriu and Hai-Xiao Wang. “Optimal and exact recovery on the general non-

uniform hypergraph stochastic block model”. In: Accepted by Annals of Statistics (2023).

arXiv: 2304.13139 [math.ST] (cit. on pp. 22–24, 26, 28, 31, 37, 47, 94, 100, 102).

281

https://doi.org/10.1109/TIT.2023.3302283
https://doi.org/10.1109/TIT.2023.3302283
http://www.jstor.org/stable/2322709
https://doi.org/10.1214/10-AAP677
https://doi.org/10.1214/10-AAP677
https://arxiv.org/abs/2304.13139


[83] Ioana Dumitriu and Hai-Xiao Wang. “Supplment to ”Optimal and exact recovery on

the general non-uniform hypergraph stochastic block model””. In: Accepted Annals of

Statistics (2023). arXiv: 2304.13139 [math.ST] (cit. on pp. 55, 66, 67, 74, 75, 79, 83,

85, 86).

[84] Ioana Dumitriu, Hai-Xiao Wang, Zhichao Wang, and Yizhe Zhu. Singular values of

sparse random rectangular matrices: emergence of outliers at criticality. 2025 (cit. on

p. 5).

[85] Ioana Dumitriu, Hai-Xiao Wang, and Yizhe Zhu. “Partial recovery and weak consistency

in the non-uniform hypergraph stochastic block model”. In: Combinatorics, Probability

and Computing 34.1 (2025), pp. 1–51. DOI: 10 . 1017 / S0963548324000166. arXiv:

2112.11671 [math.ST] (cit. on pp. 22, 23, 49, 50, 64).

[86] Ioana Dumitriu and Yizhe Zhu. “Extreme singular values of inhomogeneous sparse

random rectangular matrices”. In: Bernoulli 30 (4 2024), pp. 2904–2931 (cit. on p. 5).

[87] Ioana Dumitriu and Yizhe Zhu. “Sparse general Wigner-type matrices: Local law and

eigenvector delocalization”. In: Journal of Mathematical Physics 60.2 (2019) (cit. on

p. 3).

[88] Ioana Dumitriu and Yizhe Zhu. “Spectra of random regular hypergraphs”. In: Electronic

Journal of Combinatorics 28.3 (2021), pp. 3–36 (cit. on pp. 7, 93).

[89] Martin E. Dyer and Alan M. Frieze. “The Solution of Some Random NP-Hard Problems

in Polynomial Expected Time”. In: J. Algorithms 10 (1989), pp. 451–489 (cit. on pp. 5,

22).

[90] Carl Eckart and G. Marion Young. “The approximation of one matrix by another of

lower rank”. In: Psychometrika 1 (1936), pp. 211–218 (cit. on p. 265).

282

https://arxiv.org/abs/2304.13139
https://doi.org/10.1017/S0963548324000166
https://arxiv.org/abs/2112.11671


[91] S. C. Eisenstat and I. C. F. Ipsen. “Relative perturbation results for matrix eigenvalues

and singular values”. In: BIT Numerical Mathematics 38.3 (1998), pp. 502–509. DOI:

10.1007/BF02510256. URL: https://doi.org/10.1007/BF02510256 (cit. on p. 265).

[92] Noureddine El Karoui. “The spectrum of kernel random matrices”. In: The Annals of

Statistics 38.1 (2010), pp. 1–50 (cit. on p. 2).

[93] Justin Eldridge, Mikhail Belkin, and Yusu Wang. “Unperturbed: spectral analysis beyond

Davis-Kahan”. In: Algorithmic Learning Theory. PMLR. 2018, pp. 321–358 (cit. on

p. 44).
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